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TO  THE 


Right  Honourable 


^  George  Earl  of  Macclesfield. 


MY  LORD, 

AS  I  efteem  it  a  very  great  Honour  to 
be  permitted  to  place  the  following 
v  Sheets  under  your  Lordfhip's  Pro- 

,|  tedtion,  who  are  not  only  ail  Encourager  of, 
£:  but  an  Ornament  to,  Mathematical  Learn- 
ing ;  I  have  taken  more  than  ordinary  Pains, 
*  that,  What  is  here  uiheced  into  the  World, 
i  with  fuch  Advantage,  may  not  be  found  al- 
together unworthy  of  fo   diftinguifhed    a 
Patron. 

• 

I  am  not  vain  enough  to  imagine,  that,  to 
One  fo  deeply  read  in  tbefe  abftrufe  and  cu- 
rious Speculations,  as  your  Lordfhip  is  uni- 
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verfally  allowed  to  be,  this  Work  will  appear 
without  Faults  :  But  then,  I  have  the  Satis- 
faction to  think,  on  the  other  hand,  that, 
wKatever  Is  Here  to  be  met  with  capable  of 
bearing  the  Teft  of  an  exa&  and  folid  Judg- 
ment, will  alfo  have  its  due  Weight,  and  not 
fail  of  receiving  ypqr  jLepdfhip's  Approba- 
tion :  And  if,  updn  the  Whole,  there  is  Merit 
enough  found  to  entitle  me  to  a  favourable 
Reception,  it  will  gratify  the  higheft  Am-* 
bition  of, 


My  Lord, 


Tour  Lordship'* 


J&oft  Obedient  Humble  Servant, 


Tho.  Simpfonf 


V* 
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«ch  fpccocdjog  Mw*Pnt>  arc  greater  and  $reater* 
Therefore  the  Fluxion  touft  h*  lefc  than  any  Space 
that  cap  be  defcrifced,  in  the  given  Tiine,  whea 
the  Line  increafes.  Audi  in  the  &tne  Manner, 
ifte  Fluxion  will  appear  tp  be  $re?tffr  than  any 
Space  that  can  be  defc^ibed,  in  the  fame  Time, 
when  the  Line  decreafes.  It  muft,"  therefore, 
Jbe  equal  to  tfyat  Sp^ce,  which  will  arife,  when 
the  V*»gth  of  the  generatingUne*  from  the  given 
PoiJt/on,  i*  fopp^kd  neither  to  increafe  nor  de- 
creafe:  Agreeable  to  An.  4, 
« 

Thus  rough  it  feem'd  proper  to  offer  Here 
with  regard  to  the  Firft  Pringplcs-^I  fliall  now 
proceed  to  fay  fomething  concerning  the  Order 
obferv'd  in  treating,  and  putting  together,  the 
Several  Parts  of  the  Work ;  wherein  the  Eale 
gnd  Benefit  of  the  younger  Beginner  have  been  par- 
ticularly cpnjujxed  :  To  load  fuch  an  One  with  % 
Multitude  of  Rules  and  Precepts,  before  giving 
him  any  Talte  of  their  Ufe  and  Application, 
wogld,  certainly,  be  very  difcouraging  \  and  like 
obliging  a  Traveller  to  afcend  an  high  Mountain, 
without  allowing  him  to  flop  by  the  Way,  to  take 
JJreatb,  and  refresh  his  Spirits  with  a  Profpeft  of 
the  agreeable  and  ex  ten  five  View  he  has  to  expeft 
when  he  arrives  at  the  Summit :  I  have  there- 
fore, after  demoAftrating  the  Firft  Principles^ 
proceeded  immediately  to  exemplify  their  Utility 
in  feyeral  entertaining  Enquiries,  before  touching 
at  all  upon  the  Jnvcrfc  Method,  or  the  more  dif- 
ficult 
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ficult  Parts  of  the  Dircft.  And,  fincc  that  Branch 
of  the  Inverfe  Method  which  treats  of  the  Com- 
panion of  Fluents  is,  naturally,  fomewhat  difficult, 
it  is  referred  to  the  Second  Part  of  the  Work,  to- 
gether with  fuch  other  Matters  in  the  Theory  as 
might  appear,  either,  too  tedious  or  hard  to  a 
Learner  at  firft  fetting  out.  The  like  Care  has 
been  taken  in  the  Difpofal  of   the  reft  of  the 

Work As  to  the  Meveral  Particulars  whereof 

It  is  compofed,  I  mull  refer  to  the  Bgdk  itfelf, 
They  being  too  many  to  be  here  enumerated : 
One  Thing,  however,  I  mull  not  omit  to  take 
notice  of,  relating  to. that  Part  which  treats  of 
the  afbrefaid  Bulinefs  of  Fluents :  To  which  it 
may,  perhaps,  be  obje&ed,  That,  notwithftand- 
ing  my  having  infilled  fo  largely  on  the  Subjeft, 
there  arc  a  Number  of  Forms  of  Fluxions 
and  Fluents  to  be  met  wich  in  Authors,  that  I 
have  not  fo  much  as  touch'd  upon.  This  is 
granted ;  but  then  they  are  moft  of  them  fuch 
as,  I  dare  pronounce,  can  never  arife  in '  any  In- 
quiry into  Nature :  And  it  would,  doubdefs,  be 
Time  and  Labour  mifapply'd,  to  fwell  the  Work, 
and  embarrafs  the  Learner  with  a  Number  of  un- 
ncceffary  Difficulties,  and  empty  Speculations; 
when  what  is,  really,  proper  and  ufeful,  in  the 
Subject,  is  fufficient  (it  is  well  known)  to  exer- 
cife  his  utmoft  Attention  and  Refolution. 


\£» 


I  Cannot  put  an  End  to  this  Preface  without 
acknowledging  my  Obligations  to  a  fmall  Traft, 

in- 
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HA  V I NG,  in  the  Year  1737,  publilhcd 
a  Piece,  on  this  fame  Subjeft,  under  the 
Title  of  A  Trtatife  vf  Fluxions  (whereof 
the  whole  Impreffion  hath  been  long  fince  fold) 
it  may  be  proper  here,  firft  of  all,  to  affign  the 
Reafons  why  this  Work  is  fent  abroad  into  the 
World  as  a  New  Book,  rather  than  a  Second 
Edition  of  the  faid  Trcatife.  Which,  in  fhort, 
are  thefe  two :  Firft*  becaufe  the  prefent  Work 
is  vafHy  more  fall  and  comprehenfive ;.  and,  fe* 
condiy,  becaufe  the  principal  Matters  in  it  whick 
are  alfo  to  be  met  with  in  that  Treatiie,  are 
handled  in  a  different  Manner. 

Besides  the4  Prefs-Errors  with  which  *  the 
faid  Tieatife  abounds,  there  are  feveral  Obfcu- 
xities  and  Defers  (which  the  Author's  Want  of 
Experience,  and  the  many  Difadvantages  he  then 
laboured  under,  in  his  firft  .Sally,  may,  it  is 
toped,  in  fomc  mcafurc  excufc.)    But  what  is 

.  '     now 
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now  offered  to  the  Publick,  being  a  Performance 
of  more  mature  Confiderarion  and  Judgment, 
it  will,  I  flatter  myfelf,  be  found  much  more 
correct,  and  claim  a  favourable  Reception  •,  es- 
pecially, as  particular  Care  and  Pains  have  been, 
taken  to  put  every  Thing  in  a  ?lear  Light,  and 
to  oblige  the  lower,  as  well  as  the  more  cxpe* 
rienced,  Clafs  of  Readers. 

The  Notion  and  Explication  Hcrt  given  of 
the  firft  Principles  of  Fluxions,  are  not  eflen- 
tially  different  from  what  they  are  in  the  above- 
mentioned  Treatife,  tho*  exprcfled  in  other  Terms, 
The  Confutation  of  Time,  which  I, have  in- 
troduced into  the  General  Definition,  will,  per- 
haps, be  difliked  by  Tbofc  who  would  have  Flux- 
ions to  be  w*tr  Velocities :  But  the  Advantage  of 
confidering  them  otberwife  (not  as  the  Velocities 
Themfelves,  but  the  Magnitudes.  2**y.  would, 
uniformly,  generate  in  a  given  finite  Time)  ap- 
pear to  me  fuffip icnt  to  pbviate  any  Objedtiop  qq 
that  Head. 

B  y  taking  Fluxions  as  meer  Velocities,  the 
Imagination  is  confined,  as  it  were,  to  a  Point, 
^nd,  withoyt  proper  Care,  infenfibly  involved  in 
metaphyfical  Difficulties :  But  according  to  our 
Method  of  conceiving  and  explaining  the  Mat- 
ter," lefs  Caution  in  the  Learner  is  neceflary,  and 
the  higher  Orders  of  Fluxions  are  rendered  much 

more  eafy  and  intelligible -Bcfides,  tho*  Sir 
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Jfaac  Newton  defines  Fluxions  to  be  the  Velocities 
of  Motions*  yet  He  hath  Rccourfe  to  the  Incre- 
ments, or  Moments,  generated  in  equal  Particles 
of  Time,  in  order  to  determine  thofe  Velocities  % 
which  he  afterwards  teaches  us  to  expound  by 
finite  Magnitudes  of  other  Kinds:  Without  / 
which  (as  is  already  hinted  above)  we  could  have 
but  very  obtcure  Ideas  of  the  higher  Orders  of 
Fluxions :  For  if  Motion  in  (or  at)  a  Point  be 
fo  difficult  to  conceive,  that,  Some  have,  even, 
gone  fo  far  as  to  difpute  the  very  Exiftence  of 
Motion,  how  much  more  perplexing  mud  it  be 
to  form  a  Conception,  not  only,  of  the  Velocity 
of  a  Motion,  but  alio  in  infinite  Changes  and  Af- 
fections of  ///  in  one  and  the  fame  Point,  where 
all  the  Qrders  of  Fluxions  are  to  be  confidered  ? 

Seeing  the  Notion  of  a  Fluxion,  according 
to  our  Manner  of  defining  It,  fuppofes  an  uni- 
form Motion,  it  may,  perhaps,  feem  a  Matter 
of  Difficulty,  at  firft  View,  how  the  Fluxions 
of  Quantities,  generated  by  Means  of  accelerated 
and  retarded  Motions,  can  be  rightly  affigned ; 
fince  not  any,  the  lcaft,  Time  can  be  taken  during 
which  the  generating  Celerity  continues  the  fame  : 
Here,  indeed,  we  cannot  exprefs  the  Fluxion  by 
any  Increment  or  Space,  aftuallyy  generated  in  a 
given  Time  (as  in  uniform  Motions.)  But, 
then,  we  can  eafily  determine,  what  the  contem- 
porary Increment,  or  generated  Space  would  be% 
ff  the  Acceleration,  or  Retardation,  was  to  ceafe 

at 
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at  the  propofed  Pofition  in  which  the  Fluxion  is  to 
be  found :  Whence  the  true  Fluxion,  itfelf,  will  be 
obtained,  without  the  Affiftance  of  infinitely  final! 
Quantities,  or  any  metaphyseal  Coniiderations.    ' 

Thus,  for  Example,  the  Motion  of  a  Ball,  de- 
scending by  the  Force  of  its  own  Gravity,  is  con- 
tinually accelerated ;  but  to  have  the  Fluxion  of  the 
Diftance  fall'n  thro*  at  any  given  Pofition  of  the 
Ball,  we  muft  find  how  far  the  Ball  would,  uniform- 
ly, defcend,  from  that  Point,  in  a  given  Time,  if  the 
Gravity,  or  the  Earth's  Attraction,  from  thence, 
was  to  ceafe  afting.  By  which  Means  we  {hall  have  as 
clear  an  Idee  of  the  Fluxion  and  the  true  Meafure  of 
the  Velocity  of  the  Ball,  at  any  Point  afiigned,as  in 
thofe  Cafes  where  the  Motion  is,  a  dually  s  uniform. 


Aoaiw,  if  a  Right-line  be  fuppofed  to  move 
parallel  to  itfelf  with  an  equable  Motion,  and  to 
increafe  in  Length,  at  the  fame  Time ;  the  Area 
generated  thereby,  will  increafe  with  an  accele- 
rated Velocity  :  But  the  Fluxion  thereof,  at  any 
given  Pofirion  of  the  Line,  will  be  had  by  taking 
that  Part  of  the  Increment  which  would,  uni- 
formly, arife,  was  the  Length  (as  well  as  the 
Velocity)  of  the  Line  to  continue  invariable  from 
the  propofed  Pofition.  For,  if  the  Length  be 
fuppofed  to  increafe,  from  the  faid  Pofition,  the 
Area  generated,  from  thence,  wiH  be,  evidently, 
greater  than  That  which  would  uniformly  arife 
in  the  fame  Time  j  fincc  the  new  Parts,  produced 
- 10  each 
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intitled,  An  Explanation  of  Fluxions  in  a  Short  Ejfqy 
on  the  Theory;  printed  for  W.  hags ;  Wrote  by  a 
worthy  Friend  of  mine  (who  was  too  modeft  to 
put  bis  Name  to  that,  his  firft,  Attempt)  whofe 
Manner  of  determining  the  Fluxion  of  a  Rectangle, 
and  iUuftraring  the  higher  Order  of  Fluxions,  I 
.  have,  in  particular,  follow'd,  with  little  qr  no 
Variation. 
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SECTION    I, 

Of  the  Nature %  and  Invejiigatum%  of 

Fluxions. 

« 

N  order  to  form  a  proper  Idea  of  the  Nature  of 
Fluxions,  all  Kinds  of  Magnitudes  are  to  be 
confidered  as  generated  by  the  continual  Motion 
of  fome  of  their  Bounds  or  Extremes;  as  a. 
Line  by  the  Motion  of  a  Point ;  a  Surface  by 
the  Motion  of  a  Line  \  and  a  Solid  by  the  Motion  of  *: 
Surface. 

2.  Every  Quantity  fo  generated  is  called  a  variable,  or 
flowing  Quantity :  And  the  Magnitudt  by  which  any 
flowing  Quantity  would  be  uniformly  increafed  in  a 
given  Fortioh  of  Time 9  with  the  generating  Celerity  at  any 
propofed  Pojhion,  or  Inflant  (was  it  from  thence  to  con* 
tinue  invariable)  is  the  Fluxion  of  the  faid  Quantity  at 
thai  PoStionm  or  InfianU 

B  Thut. 
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Tie  Nature  and  Investigation 

Thus,  let  the  Point  m  be  conceived  to  move  from  A, 
and   generate  the 

. 7".  TJl  jr     variable       Right- 

A  '  i' " """.     line    Am,     by    a 

**■  Motion  any  how 

regulated  ;  and 
let  the  Celerity  thereof,  when  it  arrives  at  any  propofcd 
Petition  R,  be  fuch  m  wold,  wa»  it  W  continue  uni- 
form from  that  Point,  be  fufficient  to  defcribe  the  Dif- 
tance,  or  Line  Rr,  in  the  given  Time  allotted  for  the 
Fluxion  :  Then  will  Rr  be  tb«  Fluxion  of  the  variable 
Line  A  in,  in  that  Polition. 

3.  The  Fluxion  .of  a  plane  Surfa«e  is  conceived  in 

like    Manner, 
B  S        S  Q       by  fuppofing  a 

-,  ..  „  given     Right- 

line  mn  to 
move  parallel 
to  itfelf,  in 
tbc  Plane  of 
the  parallel, 
and  immoveable  Lines  AF  and  BG  :  For,  if  (as  above) 
Rr  be  taken,  to  exprefs  the  Fluxion  of  the  Line  Am, 
and  tbe  Rectangle  RrsS  be  completed  ;  then  that  Re&- 
'  angle,  being  the  Space  which  would  be  uniformly  de- 
fcribed  by  the  generating  Line  mi,  in  the  Time  that 
Am  would  be  uniformly  increafed  by  mr,  h  therefore 
the  Fluxion  of  the  generated  Rectangle  Bm,  in  that 
Pofition,  according  to  the  true  Meaning  of  the  Defi- 
nition. 

4.  If  the  Length  of  the  generating  Line  rm  con- 
tinually varies,  the  Fluxion  of  the  Area  will  fitll  be 
expounded  by  a  Reftangle  (under  that  Line  and  the' 
Fluxion  of  the  Abfciffa,  or  Bafe :)  For  let  the  cur-, 
vilineal  Space  Ami  be  generated  by  the  continual,  and 
parallel.  Motion  of  the  (now)  variable  Line  mn,  and 
]«  Rr  be  the  Fluxion  of  the  Bafe,  or  Abfciffa,  Am  (as-^ 
before) ;  then  the  Rectangle  RrsS  will,  here  alfo,  be  the 
Fluxion  of  tbe  generated  Space  Amn  .*  Becaufe,  if  the 
Length  and  Velocity  of  the  generating  Line  mm  were- 
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to    continue  invari- 
able from  the  Pofi- 
tion  RS,  the  Refl- 
angle    RrsS    would 
then    be    uniformly 
generated,  with  the 
very  Celerity  where- 
with it  begins  to  be 
generated,   or  with 
which     the     Space 
Amn  is  increafed  in 
that  Pofition* 

5«  From  what  has  beep  hitherto  faid  it  will  appear, 
tfraf  the  Fluxions  of  Quantities  are9  ahvays,  as  the 
Celerities  By  which  the  quantities  themfelves  increafe  in 
Magnitude:  Whence  it  will  not  be  difficult  to  form  a 
Notion  of  the  Fluxions  of  Quantities  otherwifegenerated  ; 
as  well  fuch  as  arife  from  the  Revolution  of  Kight-lines 
and  Planes,  as  thofe  by  parallel  Motion :  But  of  this  here- 
after. I  come  now  to  (hew  the  Manner  of  determin- 
ing the  Fluxions  of  algebraic  Quantities  ;  by  which  all 
others,  of  what  Kind  foever,  are  explicable.  But  firft 
of  all  it  will  be  requisite  to  premife  the  following  Ob- 
fervations. 

I.  That  the  final  Letters  u,  w*  x,  y,  z  of  the  Alpha- 
bet are  commonly  put  for  variable  Quantities  $  and  the  ins- 
t'tal  Letters  a,  b,  c,  d,  &c.  for  invariable  ones  :  Thus 
the  Diameter  of  a  given  Circle  may  be  denoted  by  *» 
and  the  Sine  of  any  Arch  thereof  (confidered  as  varia- 
ble) by  a*.  % 

II.  Toot  the  Fluxion  of  a  Quantity  reprefentea*  by  a 
(ingle  Letter,  is  usually  exprejfed  by  the  fame  Letter  with 

,  a  Dot  or  Full-point  over  it :    Thus  the  Fluxion  of  x  is 
reprefeoted  by  x,  and  that  of  y  by  y. 

Ill-  That  the  Fluxion  of  a  Quantity  which  decreafesf 
in/lead -of  increafing%  is  to  be  confidered  as  negative. 


»       *  * 
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PROPOSITION    I. 

r 

6.  The  Fluxion  of  a  Quantity  being  given,,  it  is  propofed 
_  t9  find  the  Fluxion  of  any  Power  of  that  Quantity. 


As  a  clear  undemanding  of  this  Problem  will  be  of 
great  Importance  throughout  the  whole  Work,  it  may 
not  be  improper  to  confuier  it  firft  in  one  or  two  of  its 
moll  Ample  Cafes* 

Cafe  i.  Let  x  exprefs  the  Fluxion  of  *,  (according 
to  the  foregoing  Notation)  and  let  the  Fluxion  of  **. 
be  required. 

Conceive  two  Points  m  and  n  to  proceed,  at  the  fame 
time,  from  two  other  Points  A  and  C,  along  the. 
Right-lines  AB  and  CD,  in  fuch  fort,  that  the  Mea- 
fure  of  the  Diftance  CS  (y),  defcribed  by  the  latter, 
may  be,  always*  equal  to  the  Square  of  th*t  AR  (x)9 
defcribed  by  the  former  moving  uniformly. 

■ 

& — £-5. b 

_  mm.   c 

t-  -» — *-*—*■• D 

X  y 

i 1       , — L , 

Furthermore,  let  r,  /,  and  R,  S,  be  any  contem- 

Ewaiy  Pofilions  of  the  generating  Points,  and  let  the 
inet  x  and  y  reprefent  the  refpeaive  Diftances  that 
would  be  uniformly  defcribed,  in  the  fame  time,  with 
the  Celerities  of  thofe  Points  at  R  and  S,  then  thole 
Lines  will  exprefs  the  Fluxions  of  Am  and  C«  in  this 
Pofition,  (by  the  Definition*  Art.  2  and  5). 

Moreover,  fince  Cx  =  Ar*  and  CSsARVit 
Wypctbefis)9  if  Rr  be  denoted  by  v,  we  (hall  have  CS 
(y)  =  *%  and  C x(=*  —  v\%)  =  **—  2xv  +  v\  and 
confequently  Sx  (  =  CS  — -Cx)  =  aw  —  v%%  from 
whence  we  gather,  that,  while  the  Point  m  moves  over 
the  Diftance  v,  the  Point  n  moves  over  the  Diftance 
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i 

2xv—v\    But  this  laft  Diftance  (fince  the  Square  of 
any  Quantity  is  known  to  increase  falter,  in  Propor- 
tion, than  the  Root)  is  not  defcribed  with  an  uniform 
Motion  (like  the  former),  but  an  accelerated  one  ;  and 
therefore  is  equal  to,  and  may  be  taken  to  exprefs,  the 
uniform  Space  that  might  be  defcribed  with  the  mean 
Celeritv  at  fome  intermediate  Point  *,  in  the  fame  time* 
Therefore,  feeing  the  Diftances  that  might  be  defcribed, 
in  equal  times,  with  the  uniform  Celerity  of  mt  and 
the  mean  Celerity  at  t%  are  to  each  other  as  v  to  2xv 
— v%  or  as  i  to  a* — v,  or,  laftly,  as  x  to  2xx  —  vi, 
(all  which  are  in  the  fame  Proportion)  it  is  evident, 
that,  in  the  time  the  Point  m  would  move  uniformly 
over  the  Diftance  x,  the  other  Point  »,  with  its  Cele- 
rity at  /,  would  move  uniformly  over  the  Diftaflce  %xx 
—vx.,  This  being  the  Cafe,  Jet  r,  R,  and  j,  S,  be 
now  fuppofed  to  coincide,  by  the  Arrival  of  the  gene- 
rating Points  at  R  and  S,  then  e  (being  always  between 
i  and  S,  will  likewife  coincide,  with  S ;  and  the  Diftance,  .  * 

2**—  Jh  which  might  be  uniformly  defcribed  in  the  1_ 

aforefaid  time,  with  the  Velocity  at  /,  (now  at  S),  will 
become  barely  equal  to  %xx  $  which  (by  the  Defin.)  is 
equal  to  (y)9  the  true  Fluxion  of  C*  or  **  •. 

•  It  may,  perhaps,  feem  inaccurate,  that  tbt  Fluxions  of* 
and  x%  are  compared  together*  and  exprejjtd  both  by  Lines, 
when  tbt  /owing  Quantities  themfelaw,  confidered  as  a  Right 
Line  and  a  Square,  admit  of  no  Campari/on.  ——fbis  QbjeQion 
would,  indeed,  hi  offeree,  werg  the  ExpreJJtom  rtfirained  t§  a 
geometrical  Signification  \   but  hgrg  our  Notions  org  more  ab- 
ftraQed  and  unvverfal,  not  obliging  us  to  regard' what  Kind  of 
Extenfion,  may  bt  defined  by  this  or  that  Expreffiou,  but  only 
tki  Values  if  thg  algebraic  Quantities  tbtreby  fgnified  ;    to 
which  the  Meafmres  of  all  other  Quantities  whatever  org  ulti- 
mately referred.  Andy  though  Quantities  of  different  Kindt 
cannot  be  compared  with  each  other,  their  Meafures,  in  Num- 
bers, may.— —Thus*  for  In/once,  though  it  would  bt  wrong 
to  affirm,  that  a  Square  whofe  Area  is  9  Inches  is  equal  to  a 
Line  of  9  Inches  long,  yet  it  is  no  Impropriety  at  all  to  fay  the 
Numbers  exprcffing  their  Meafures,  in  Inches,  are  equal. 
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7.  Ca/i  2.  Let  the  Fluxiotf  of  x'  be  required. 

Suppofe  every  Thing  to  remain  as  in  the  preceding 
Cafe ;  only  let  Cn  be  here  equal  to  the  Cube  of  Am 
(inftead  of  the  Square). 

TKcn,  in  the  very  fame  manner,  we  have  Si  (  =CS 
— Cj=*3—  £^v)3)==3*V-- 3Wa+v« :  From  whence 
it  appears,  that  the  Diftances  which  might  be  defcribed, 
in  the  fame  time,  with  the  uniform  Celerity  of  m,  and 
the  mean  Celerity  at  *,  will,  in  this  Cafe,  be  to  each 
other  as  v  to  yft>  —  3*^  +  »*,  or  as  x  to  yxx  — 
2xvx+v*x :  Which  laft  Expreffion,  when  s9  e,  and  S 
coincide  (as  before)  will  become  3***,  the  true  Fluxioa 
of  xs  required. 

8.  Vwverfalhf.  Let  Cn  be,  always,  equal  to  Ajb]  "  5 
alfo  let*— t/l*  (or  x — v  raifed  to  the  Power  whofe  Ex- 
ponent  is  n)  be  reprefented  by  ** — ax^^+bx'^v* 
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—  ex  V,  fifa  and  let  every  Thing  elfe  be  fuppofcd 
as  above. 

Then,fince  Ss  (*"— x^v\*)  is  =  «Mt/- J**~"V 

+  ex  v\  &t.  it  is  plain  that  the  Spaces  which  might 
be  defcribed,  in  the  fame  time,  with  the  uniform  Ce- 
lerity of  m,  and  the  mean  Celerity  at  /,  will,  here,  be 

to  each  other  as  v  to  ax       v—bx  *     v* +cx  *"~ 3  t/f,  &c. 

'  or  as  x  to  fl*        * — hx     "w+w       v4*,  fcfe. 

Therefore,  all  the  Term*,  wherein  vis  found,  vanifh- 

ing,  when  s9  e>  and  S  coincide,  we  have  ax      *  for 

the  required  Fluxion  of  Cn,  or  x  5  which  Fluxion, 
becaufe  the  numeral  Co-efficient  of  the  fecond  Term  of 
a  Binomial  involved  is  known  to  be,  univerfally,  equal 
to  the  Exponent  of  die  Power,  will  alfo  be  truly  ex- 

preflaj  by  nx      x.     Q.  E.  I. 

9.  If  the  Quantity  Am  (or  x)  be  generated  with  an 
accelerated,  or  a  retarded  Moticn,  inftead  of  an  uni- 

form 


of  FLUXIONS. 


form  one,  the  Fluxion  of  x  (or  C»)  will  come  out 
exaftly  the  fame : 

For  the  Spaces  rR  and  sS9  adually  defcribed  in  the 
fame  time,   being  always,  to  each  other,  in  the  Ratio 

of  x  to  ax*"*1 x — bx*  vxf  &c.  the  mean  Celerities, 
at  certain  intermediate  Points  between  r,  R  and  j,  S 
muft,  alfo,  be  in  that  Ratio :  Which,  when  v  vanifhes 

(as  above)  will  become  that  of  x  to  ax 
the  very  fame  as  before. 


f»—  i . 
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PROPOSITION    II, 

10.    To  find  the  Fluxion  of  the  ProJu&  or  ReSf angle  of 

two  variable  Quantities. 

Conceive  two  Right-lines  DE  ?nd  FG,  perpendi- 
cular, to     each 

Al  E 


other,  to  move, 
from  two  other 
Right  -  lines, 
BA  and  BC, 
continually  pa- 
rallel to  them- 
felves,  and 

thereby  gy- 
rate the  J[ed- 
ungle  DF.  Let 
the  Path  of  their 
Interferon,  or  the  Loci  of  the  Angle  H,  be  the  Line 
BHRj  alfo  let  &d  (x)  and  ¥  f  (y)  be  the  Fluxions 
of  the  Sides  BD  (x)  and  BF  (y)y  and  let  dm  and  fn9 
parallel  to  DH  and  FH,  be  drawn.  Therefore,  be- 
casfe  the  Fluxion  of  the  Space  or  Area  BDH  is  truly 
exprefTcd  by  the  Re&angle  f)m  ( =  yx  * )  and   that  • 


Art.  4. 


«ruly  expreffed  fry  jw  -f  xj.    Q.  E  •  i, 
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71it  fame  ttberwifi- 

11.  Let  xy  be  the  given  Reflangle  (as  before)  j  and 
put  is  x  +  y,  then  **  being  =  **+2*»+/,  we  have 
i*.1  —  t** — ijf*  =  jg».  But  the  Fluxion  off*1 — i** 
"~ tj**  (a,,d  confequently  that  of  its  Equal  xj^  is» 
-— xx—- ji>  (by  -fr*.  6) :  which,  becaufe  x  =  x+  r  and 
i=*+>,  is  alio  equal  to  x+yXx+j—xx—yy=yx+x}. 
Q.E.  L, 

^  CoHOI.LARY     I. 

12.  Hence  the  Fluxion  of  the  Product  of  three  va-  * 
riable  Quantities  (yzu)  may  be  derived :  For,  if  x  be- 
put  —  ZU  ;  then  yzu  will  begone  =z  yx,  and  tu  Fluxion 

s yx  +  xj  (as  aitvt :)  But  jr  being  =  aai,  and,  there- 
fore, *  —  a*  +  k«|  if  thefe  Values  be  fubftituted  inj* 

+  if,  it  will  become  j  x  ku  ■*-  ia-s-zsty^yza+yui+ 
xuy  the  Fluxion  of  yzu  required,  in  like  Manner  the 
Fluxion  of  xyzu  will  appear  to  be  xyiu  +  xyxu  + 
xyzu  +  xyzu,  and  that  of  xyxmv  ~  xyzu-w  +  xyzmo  -f 

Corollary    2. 

13.  Hence,  alfo,  the  Fluxion  of  a  Fraction  —  may 
be  determined.  For,  putting  x  =  — ,  we  have  «s  u, 
and  therefore  x&  +  x£  =  u  (as  above)  j  whence,  by 
Tranfpofitlon  and  Divifion,*=: —  =— — — i(by 

writing  —  fox  *)  =  ■  ■  \ —  i  which  is  the  true  Fluxi- 

on  of  x,  or  its  Equal  — ,  the  Fraction  propofed. 

14.  Now,  from  the  foregoing  Proportions,  and  their 
fubfequent  Corollaries,  the  following  praftical  Rules, 

for 
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for  determining  the  Fluxion*  of  algebraic  Quantities, 
are  obtained. 

R  U  L  E    I. 

To  find  the  Fluxion  of  any  given  Power  of  a  vari- 
able Quantity. 

Multiply  the  Fluxion  of  the  Root  by  the  Exponent  of  tb$ 
Power,  and  the  Produft  by  that  Power  of  fro  fame  Root 
whole  Exponent  is  lefs  by  Unit*  than  the  given  Exponent ; 

This  Rule  is  inveftigatea  in  Prop*  i,  and  is  nothing 

more  than   imp*""1  *  (the  Fluxion  of  x}  exprefled  in 
Wonb. 
Hence  the  Fluxion  ofx*  is  %x%x  ;  that  of*5  is  $x+x  %. 

and  thit  of  a  +  y)7  is  jy  X  a  +  j|%{becaufe,  a  being 
conftant,  j  is  the  true  Fluxion  of  the  Root  a+y>  in  this 
Cafe). 

Moreover  the  Fluxion  of  <**  +  **]*,  will  be  }  Xax* . 
X  a*  +  %*\\9  or  3«*  y'  a*  +  ** :  For  here,  x  being  put 

=:  **  +  z\  we  have  x  =  izk,  and  therefore  £x.T*,  die 

Fluxion  of  x*  (or  a*  +  a*]*)  is  ==  3%£  v'* *  +  *%  as 
above. 

RULE  ,E. 

15.  To  find  the  Fluxion  of  the  Produft  of  fcveral  . 
variable  Quantities  multiplied  together. 

Multiply  tht  Fluxion  of  each,  by  the  Produ£t  of  the  reft 
of  the  Quantities,  and  the  Sum  of  the  Produ&s  thus  ari- 
fing  will  be  the  Fluxion  fought  *.  # -^ 

Thus  the  Fluxion  of  xy%  is  xy  +  yx  ;  that  of  xyz,  is 
*y*+xz}+yzx ;  and  that  ofxyow,  is 
+  yzux. 


RULE 
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R  U  L  E    HI. 

1 6.  Tojind  the  Fluxion  of  a  Fra&ion. 

From  the  Fluxion  of  the  Numerator  drawn  into  the  De- 
nominator,  fubtraft    the    Fluxion    of  the    Denominator 
drawn  into  the  Numerator  ,  and  divide  the  Remainder  by 
♦A1t.13.zi/  Square  of  the  Denominator  *• 

X  jX+r—X9  X 

Thus,  the  Fluxion  of  —  is  — r-=-  »  that  of  — - — ,  is 
y  y  *  +  y 

'+/  =  jfp  *"**«<*  -^ 

pr,+  ^isi^S=SiL2.  andfoofothen. 
"r^  *+y|. 

17.  In  the  Examples  hitherto  given,  each  is  refolved. 
by  its  own  particular  Rule ;  but  in  thofe  that  follow,  the 
Ufe  of  two,  and  fomctimes  of  all  the  three,  Rules  is 
icquifite. 

Thus  (by  Rule  u   and  2.)  the  Fluxion  of  xxy%  is 

a*>jj;  +  2/«;  that  of  f!is2/^  — ^Vi>   (by  gjdf 

.    ^j     \       j.w    r**/-    2#* yy  +  7yxxx X  * — *V i 
I.  and ?.)  and  that  of  — —  is.      JJ^  J     _ i- ; 

where  all  the  three  Rules  are  neceflarv. 

When  the  propofed  Quantity  is  affecled  by  a  Co-effi- 
iieot,  orconibmt  Mukiplicacor,  the  Fluxion  found  as 
above,  muft  be  multiplied  by  that  Co-efficient  or  Mm}- 
tij&cator. 

Thus,  the  Fluxion  of  5**  is  15**.*.  For,  the  Flu- 
xipn  of  x2  being  3***,  that  of  5*%  which  is  5  times 
as  great,  muft  co&kquently  be  5  x  3*1*,  or  15**** 

And,  in  the  very  fame -Manner  the  Fluxion  of  ax*  will 

appear  to  be  nax"~~  x*      Moreover,   the  Fluxion  of 

a  —  { 

=rr,  or  a  X  x*  +  /!       ,   will  be   expreffed  by 


ex 


...JfelMHBMad 
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_ -,— l  aXxx+tf 

*X-~iX*xx+*yyXx*+y%)       ,     or    —   "r— ~n    ; 

x  +y  I* 

that  of  V^TTh  or  *+J!&  by    ^+f*±J!£=y  *  *» 

J+HT*'    (&*  i.)    or   ii+MTi,  or.^^j 

and    that    of     -jSL,     or  *T>,  ,      by 


•.    o  j   «•       •         2*x  **—  **/*—  **X  i*--tf4j""*X*  +  * 
by  Reduction,  i*  =: ! *— 


x—a 


1xxx*—ax — xxX  x+  a__2xxx— -a  X  x  +  a—xx  X  x-ha 
* — a  X  ** — <*  p~  jf — a  X  yV — ax 


x  +  aXxx — 2ax 


VV— < 


X 


Having  explained  the  Manner  of  confidering  and  de» 
termining  the  firft  Fluxions  of  variable  or  flowing  Quan- 
tities^ it  will  be  proper  to  fay  fomething,  now,  con- 
cerning the  higher  Orders,  as  Second,  Third,  Fourth, 
Wr.  Fluxions. 

j  8.  The  Stand  Fluxion  of  a  Quantity  is  the  Fluxion 
of  the  variabU  or  algebraic  Quantity  expr effing  the  Firft 
Fluxion  already  defined  *•  v  By  the  Third  Fluxion  /l»Art.». 
meant  the  Fluxion  of  the  wriablt  Quantity  exprefftng  the 
Second :  And  by  the  Fourth^  the  fluxion  of  the  variable 
Quantity  exprejfing  tht  Third  Fluxion:  Andfo  on. 

Thus,  for  Example,  let  the  Line  AB  reprefent  a  va- 
riable Quantity,  generated  by  the  Motion  of  the  Point  - 
B,  and  let  the  (firft)  Fluxion  thereof  (or  the  Space 
that  might  be,  uniformly  defcribed  in  a  given  Time,  with 
the  Celerity  of  B)  be  always  expreffbd  by  the  Dittanc* 
6  «f 
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of  the  Point  D  from  a  given,  or  fixed  Point  C  :   Then, 

if  the  Celerity  of  B 
B  be  not  every   where 

D  tance    CD,    expref- 

C ►- fing  the  Meafure  of 

F  that    Celerity,    niuft 

E  k "'*  alfo    vary,    by    the 

n               JJ  Motion  of  D,  from, 

G ^ or    towards    C,    ac- 

cording as  the  Cele- 
rity of  B  is  an  increafingor  a  dp  creating  bne  :  And  the 
Fluxion  of  the  Line  CD,  fo  varying  (or  the  Space 
(EF)  that  might  be  uniformly  defcribed  in  the  aforefaid 

fiven  Time,  with  the  Celerity  of  D)  is  the  fecond 
luxion  of  AB.  Again,  if  the  Motion  of  B  be  fuch 
that  neither  it,  nor  that  of  D,  (which  depends  upon  it) 
be  equable,  then  EF,  expreffing  the  Celerity  of  D,  will 
alfo  have  its  Fluxion  GH ;  which  is  the  third  Fluxion 
of  AB,  and  the  fecond  Fluxion  of  CD. 

And  thus  are  the  Fluxions  of  every  other  Order  to  be 
confidered,  behtg  the  Meafures  of  the  Velocities  by  wbieb 
their  rejpe&ivi  flowing  Quantities,  the  Fluxions  of  the 
*Ait  *•  preceding  Order y  are  generated  *. 

19.  Hence  it  appears,  that  a  fecond  Fluxion  always 
{hews  the  rate  of  the  Increafe,  or  Decreafe,  of  the  firft 
Fluxion  ;  and  that  Third,  Fourth,  &c.  Fluxions,  dif- 
fer in  Nothing  (except  their  Order  and  Notation)  from 
Firft  Fluxions,  being  aflunlly  fuch  to  the  Quantities 
from  whence  they  are  immediately  derived j  and  there* 
fore  are  alfo  determinable,  in  the  very  fame  Manner,  by 
thegeneral  Rules  already  delivered. 

Thus,  by  Rule  3;  the  (firft)  Fluxion  of  x*  is  3***  : 
And,  if  x  be  fuppofed  conftant,  that  is,  if  .the  Root  * 
be  generated  with  an  equable  Celerity,  the  Fluxion  of 
%x*x  (or  p?Xx*)  again  taken,  by  the  fame  Rule,  will 
fie  3ix2*x,  or  bxx%\  which  therefore  is  the  fecond 
Fluxion  of*3:  Whofe  Fluxion,  found  in  like  Sort, 
will  be  bx\  the  third  Fluxion  of  *'.     Farther  than 

which 

i 
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which  we  cannot  go  in  this  Cafe,  becaufe  the  hft 
Fluxion  6*1  is  here  a  conftabt  Quantity. 

20.  In  the  preceding  Example  the  Root  x  is  fuppofed 
to  be  generated  with  an  equable  Celerity :  But,  if  the 
Celerity  be  an  increafing  or  a  decreafmg  one,  then  *, 
cxpreffing  the  Meafure  thereof,  being  variable,  will  alfo 
have  its  Fluxion  5  which  is  uftially  denoted  by  *  : 
Whofe  Fluxion,  according  to  the  fame  Method  of  No- 
tation, is  again  defigned  by  &  i  and  fo  on,  with  refped 
to  the  higher  Orders. 

21.  Here  follow  a  few  Examples,  wherein  the  Root 
*%  (or/)  is  fuppofed  to  bet  generated  with  a  variable 
Celerity. 

Thus,  the  firft  Fluxion  of  x*  h  3***  (or  3**x*). 
And,  if  the  Fluxion  of  3**x*  (confidered  as  a  Rect- 
angle) be,  again,  found  (by  RmU  2.)  we  ihall  have 
6**x*+3*V*==6***+3**^   for  the  fecond  Fluxion 

of*1. 

Moreover,  from  the  Fluxion  laft  found  we  (hall  in 
like  manner  get  f>x%x%  +  bxxtxx  +  6xxxx  +  3jt*x* 
(or  6*3  +  i8***+3*a*)  for  the  third  Fluxion  of  x*. 

Thus  alfo,  if  y  sit/""1  *,  then    will  >=*x*— 1  X 

jr*^***+iiip>*",|  and  if  *%~*y*  then  will  2«£= 
xy\yx  ;  And  fo  of  others.  But,  in  the  Solution  of 
Problems,  it  will  be  convenient  to  make  the  firft 
Fluxion  of  fome  one  of  the  fimple  Quantities  (x  or  y) 
invariable,  not  only  to  avoid  Trouble,  but  that  it  may 
ferve  as  a  Standard  to  which  the  variable  Fluxion*  of  the 
other  Quantities,  depending  thereon,  may  be  always 
referred.  The  Reader  is  alio  defired  here  (once  for  all) 
to  take  particular  Notice,  that  the  Fluxions  of  all  Kinds 
and  Orders,  whatever,  are  contemporaneous^  or  fuch  at 
may  be  generated  together  y  with  their  refpeftive  Celeri- 
ties, in  one  and  the  fame  Time. 

SECT. 


i 


4 


$4  Solution  cf  Prohlems 

SECTION    II. 

On  the  Application  of  Fluxions  to  the  &olw 
tion  of  Problems  de  Maximjs  et  Mi- 
nimis. 

aa.  T  F  a  Quantity,  conceived  to  he  generated  by  Mo-* 
J^  tion,  increafes,  or  decreafes,  till  it  arrives  at  a 
certain  Magnitude  or  Petition,  and  then,  on  the  con- 
trary, grows  lefler  or  greater,  and  it  be  required  to  de- 
termine the  faid  Magnitude  or  Pofition,  the  Queftiori  is 
caHfed  a  Problem  de  Maxims  &  Minimis. 

General  Illustration. 

Let  a  Point  m  move  uniformly  in  a  Right  Line,  from 
A  towards  B,  and  let  another  Point  n  more  after  it, 
with  a  Velocity  either  increafing,  or  decreafing,  but  fo 
that  it  may,  at  a  certain  Pofttion,  D,  become  equal  to 
that  of  the  former  Point  91,  .wovirvg  uniformly. 

This  being  premifedy  Jet  the  Motion  of  ».  be  firft 

confidered  as  an  in* 

ATI  r  "a     creating    one  ;      in 

k T         .  .    \  1      which  Cafe  the  Di- 

7b  77l>  fiance  cf   n    behind 

m  will  continually 
increafe;  till  the  two  Points  arrive  at  the  coteipporary 
Pofitiofjs  C  and  D  \  but  afterwards  it  will,  again,  de- 
0  eieafe;  for  the  Motion  of  w,  till  then,  being  flower  than 
at  D,  it  is  alfo  flower  than  that  of  the  preceding  Point 
iff  (by  Hypothefis)  but  becoming  quicker,  afterwards,' 
than  that  of  jr,  the  Diftance  mn  (as  has  been  already 
faid)  will  again  decreafe  :  And  therefore  is  a  Maximum, 
or  the  greateft  of  all,  when  the  Celerities  of  the  two 
Points  are  equal  to  each  other. 

•Btrt,  if  n  arrives  at  D  with  a  decreasing  Celerity  ; 
then  its  Motion  being  firft  fwifter,  and  afterwards  flower, 
than  that  of  m,  the  Diftance  mn  will  firft  decreafe  and 

then 
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then  increafe ;  ind  therefore  is  a  Mimrrmmy  or  the  leaft 
of  all,  in  the  forementioned  Circumftance. 

Since  then  the  Diftance  pen  is  a  Maximm  *r  a  J#- 
mmum>  when  the  Velocities  of  »  and  n  are  equal,  or 
when  that  Pittance  increafes  as  faft  through  the  Mo- 
tion of  tfiy  as  it  decreafes  by  that  of  »,  its  Fluxion  at 
that  Inftant  is  evidently  equal  to  Nothing  *.•  Art.  * 
Therefore,  as  the  Motion  of  the  Points  m  and  n  may  •**  5* 
be  .conceived  fiach  that  their  Diftancc  mn  may  expreis 
the  Meafure  of  any  variable  Quantity  whatever,  it  fol- 
lows, that  the  Fluxion  of  any  variable  Quantity  what- 
ever, when  a  Maximum  or  Minimupi,  is  equal  to  No- 
thing, 

EXAMPLE      L 

J3.  To  divide  a  given  Right-line  AB  into  two  fuch 
Parts,  AC,  BC,  that  their  Produft%  or  Reft  angle,  may 
be  the  greatefl  poffibte. 

Put    the    gi-  - 

▼en     Line     AB     *  C 

=   a,    and    Jet  A1 — " «B 

the     Part    AC, 

confidered  as  variable  (by  the  Motion  of  "C  from  A  to- 
wards B)  be  denoted  by  x :  Then  BC  being  =:*  —  *», 
we  have  AC  X  BC=<mt — x* ;  Whofe  Fluxion  **— a **  . 
being  put  =:  0,  according  to  the  prefcript,  we  get  ax 
rraxr,  and  consequently  x  zz  %a.  Therefore  AC  aad 
BC,  in  the  required  Circumftance,  are  equal  to  each 
other :  Which  we  alfo  know  fropa  other  Principles, 

EXAMPLE    II. 
24.  To  find  the  FratHon  which  JhaB  exceed  its  Cube  by 

the  greatefl  ^antity  poffibU. 

Let  x  denote  a  variable  Quantity,  oxpreffing  Nonaber 
in  general  j  then  the  Excefs  of  x  abone  *' being  uni- 
verfalJy«p«feiUBdby»^-^,  if  the  Fluouon  thereof  btf 
taken  ,_&*.  we  (hall  have  x — ^xzzo;  and  ifcrafor* 

*—V\t  the  Fraftion  required. 

EX- 


■ 


1 6  Solution  of  Problems 

EXAMPLE    HI. 

■  * 

?5«   To  itUrmni  the  greattft  RtBanglt  that  tan  be  iV 

fcribed  in  a  given  Triaagk. 


Put  the  Bafe 
AC  of  the  gi- 
vcn  Triangle  = 
b,  and  its  Alti- 
tude BD  =  *; 
and  let  the  Alti- 
tude (BS)  of  the 
inferibed  Re<ft- 
p  angle  mc  (confi- 
dered  as  variable) 
be  denoted  by  x  : 
Then,  becaufe  of  the  parallel  Lines  AC,  and  ac9  it 

will  be  as  BD  {a)  :  AC  (*)  ::  DS  (*— x) ;    ^-^ 


—ac :  Whence  the  Area  of  the  Reftjmgle,  or  ac  x  BS 

bax—bx*  _,  bax+-—2.bxx 

will  be  s=  ■  :  Whofe  Fluxion  — — —  being 

a  a  * 

(as  before}  put  =  o,  we  (hall  get  x~=z\a.  Whence  the 
greateft  inferibed  Redangle  is  that  whofe  Altitude  is  juft 
half  the  Altitude  of  the  Triangle. 

26.  It  will  be  proper  to  obferve  btrt>  that  the  Value 
of  a  Quantity,  when  a  Maximum  or  Minimum^  may 
oftentimes  be  determined  with  more  Facility  by  taking 
the  Fluxion  of  fotne  given  Part,  Multiple,  or  Power, 
thereof,  than  from  the  Fluxion  of  the  Quantity  itfelf. 
Thus,  in  the  preceding  Example,  where  the  genera] 

b      


Expreffionis 


=  7X 


if  the  conftant 


b 


Multiplicttor—  be  rejefted,  we  fhall  have  ax—x*  5 

whole  Fluxion  ax~o.xx  being  put  =  0,  we  get  *=£*, 
ifcr  %my  km  as  bifor*. 

iO  The 


de  Miximis  &  Minimis.  ^7 

The  Reafon  of  which  is  obvious ;  becaufe  when  the 
Quantity  itfelf  (be  it  of  what  Kfed  it  will)  is  the  greateft, 
or  kaft  poffible,  any  given  Part*  Power,  or  Multiple  of 
k  is  alio  the  grcatcft  or  leaft  poffible. 

EXAMPLE    1V» 

17.  Of  all  rigk-angltd  plain  friaiigUs,  having  the  fame 
ghen  Hftrtbfuufii  U  fad  that  (ABC)  whfe  Ana  is 
the  greattft* 

I*t  AC^=tff  AB22*, 
and  BC  =  /:  Then, 
**+/  being  sz  a  %  *e 
Aall have /  =r  Va—*\ 

and  consequently  ^rs 

r    v'fl*  — V    =   the 
Area  of  the  Triangle  \       A* 

whofe  Square  —  —  being,   alfi,  *  Maximum  *,  •AtutG* 

a  xx 
the    Fluxion    thereof     —  —  x*x   muft    therefore 

2 

be  =  o,  f:     Whence  x  is  found  =  «vT,   and  y  fArtat. 
(•STT?)  =  V?> 

Thi  fanu  rtherwife. 

'    Since  4*?  **  *  Maximum,  and  x%  +y*zia\  let  the 

Fluxions  of  both  be  taken,  and  you  willhave  \x}+iyx 

r:o,  and  txx+%fy~o\  from  the  former  of  which  y 

'fx  xx 

will  be  =s  — >  —  ;  and  from  the  latter,  it  will  be  = ; 

x  '  y 

• «  » 

JX  XX 

Therefore  —  and  *-  W  equal  to  each  other,  and  con- 
fequently *  asy,  (the  fame  as  before.) 

C  EX- 


tS 


Solution  §f  PrMems 


giv^a  *  (AB)  =s  •£*:  Whenc* BC  (j)  ia  alfo  ^ 

Therefore  the  two  Legs    are  equal  to  each  y 


E  X  AMPLE    V* 

*8.   Of  *U  rifbt-mfbd  ptem  Triangles  outdoing  ttm 
fame  given  Area,  to  find  thai  whereof  the  Sum  of  the 
tw$  Legs  AB+BC  k  ibe  Ue#  fofflfr,    (See  the  pre- 
ceding Figure.) 

L&t  one  Z*£g»  AB,  be  denoted  by  ar,  and  the  Area 
of  the  Triangle  by  * ;  then  the  other  Leg  will  be  de- 
2a 

ncrtcd  by  —,  and  the  Sum  of  thp  two  Lqp  will  be  *  + 

2/1  2/Zjp 

—  i  whereof  the  Fluxion  is  *— -^j. ;  which,  put  =r  o, 

2tf\ 

ir 

other. 

EXAMPLE    VL 

lg.  To  determine  the  Dimenjions  <f  the  fea/l IMeles  Tri- 
ACD  that  can  arewnfsribe  a  given  Circle. 

Let  the  Diftance 
(OD)  of  the  Vertex 
of  the  Triangle  ftem 
the  Center  of  the  Cir- 
cle, be  denoted  by  x9 
and  let  the  remaining 
Fait  of  tb«  Perpendi- 
cular,   which    w  the 

RadWtf  of  th*  Circle, 
be  repwfcnted  by  a: 
Then,  if  OS,  perpen- 
dicular to  DC,  be  drawn,  we  fhall  fere  DSs:  V **—  a%  > 
and  therefore,  fince  PS :  OS : :  EtfJ :  BC»  weHfctwife 

haveBCsi-**-*" 


Vet 


I  which  multiplied by  * + a  (BD) 

gives 


9 
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•jves  *  ,— out  for  the  Area  of  tW  Triangle :  Which 
being  4  Minimum^  its  Square  mu£  bfe.a  Minimum,  and 
tulfe^uftfldy  \^*^>  or  it*  Equal  —^  a  Jfiii- 


mtib  «»      Whofe  Ffttxtpft,    thtttfore,  *hich   is  •**•*«• 

<■■  ■    ■   ■       '■■■—ggxar— ■* «■  *  ■  i"  ■■*,•  oemg  put  *s  o,  and 

Che  Wnote  divided  by     '■J^'iy"">  **  adfo  get  3X*— a 

— *  +  *.£=  o j  wjienct *=c 2* :  Therefore,  OD  being 
~  2OS,  and  thtf  Tfltaigle*  ODS  *nd  BDC  *q\iiafcgulaf , 
it  koridcot  thvtDG  is  Jtkewife  =  2BC  s:  AC  1  and  fo 
the  Triangle  ACD,  wfoa  the  leaff  poffible,  it  equila- 
teral. 

EXAMPLE    VIL 

30.  To  itttrmint  the  greateft  Cylinder,  dgy  that  can  hi 
mfirtoS  in  a  grm  &*  ADR 

« 

Let  ffsefiG,  the  Altitude  of  the  CW  j 
bzzAD,  the  Diameter  of  hi  Baft ;  \ 
*=fg  (db)  the  Diameter  of  the  Cylinder,  con- 
fidetad  as  variable ; 

f=(»Htt*.»*)   ,he  Area  of    the  Cireb 
tfiofe  Drameter  is  Unity. 

Then,  the  A&&  of  Circles  being  to  one  another  as 
fllfe  Squads  *f  thrir  Diameters,  we  have,  1*:  x%  :  1 
^  :  (W*;  the  Are*  dftSe  Circle  f'sgr :  Moreover,  from 
the  Similarity  ttf  tfifc  Triangles  ABC  and  fidf>  we  have 

i*(AG) :  *(BG)  t  j  44—  i*  (A^  :  <//  =  ^^p?* 

wfcieh  multiplied'  by  the  Area  px%  (found  above)  gives 

C  2  ]*&** 
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Problems 


■••••  »••••**•*• " 


pahx%  —  pax* 

h 
for  the  folfd 
Content  of 
the  Cylin- 
der: Which 
being  a 

Maximum , 
its    Fluxion 
2pabxx 

b        ~" 

^   ,    *  ffluft 


2* 


•Ait.*a.  be  =  0  *,  confequently  x  =  —  and  <jf  =  y  .•  From 

whence  it  appears,  that  the  infcribed  Cylinder  will  be 
the  greateft  poffible,  when  the  Altitude  thereof  is  juft 
{.  of  the  Altitude  of  the  whole  Cone. 


EXAMPLE      Vm. 

31.  To  determine  the  t>imenfions  of  a  cytindfic  Meafure 
ABCD,  open  at  the  Top9  which  JbaU  contain  a  given 
Quantity  (of  Liquor y  Grain ^  &C.)  wider,  the  baft  in- 
ternal Super/kits  pofftbU. 


^ 


I"*-— ...... 


^c 


•*».. 


~E 


Let  the  Diameter 
AB=*,  and  the  Alti- 
tude AD  =r y ;  moreover 

J«t  J  (3>HI59>  **•) 
denote  the  Periphery  of 
the  Circle  whofe  Dia- 
meter is  Unity,  and  let 
c  be  the  given  Content 
of  the  Cylinder.  Then 
it  will  be  1  :p::x:(px) 
the  Circumference  of  the 
Bafe*  which,  multiplied 

by 


r  +  *— i  being  put  =o,  wefhall  get — Sc+px* 


de  Maximis  &  Minimis. 

by  tbe  Altitude  y,  gives  pxy  lor  the  concave  Superficial 
of  the  Cylinder,  fit  like  Manner,  the  Area  of  the  Bate, 
by  multiplying*  tbe  fame  Expreffion  into  |  of  the  Dia- 
meter x,  will  be  found  =  *— ■  j  which  drawn  into  the 

Altitude  j,  gives  C-*  fa.  the  fijid  Content  of  the  Cy- 
linder ;  which  being  made  =  t,  the  concave  Surface 
p xj  will  be  found  =  — ,  and  conlequently  the  whole 

Surface  : 

h¥''  - 

=  0}  and  therefore  *  =  2  \r-:  1 

P 

=  8f,  and  *x*j>=4f,  it  follows,  that  *=  %j  -,  whence  y 
ii  alfo  known,  and  from  which  it  appears,  that  the  Dia- 
meter of  the  Bifcmuft  be  juft  the  Double  of  the  Alti- 
tude. 

EXAMPLE    IX. 

32.  Of  all  Qm*i  wider  lit  fame  given  Suptrfdn  (s)  to 
fold  that  ( ABD)  wbefi  Saliditj  it  thi  griateft. 

Let  the  Semi-  ]| 

diameter  of  tbe 
Bafe,AC  =  *,and 
the  Length  of  the 
flam  Side  AB  =y  j 
and  let  p  ( as  in 
the  preceding  Ex- 
amples) denote  the 
Periphery  of  the 
Circle  whole  Dia- 
meter is  Unity.  A 


Cj 


z%  Saktiom  gf  J? rotten* 

Then  the  Circumference  of  the  Bafe  will  be  =;  xfx> 

the  Area  of  the  Ba6t=sj£*%  yi4  the  convey  Superficies 

of  the  Cone  ~  fay*  (which  Iaft  is  fou&d  by  multiplying 

.    half  the  Periphery  of  the  Qafe  by  the  Length  of  the 

flant&ide):    Wtarcfcre,,  fince  the  vtok  Swperfick*  * 

=:/**-t;/4j=^wtb^ve  jrc;  r*-**l  whence  the  Alti? 

tfeude  CB  (*  AB>—  AC*}  a  %/■?-.  —  -  5   *•** 

P  *        P 

multiplied  by  \~)  y  of  the  Are*  of  the  Bafe,  gives 

%  AM   ^■■■HIIlT 

C-4/A— -  for  the  folid  Content  of  the  Cone. 

S*X*        %bSX* 

Which  being  a  Maximum,  its  Square  — — -^ —  mull 

7J%xx       tpsx*x 


9  9 

whence  i«^4^#^e,an*caiiftqtteiitl^^3E^r\iL:  prgm 

which  y  f  2=  jr— **  s?  ta>     s  ^757  S?  3*)  will  like* 

^pife  be,  known;  and  from  whence  it  will  appear  that 
the  greateft  Cone  under  a  given  Suffice,  (<jr  a  given 
Cone  under  the  Ieaft  Surface;  will  be  when  the  Length 
of  the  flant  Side  i&  to  the  Semi-diameter  of  the  Bafe  in 
the  Ratio  of  3  tc»  r,  or,  (which  comes  to  the  fame) 
when  the  Square,  of  the  Altitude  is  to,  the  Squace  of  th* 
whole  Diametef  in  die  Ratio  of  2  to  x. 


EX 
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EXAMPLE   X, 

tv  T*  idmmm  At  Pt/himtfd  lUgMhu  DE,  wKtkt 
paffmt  tkrtugB  »ghm  Ptmt  P,  JbtU  t*t  iwt  Rigbt- 
ktus  At  and  AS,  jrtm  h  P*f*i**  m  Jmb  firt  tbtt 
tbtSwn  rftbt  %MA,  AD  iritf  AE»  mit  tktrth* 
nuf  it  tit  ktfi  ftjflUtk 

s 

%  E 


Make  FB,  parallel  to  AS,  =  a,  and  PC,  parallel  to 
AR,  —h\  ana  let  BD  —  x:   Then,  by  reaibn  of  the 

parallel   Line*,  it   will  be,  *  :  #  : :  b 


Hi 


X 


Therefore  AD  -ME =*+*+*+— ,  attd  its  Fluxion* 

*— — r>  which,  in  the  required  Ckcamftance,  being 

co,  we  hive  jr1— *i  aHb  =:  o,  and  conftquentlv  xzs 

^ab;  whence  the  Pofition  of  DE  is  knowiy^fiut  the 
fame  Thing  may  be  otherwife  determined,  independent 
of  Fluxions,  from  the  general  Solution  of  the  Problem 
for  finding  the  Pofition  of  DE,  when  the  Sum  of  the 
Segments  AD  and  AE  (inftead  of  being  a  Minimum) 
fiuul  be  equal  to  a  given  Quantity.  Of  which  Problem, 
the?  geometrical  Conftrudion  may  be  as  follows. 

C  4  Compleat 


I 


•  ♦  

34.  Solution  of  Problems 

Compleat  the  Parallelogram  ABPC  (as  before)  and, 
in  RA  produced,  take  Ac  =  AC,  and  let  *F  be  equal 
to  the  given  Sum  of  the  two  Segments :  Alfo  let  two 
Semi-circles  be  defcribed  upon  Rr  and  BF,  and  lef  AH, 
perpendicular  to  Bt,  taterfed  the  former  in  H ;  like- 
wife  let  HK,  parallel  to  Ft,  interfefl  the  Utter  in  I ; 
draw  ID  perpendicular  to  Fc,  and,  through  P  and  D 
draw  DE ;  which  will  be  the  Poiition  required*  For 
AB  x  Ac  being =AHaz=  DP  =  BDxDF,  we  have  BD 
:  AB  : :  Ac  (AC) :  DF$  alfo,  becaufe  of  the  parallel 
Lines,  we  have  BD  :  AB  : :  AC  ;  CE ;  whence  DF= 
CE,  and  confequently  AD+ AE  (AD+AC+FD)  is 
equal  to  fF,  which  Cfonftru&ion  is  more  neat  than  that 
in  p.  155.  of  my  Geometry.  But  to  (hew  how  far  this 
may  conduce  to  the  Matter  firft  propofed ;  we  are  to 
obferve,  that,  as  the  Problem  here  conftruded  appears 
to  be  impoffible,  when  the  Right-line  HK  (inftead  of 
cutting  or  touching)  falls  wholly  below  the  Circle  BWF, 
the  leaft  poffible  Value  of  BF  (and  confequently  of  AD 
+  AE)  mull,  therefore,  be  when  that  Right-line  touches 

the  Circle;  that  is,  when  BD=DI= AH=v/ABxAC  j 
which  Value  is  the  very  fame  with  that  found  above. 

The  fame  Conclufion  may  alfo  be  deduced  from  the 
algebraic  Solution  of  the  forefaid  Problem  :   For,  put- 

ting  *+*+«+  —  (AP  +  AE)  =  *,   and  folving  the 

x 

i—a—b  J         n* 

Equation,  x  will  be  found  = ^  ^  iZ?IiL*-ab  • 

2  4    * 

Which  Equation  befog  no  longer  poffible  than  till  J~*"^ 

4 
^-  ab   is  =  0,  we  have  *,  in  that  Circumftance,  = 

— —  =  Vab  \  fitll  as  before.    In  like  Manner  the 

2 

Maxima  and  Minima  may  be  determined  in  other  Cafes, 
by  finding  the  Pofition  or  Cirpumftance  wherein  the 
general  Problem  begins  to  be  impoffible,  (fuppofing  the 
Quantity1  frught  to  be  given).    But  the  Operation  by 

Fluxions 
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Fluxions  is,  for  the  general  Part,  much  more  fhort  and 
expeditious* 

EXAMPLE    XI. 

34.  The  fame  being  given  as  in  the  preceding  Example*  to 
deUrmint  the  P option*  when  the  line  DE,  itfelfy  is  tbo 
haft  pojjpbli. 

Upon  AF  let  fall  the  perpendicular  PQj  make  BQ^  ' 
=*,  and,  the  reft,  as  before:  Then  DP*  being  (  = 
T>B*+BP*— aBQ.x  DB)  =r  **+**—2<:*,  and  T>B*: 

DP*  ::  DA*  :  DE*,  we  h»vc  x%  ;  x*+a*—2cx  ::  o+x)z 
:  DE*  =  CT*x*»-2"+^=CT*  x  1-  ±<+£5 

X  \    *        ** 

whofe  Fluxion,  which  is  %xXb+x  X  1 —  — +  — 4. 

x     -jr*T 


.v 


f+*f  x  ^— ^r»  *****  Put  —  °*  *nd  Ac  whole 
Equation  divided  by  2*x£+ *,  there  will  come  out  I— 
TT+T?+*+*X--i— 33  =  05  whence  a?3—  2cx?+a*x 

X        X  XX 

+7+rx«e— «*  =  05  that  is,  (by  Redu&ion)  x*—cx% 
+hcx—a*b  =po :  From  the  Refolution  of  which  Equa- 
tion, the  Pofition  ef  DE  is  determined. 


, ■   •  Lemma.  ) 

35.  Zf  a  2Wf  «r  Pmk*  (n )  be  fuppofed  to  move  in  a 
Right-Une  AB,  its  abfolute  Celerity^  in  the  Direction  of 
that  Line,  will  be  to  the  relative  Celerity,  whereby  it  tends 
U*  or  from*  a  given  Point  C,  any  where  out  of  the  Linet 
as  the  DifianceCn,  is  to  the  Defiance  Da,  intercepted  by 
n  anitbo  Perpendicular  CD  ;  or,  as  Radius  to  the  Co-feu 
of  the  Angle  if  Inclination  D*C. 

For,    putting   CD  =  a,   D»  =  x*   and  Cn  =  y*  «  ^ 
we  have  **  +  # r  =:  y\  and  consequently  2#*  =  2jry  * ;  aid  5,a 

Whence 


a6 


Ait.* 


Solution  «f  Problems 


A  D 


Whence 
/  (CM 


(D«)  ::  Radius  : 
Co-fine  DaC:  But, 
the  Fluxions  of 
Quantities  are  as 
the  Celerities  of 
their  Increafe  *, 
therefore  the  Trtth 
of  the  Profwfitkm 
is  mabiftft. 


CoKOLtAKf. 

It  foflows  from  hence,  that  the  relative  Celerities  in 
any  two  different  Drrcdions  *E  and  «C,  are  dise&ly  as 
the  Co-iwcs  of  the  correfpottding  Angles  D»E  and 
D»C  Therefore,  when  »E  is  perpendicular  to  Or, 
faodfbe  Aogfe  D*£  themfor*  equal  to  C)  tho  Celerity 
in  the  Direction  »E,  will  be  to  that  in  the  Direction 
*C,  as  the  Sncof  Da£  in*  its  Co-fine.  From  wfcenct 
it  appears,  that  the  Celerities  in  the  Directions  D»,  Ca, 
and  &*  (perpendicular  td  nG)  are  to  each  other  as  Ca, 
D»,  and  CD  refpe&ively. 


EXAMPLE    XII. 

36,  To  determine  the  Pojition  of  a  Print*  from  whence* 
if  three  Right-lines  he  Archm  to  fo  many  given  Points 
Ar  By  C,  their  Sum  JbaU  he  the  Uqjl  pojpbU. 

Let  HPG  be  the  Periphery  qf  a  Circle  defcribed 
about  the  Point  Av  as  a  Center,  at  any  Diftance  AG  ; 
2h  which  let  the  Point  P  be  conceived  to  move  with  an 
uniform  Celerity,. from  G  towards  FL  Then,  ftecaulfc 
the  relative  Celerity  thereof,  in  the  Dire&ion.  PC,  is  to 
that  in  the-Direfbon  BP  produced,  as  the  Co-fine  of 
the  Angle  CPH  to  the  Co-fine  of  the  Angle  BPG,  (by 
the  proofing  Lemma)  ;  and,  firtccthefe  Celerities,  when 

the 
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the  Sim  of  CP  and  IP  <a  t  M&rnm, 

it  follows,  therefore, 
tfcst  the  find  Angles 
CPH  and  BPG>  as 
mil  at  their  Confines, 
will  in  that  Cifcum- 
fence  become  oqual 
to  each  other  j  and 
coafequertly  APC  - 
4fcx  equal  to  APB.  *> 
From  whence  it  ap- 
pears, that  (taltt  AG 
what  you  wiE)  Ac 
Sinn  of  tho  three 
Lines,  AP,  BP,  and 
CP,  cannot  he  the 
kaA  pofiiblc  when  tho 
Andes  APB  and 
A  P  C  as*  mooueL 
And,  by  (be  tame 
Asgumenr*  it  alia  appears  that  their  Sum  cannot 
bo  tho  leaft  poftbk*  ohm  the  Angles  BPA  and 
BPC  tie  usequal:  Themfw*  their  Sun  ssuft  bo 
tho  kaft  poflible,  when  alt  tho  that*  Angle*  about  tho 
Point  P  an  equal  to  on*  another*  pcovktod  the  Cafe 
will  admit  of  fuch  an  Equality,  or  that  net  one  of  tho 
Ancles  of  the  Triangle  ABC  is  equal  to*  ergmtter  than 
j.  of  4  Right  Angles  (for  orherwife,  the  Point  P  will 
fall  in  the  obtjiHj  Angfe J :  Hejocethii 

CONSTRUCTION. 

Deferibe,  upon  BC,  a  Segment  of  a\Crrdc,  to  ton- 
tain  an  Angle  of  1200,  and  let  the  whole- Circle  BCQ^ 
be  complicated ;  and  from  A,  to  tne  Middle  (QJ  of  tho 
Arch  BQC,  draw  KQ^  interfering  tho  Circumference 
of  the  Circle  in  P ;  which  will  be  the  Point  required. 
For,  the  Angles  BPQ»  and  CPQ^,  ftandipg  upon  the 
equal  Arches  BQ,  and  CO,  hare  their  Complements 
APB  and  APC  equal  to  ejefr  other;  and- therefore,  the 
Angle  BPC  being  1^0^  (by  ConftruaSon)  each  of  the 

ftid 


UdUi 


r^ 
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laid  Angles  APB,  APC,  will,  likewife  be  120  De- 
grees.^ 

After  the  fame 
Manner,    it    will 
appear    that    the 
Sum    of   all    the 
Lines    AP,    BP, 
CP,    &c.   drawn 
from   any  Num- . 
ber      of      given 
Points  A,  B,  C, 
btc,    to    meet  in 
another  Point  P* 
will    be  the  leaft 
poffib!e9  when  the 
Co-fines  of  the  Angles  RPA,  RPB,  RPC,  &c.  that 
the  faid  Lines  make  with  any  other  Line  RS,  paffing 
through  the  Point  of  Concourfe,  deftroy  each  other: 
Which  will  be  when  all  the  Angles  APB,  BPC,  CPDt 
&c>  are  equal,  in  all  Cafes  where  the  Pofition  of  the 

fiven  Points  will  admit  of  fuch  an  Equality.  But,  if  the 
lumber  of  given  Points  be  four,  the  reauired  Point  will 
be  in  the  Interfedton  of  the  two  Right-lines  joining  the 
oppofite  Points :  For,  fuppofing  APC  and  BPD  to  be 
continued  Right-lines,  the  Confine  of  RPA  will  be  equal 
and  contrary  to  that  of  RPC,  and  that  of  RPB  equal 
and  contrary  to  that  of  RPD. 

EXAMPLE    XIII. 

37 .  If  two  Bodies  move  at  the  fame  Time,  from  two  given 
Places  A  and  B,  and  proceed  uniformly  from  thence  in 
given  Direclionsy  AP  and  BQ^,  with  Celerities  in  a 
given  Ratio  *  it  is  propofed  to  feud  their  Pojition,  and 
frowfar  each  has  gone9  when  they  are  the  neareji  poffibii 
to  each  other. 

Let  M  and  N  be  any  two  cotemporary  Pofitions  of 
the  Bodies,  and  upon  AP  let  fall  the  Perpendiculars 
NEand  BE);  alfo  let  QB  be  produced  to  meet  AP 

in 
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A  M 


in  C,  and  let  MN  be  drawn :  Moreover,  let  the  given 
Celerity  in  BQ.be  to  that  in  AP,  as  n  to  «,  and  let 
AC,  BC,  and  CD,  {which  are  alfo  given)  be  denoted 
by  as  b9  and  c  re/pe&iveiy,  and  make  the  variable  Dis- 
tance CN  =x:  Then,  by  reafon  of  the  parallel  Lines 
NE  and  BD%  we  fhali  have  b  (CB)  :  x  (CN)  ::  c  (CD) 

:  CE  =  -T- .    Alfo,  becaufe  the  Diftances,  BN  and 

AM,  gone  over  in  the  fame  Time,  are  as  the  Cele- 
rities, we  likewife  have,  n  :  m  ::  x—b  (BN)  :  AM 

= ,  and  consequently  CM  (AC — AM)za+ 

mb    •  mx      .     »&  j       .  mb\     j„ 

— —  — =*  — — , (by writing rf=tf+ .— y.    Whence 

MN»  (=CM'+CN*~CMxaCE)  will  alfo  be  found 


+  **. 


n 

%cdx     %anxx      ,-_,.. 
+  ■     ,    ;  whole  Fluxion 


b 


nb 


idmx     im*Xx 


+  a#* T-+y  ,     being  made  =  0  (becaufe  MN  is 

to  be  a  Minimum)  we  get  — bdtrm+mxbx+n%bx— nfc J 

mnbd'\m  tf'tu 
+  TMMX^Oj  and  confequemly  *  =  ^f^hT^Tc  = 

**x**+»f     ;  from  whence  BN,  AM,  and  MN 
bxm*+rt*+2muc 
igt  alfo  given. 


3* 


Solution  (f  Problem 

The  famt  otberwiftm  r 


Becaufe  the  relative  Celerities  of  the  two  Bodies,  at 
M  and  N,  in  the  DkeGban  of.  the  Line  MN  (pro- 

■      .*  ,  _>*,,    Co-JhuM  .G»-/N 

duced)  are  tiruly  expretTed  by  ? /m*  *  X  iw,  and  ^A1 

rArt.3s.  x«,  rcfpeflively*;  and  as  Aefe  Celerities,  when  the 

Diftance  MN  is  a  Minimum,  do  become  equal  to  each 

Aruai.other  f,  it  follows  that,  in  this  Circumftance,  m ;  n  : : 

Co-C  N. :  Co-f.  M  : :  Secant  of  M  :  Secant  of  N  (If 

fbns  Trig.) 

Whence  this  ConArnfiSon.    Take  CH  to  CB  in  the 
^iven  Rw#  of  «  to  n,  and  draw  HB ;  upon  which 


produced  (if  necefiry)  tet  fitll  the  Perpetidkular  AR ; 
draw  RN  parallel  to  AH,  meeting  CQ.  in  N ;  laftly, 
draw  NM  parallel  to  AR,  and  it  will  give  the  Pofitioft 
required.  For.  firft,  it  is  plain,  becaufe  AM  (RN)  : 
BN  (: :  CH  :  GB)  :tm:  »,  that  M  and N  are  cotem- 
porary  Pbfitions  ;  It  is  lifcewifc  plain,  that  RN  and-  BN 
will  be  Secant*  of  the  Angles  KNR  (CMN)  and  KNB 
(CNM)  to  the  Radius  NK  *  becaufe  the  ArtgteNKR 
(:?  ARK)  is  a  Right-one.  Which  Lines  or  Secants 
are  in  the  propofed  Ratio  of  mton,  as  has  been  already 
fhewn. 


But 
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.  But  the  fame  Solution  may  be,  yet,  otherwife  de* 
rived,  independent  of  Fluxions,  from  Principles  intirely 
geometrical.    For,  kt  m  and  11  be  'toy  two  ootempora* 

?  Positions  at  Pleafure,  and  let  CH  fas  before)  be  to 
B,  as  the  Celerity  in  AP  to  that  in  CQ^;  moreover, 
let  *r,  parallel  to  AP,  be  drawn,  meeting  HB  pro- 
duced in  r,  and  Jet  A,  r  be  joined.  Then,  fine*  CB : 
CH  : :  B«  :  nr  (hyjvn.  Triangles)  and  CB  :  CH :  :  B« 
:  A*,  (hy  Hyp.)  k  fellows,  that  nr  and  Am,  (which 
are  parallel)  will  alfo  be  equal  to  each  other  j  and  there* 
Sbce  kr  and  m»,  tikewife  equal  and  parallel.  But  Ar  is 
the  leaf  poffible  when  perpendicular  10  Hr.  Whence 
the  Solution  is  manifcft. 

EXAMPLE    XIV. 

2$»  La  the  IbdylAmem*,  tmf*rmly9  /rem  A  towards 
Qj  vuA  the  Cihritj  m%  and  let  anet&tr  Bodf  M  pr*+ 
teed  from  B,  at  the  fame  time*  with  the  Celerity  tt. 
New  it  is  propofid  to  find  the  Direction  (BD)  of  tht 
latter,  fo  that  the  Diflanae  MN  <f  its  two  Bodies* 
when  the  latter  arrives  in  the  Way  or  Din&ion  AQ^j/ 
the  firmer^  may  h  the  grwttf  poffible* 


Let  BC  be  perpendicular  to  AQ.,  and  make  AC  rs 
*,  BC=£,  and  BNs*.  Therefore,  if  the  Portion 
ttfceiuppofcd  cotemporary  with  N,  we  (hall  have  n: 

ntx  ntx 

mux:  AM  =  — h  ;  whence  CM  =:  — — *,aodcon- 

n  m 

fequently 


$2  Solution  of  Problems 


mx 


fequently  MN  (CN— CM)  =  V^O5-—  +  *i 
whereof  the  Fluxion  being  taken,  and  made  =;  o,  wc 
get  '\  sr  — ;  therefore x  =  ,■■,"■    ,  and CK 


^x*—?)  =  ;■  ?       =;:   Whence,  «:»(:: 


BN 


CN  ::  Radius :  Co-fine  N.    The  fame  Conclufion  is 
otberwife  derived,  thus, 

Let  the  Right-line  BD  be  fuppofed  to  revolve  about 

the  Point  B,  as  a  Center,  with  a  Motion  fo  regulated, 

that  the  intercepted  Part  thereof  BN  may  increafe  with 

the  uniform  Celerity  n  :  Then,  the  Celerity  with  which 

-  .-   .  nuRadius*     ,.    _»      .  _. 

•Art.ss.CN is  increafed being  ss    c   >/N  t  this  Expreffion, 

when  MN  is  a  Maximum,  muft,  confequently,  be  equal 
fArUM.to  ( m)  the  Velocity  of  the  other  Body  f  M ;  and  there- 
fore mm::  Radius  :  Co-fine  N,  as  before. 

EXAMPLE     XV/ 

39-  Suppofing  a  Ship  to  fail  from  a  given  Place  A,  In  a 
given  Direction  AQ_,  at  the  fame  time  that  a 'Boat, 
from  another  given  Place  B,  fits  cut  in  order  (if  pofi 
fiblt)  to  come  up  with  her,  and  fuppoftrtg  the  Kate  at 
which  each  Veffel  runs  to  he  given  5  it  u  required  to  find 
in  what  Direction  the  latter  muft  proceed,  fo  that,  if  it 
cannot  come  up  with  the  former ,  it  m$y>  however,  ap~ 
proacb  it  as  near  as  poffibu. 

Let  the  Celerity  of  the  Ship  be  to  that  of  the  Boat 
in  the  given  Ratio  of  m  to  n ;  alfo  let  D  and  F  be  the 
Places  of  the  two  Veffels  when  neareft  poffible  to  each 
other,  and,  from  the  Center  B,  through  F,  fuppofe  the 
Circumference  of  a  Circle  to  be  defenbed.  Then  (the 
Diftance  DF  being  the  leaft  poffible),  the  Point  F  muft 
be  in  the  Right-line  (DB)  joining  the.  Point  D  and  the 

Center 
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Center  B; 
caufe  tio  other 
Point  in  the 
whole  Periphe- 
ry, at  which 
tne  Boat  from 
B  might  ar- 
rive in  tne  fame 
time,  is  fo  near 
to  D  aa  that 
wherein  the 
Line  DB  inter* 
k&a  the  faid 
Periphery.— But  now,  to  get  an  Expreffion  for  DF,  in 
algebraic  Terms,  let  BC  be  perpendicular  to  AQ^  and 
make  AC  =*,  BC  =  *,  and  CD=*;  and  then  BD 

(/BC*+CD*)  will  be  =  VP+*i  moreover,   bc- 
caufe  m: »::  AD  (*+*) :  BF,you  wfflhaveBF=  2f±i? 

and  confcquently,  DF  =  */Ff7  —  21±2*.  whofc 


m 


Fluxion, 


XX 


nx 


nb 


•**+?  "~  m*  bdnS  "^  =  °»  wc  find 


*=: 


rj  whence  the  Direction  BD  is  known: 


And,  if  the  Value  of  x,  thus  found,  be  fubftituted  in 
that  of  DF,   (found  above)   we  {hall  have  DF  = 

b</m%-^nx—m^  whence  the  Pofition  of  F  is  known. 


m 


And  from  which  it  is  obfervable,  that,  as  DF  muft  be  a 
real*  pofitive  Quantity  (by  the  Qyeftion)  this  Method 
of  Solution  can  only  obtain  when  m  is  greater  than  », 
and  b  V  ml- »%  alfo  greater  than  na:  For  in  all  other 
Cafes  the  Boat  will  be  able  to  come  up  with  the  Ship, 

Tb$  farm  otberwift. 

Let  the  Radius  of  the  Circle  EFH  be  conceived  to 
i ncreafe  uniformly,  with  the  Celerity  n>  wbilft  the  Point 

D  D  moves 
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# 

4 


3(4  4WWf*  of  Prrilmt 

D  moves  uniformly  along  AQ^  with  the  Celerity  m  .* 
Then,  the  Celerity  at  D,  in  tfce  Direction  of  BD  pro- 
duced, being  =,^^g^^-^>  the  relative  Celerity  with 

which  the  Point  D  recede  fron*  the  Pqriplwy  of  tjio 
faid  variable  Circle,   will  be  upiverfally  e*pr*flcd  by 

™  kadi    — "*""*'  which  being  :=  o,  when    DF  is  a 

Minimum,  we  have  in  this  Ctft  mX  Co- fim  DnznxRar 
dins,  and  confequently  m  :  «  ::  Radius  :  C+jine  D. 
Therefore,  if,  at  C,  a  right-angled  Triangle  CM  be 
cqnftitutcd,  whofe  Bafe  Cd=.n9  and  its  Hvpotbenufo 
dbzzm9  and  parallel  to  the  latter  you  draw  BD,  it  will 
be  the  Dirc&ton  rcquiied :  In  which,  if  there  be  taken 
BF,  a  Fourth-proportional  to  m,  *,  and  AD,  you  will 
fclfo  have  the  Pofition  required. 

EXAMPLE    XVI. 

40.  To  dittrmint  the  greattft  Parabola  thai  tan  be  formed 

h  cutt^  a  given  Com  A  CD. 


Let  ptv%  ptralkl  4o  CA,  be  the  Axis  of  the  Parabola 
*vm>  and  rm  Khe  Bafe  (or  Ordinate)  thereof  i  putting 

DC 


1 
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DCztm,  CAsi,  and  D«=ur)    then,  becaufe  of  the 

bx 
fflraUcl  Itfiftes,  it  wiU  b?»  *:  £::  *  :  —  =  m:    Mc*e- 


35 


jover>    by   the  Property  of  the   Circle,  we  have  r*% 
(zznm* ±DnxCn)  zz.  px— x\   and  confequently  rm  - 

*Yax-*x%}  whidi  multiplied  by  •—  x  —  (becaufe  eve- 
Xf  Parabola  is  \  of  a  Parallelogram  .of  the  fame  Safe  and 
Altitude}  gwes  —  /*#— #*  Tor  the  Content  of  the 
PaFabola :  Whofe  Ftarion,  or  that  of  ax*—x+  *  being  •Art,»& 
ptrt  equal  to  Nbdupg  *  we  find  #=  2-;  Whence  w= 
|  x  AC,  m=rCJ>  x  /J,  and  the  Area  of  the  greateft, 
oar  wjuired,  Parabolas:  AC  X CD  X  3-?« 

£  X  A  MP  L  E   XVIL 

41.  T,  ******  ireanft  Mtfs  BTES  th«mU 
fkrwd  by  mttuig  a  given  Cm  ABD. 

Let  BE   be   the 
greater,   and  TS  the 

idler,  Axis  of  Che  EI- 

Jipfis  BTES,  confider- 

j*d  as  variable  by  the 

Motion   of  (the  End 

of  the  Tranfverfe)  Ej 

along  the  Line  AD; 

moreover   let   Ev    be 

parallel  to  AC  the  Axis 
of  the  Cone,  meeting 
the  Diameter  BD  in  v, 
and  let  the  Diameters 
£F  and  *p  be  parallel 
to  BD  i  whereof  the 
latter  np  is  fuppofed  to 
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pafs  through  O  the  Center  of  the  Ellipfis :  Then,  put- 
ting AC=r*,  CD =5,  and  Cv=#,  we  fhall  have  Bt/= 
b  +  x\  alfo,  bccaufe  of  the  parallel  Lines  we  have  CD 

(b)  :  CA  (a)  ::  Dv  (b—x)  :  i**=£  =Ev;  whence 

b 

BE    (v'Bv'+E**)    =   V*»  x  *+*]•  + «*  x  £^x 

Furthermore,  fince  the  Triangles  EO*,  EBD,  and 
BO>,  BEF  are  equiangular,  and  EO  (=BO)  =i  BE, 
we  likewife  have  0«=iBD=4,.and  O^rzjEFsrCv 
==  x  ;  and  consequently  On  x  Op  ( r=OT%  by  the  Pr$- 

perty  of  the  Circle)  =:  bx ;  whence  ST  =  2^bx9  and 

.     therefore  BE  x  ST  =  V>%*>+3%  +*  xT^x^. 

Now  the  Area  of  any  Ellipfis  being  in  a  conftant 

Ratio  to  the  Redangle  of  its  greater  and  leflcr  Axes 

1  (namely  as  3,14159,  &c.  to  4;  the  laft  general  Ex- 

predion  muft  therefore  be  a  Maximum,  when  the 
Area  is  fo ;  and  therefore  its  Fluxion,  or  that  of  b%x  x 

I  b+ifr+a%xxb^x\*  (=  b*x  +  2b*xx  +  *V  +  *b*x 

f  •An.%%.  —  ,%a%bx%  +  a%x*)   equal  to  Nothing  •*  that  is,   i4* 

+  4i3^  +  3*****  +  a%bzx—4albxx  +  yVi  =  0; 

Whence  #* — 2 ___--___.,     and     x    s: 

3*  +3*  3 

-7  >  .  oAi  ^ i   from  which  the  El- 

lipfis  is  known. 

^        —    But  it  is  obfervable,  that,  when  a4—  14****+ J4  is 

^  negative,  this  Solution  fails,  becaufe  the  Square  Root  of 

J  a  negative  Quantity  is  to  be  ex  traded.     Therefore,,  to 

lj  determine  the  Limit,    put  a4 — l+alf+b+zzoi  then, 

by  ordering  the  Equation,  you  will  get  «x  =5  b%   X 

7  +  ^48,  and  tf=*X2  +  v/3;    and  therefore  •« :  b ::  2 
+  v/3  :  *•    Hence,  if  the  Ratio  of  AC  to  CD  be  not 

greater 


1 


f 
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mater  than  that  of  2+^3  to  j,  or  (which  comes  to 
Sic  fame  thine)  if  the  Angle  DAC  be  not  lefs  than  15 
Degrees,  the  Fluxion  of  the  Ellipfis  can  never  become 
equal  to  Nothing ;  but  the  Ellipfis  itfelf  will  increafe 
continually,  from  the  Vertex  till  it  coincides  with  the 
Bafe  of  the  Cone ;  and  therefore  is  greater  at  the  Bafe 
than  in  any  other  Pofitjon. 

But  it  is  further  to  be  obferved,  that  this  Problem  is 
confined  to,  yet,  narrower  Limits*  For,  either  the 
EUtnfis  will  increafe,  continually,  from  the  Vertex,  to: 
the  Bafe,  of  the  Cone,  ( which  is  (hewn  to  be  the  Cafe 
when  the  Angle  DAC  is  greater  than  150)  or  elfe  it 
will  increafe  till  the  Point  £  arrives  at  a  certain  Pofition 
H,  and  afterwards  decrease  to  another  certain  Pofition  bf 
and  then  increafe  again  till  it  coincides  with  the  Bafe  of 
the  Cone,  (for  it  mult  always  increafe  again  before  it 
coincides  with  the  Bafe,  becaufe,  after  the  Point  E  is 

;ot  below  the  Perpendicular  BQ^,  bofh  the  Axes  of  the 

llipfis  increafe  at  the  fame  time). 
The  fame  thing  alfo  appears  from  the  foregoing  Equa- 

%b  X  a »—  b%  +bVa*—  1  *axbx + b* 
tion  *  =      ■     '         ^?4-oA*  »  whofe  two 

Roots  exprefs  the  two  Values  of*  (or  Qv)  at  the  Times 
of  the  Maximum  (at  H)  and  its  fucceeding  Minimum 
(at  b).  Hence  it  is  manifeft,  that  the  Ellipfjs  may  ad- 
mit of  a  Maximum  between  the  Vertex  of  the  Cone 
and  the  Perpendicular  B  Q.,  and  yet,  that  Maxi- 
mum be  lefs  than  the  Bafe  of  the  Cone,  unlefs  the, 
forefaid  Angle  I) AC  be  fo  much  lefs  than  15°  (above 
found)  that  the  Increafe  from  b  to  D,  be  left  than 
the  Decreafe  from  H  to  b.  Noiy  therefore,  to  de- 
termine the  exaft  Limit,  let  the  forefaid  Increment 
and  Decrement  be  fuppofed  equal  to  each  other,  or, 
which  is  the  fame  in  Effea,  let  the  Ellipfis  BTESB 
as  the  Circle  B^Diw,  or  BE  x  ST=BD%  that  is,  let 

VVxl+xY+a%x*=?%xJbx      t%      _ 

*       —  .  -  ■      1  =4?  :   f  ropi  which 

P  3  &«*• 
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Equation  you  will  get  ,»  =  £■*  *'~?i~?*~"' 


— * 


~  ~x  * t-^x —  :  Moreover,  {totti  *'  Equation; 

*+* + 4A  V* + jPx** + « V*  —4e*bxi+ 3«V£rV(gI« 

ve»  above) you  will,  again,  get  ax  sz**?}*?*.*^ 

equal  YaluB^ there an&s ^ =r-     ■  ;*»•„ 

which, ordered,  ghres  j?a+2^— Pr±o,  arid  therefore 

Moreover,  -^  being  =     '^y,   ',  tf  **-*-afatx> 

futftituted  herein  for,  its  Equal,  *\  it  will  become 
«*      J*a+fa      S*+*       &+by/*—b  4-fVi 

#*  ~  fa—  **      3*— *"~  3^2^-3*— i  ~— 4+3/a 

_     4-+V/2X4.^3v/2     _  22+16/2  '        , 

Hence  we  have,  j  :  /n+81/2  ; ;  £  (DC)  :  *  (AC) 
; ;  Radius  to  the  Tangent  of  the  Angle  ADC  5: 78"  tfi 
Whofe  Complement  DAC  an6  57',  is  the  feaft  Li- 
mit poffible,  Therefore,  unlefs  the  Angle  which  the 
flant  Side  makes  with  the  Axis  be  left  than  1 1°  57',  the 
grcateft  Efiipfis  will  be  lefs  than  the  Bafetf  theConcf 

EXAMPLE      XVJIL 

42.  Of  *U  Triangles,  hiving  the  fame  given  Perimeter % 
and  injeribei  in  the  fame  gwn  Circle }  tQ  determine  the 
greatijh 

Let  the  Diarrietcr  DA  bife<3  the  BafeUCof  the  re- 
quired Triangle  BEC  in  H,  draw  AE,  AB  and  BD  ; 
jdfedrtw  AF  perpendicular  ttf  BE,  and  GE,  parallel  to 

BC, 
7 

i  "  . 
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BC>  meeting  AD  in  G : 
Then,  pitting  AD  2  *, 
half  the  giveA  Perimeter 
of  ThtTrteagte  =  h>  and 
DHsry:  *e  have  BH  = 
i/xq~lf'%     and     therefore 

feF=£- ^ty^-j**.  Mort- 
on* DH  f>;  t  ADj^ 
«    DB»   :   DA*    ::    tf% 

6  ;'  '  '    1 „^a 

/  J 


therefore  AG  AgJ)  -  i=*2=E.f  and  HG  a 

\  AD/  j 

(AG-AH^^^S^i   whence  the  Area  of 


the  TrtafigfeB£C(BHxHa)  =  ** 


*A 


+l»J,  whofcFluicUm  ^w-^dL  being  put  =*m 
yVay—yy 

givc**/*y^  =  i*tfj  whence  jr,  ahd  from  thence 
the  Sides  of  the  Triangle  may  be  determined. 

EXAMPLE    XIX. 

43.  To  determine  the  greatefi  Area  thtt  can  be  cofitaindd 

under  four  given  Right-tines. 

Though  it  is  demonstrable  from  common  Geometry 
lhat  the  Area  will  be  a  Maximum*  when  the  Trajfc- 
zium  ABCD,  formed  by  the  given  Lines,  may  be  iri- 
fcribed  in  a  Circle  fc,  fet  I  fhfci]  here  give  the  Solution 
from  the  Principles  of  Fluxions,  (whofc  Ufes  I  am  now 

•  By  Prop.  1  j.  Page  62.  Elem.  Trig. 
«  See  Page  117.  bf  &km.  G tommy. 

D  4  illuilrating). 
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illuftrating.  In  order  to  which,  let  the  Diagonal  AG 
be  drawn,  and  upon  CB  and  AD  let  fall  the  rerpendi*- 
culars  AE  and  CF  *  putting  AB;=0,  BC=r*,  CD=*, 
*  R  .'  DA=4BE=*, 

*«  «— m         =»P  and   DF    =  j: 

Then  AE  being 

sVV— «%  and 

cf =•?=?; 

the  Area  of  the 
Trapezium 
(iBC  x  AE  + 
jAD  x  CF)  wifl 

be  =iV£— *» 

+  WW—/  5 

•JUt**.  and   its  Fluxion    *^===  —  ^pr^    =  o  •  j 

and  therefore     ,7" "-.    =    77Tr~±*      Moreover, 

fincel*+«*+a**  (=AC?)  =^+^—2^,  by  taking 
the  Fluxion  thereof,  we  have  2bx  =  —  2<#,  or  —  <#= 
&p  i  which,  fubftituted  for  —dj  in  the  foregoing  Equ*r 

bxy  bxx  y 

tion,  gives   -7===  =  ^-r— -;»  «» 


-     *       •    and   confequcntly,    V^IIy     (CF)  :  j 

VV— ** 

(DF)  ::  V«*  —  *Z(AE)  :  x  (BE)  :  From  which  it 
appears  that  the  Triangles  DCF  and  ABE  are  fimilari 
and  that  (D  +  ABC  being  =  2  Right-angles)  the  Trape- 
zium may  be  inferibed  in  a  Circle ;  but  this  by  the  Bye. 
We  are  now  to  get  an  Expreffion  for  the  Area  in  knowfl 
Terms,  and  in  order  thereto  we  have  b%+a*+2bxzz 

,  J        *  rti      1  ■  1  11   ■  11  «  V 

<«+,•— 2<fc y  ==-,  and  CF  =  Va%~ **(becaufeAB 

:BE::  DC  :  DF,fcr*.) :  Therefore,  by Subftitutjon,  **+ 
a%+2bx—dl+c*~  «* — >  and  the  Area   (jBCxAE 

+iAD 


dc  Maximis  &  Minimis. 
+{AP  x  CF)  =  |i/?— ^r  +  i-  v**r?  =? 

afi+cd    y 

'  K  a*  —  #s  J  and  therefore  the  Square  thereof  =; 

— - -j — Xa  — Zr  r*—. — 5— 5£f+#X*-r-#:=— * 
4*  4*  4 

x  i+-f-xi— — .    But  fince  **+**+ 2fc*  =  <**+**— 

2edx  x       f+e—h%—f  x 

^>wehave7=-^jT-r-,i+7=  ,  + 

iab  +  2cd         T  %afr  +  %cd  T" 


2^+zo/       '  <*^  *ai  +  2cd 

=>  ■  *  *    i  and  amfcquently,  the  Square  of  the 

Area  =  — —  x       «■ »  —  X I— — ;-L. 

— ; i        ■  which  (becaure 

fhe  Difference  of  the  Squares  of  any  two  Quantities  is 
pquaj  to  a  Rcftanglc  under  their  Sum  and  Difference) 

will  alfo  be  =  ^Hx^M+ixt^ti-r 

; * 

h+a—d+c  _- 


4 


Xtd+kc+ib+ia—c  X  id+ic+it>+ia—d.  Whenc? 
it  appears,  that,  if  from  i  the  Sum  of  all  the  four  Sides 
each  particular  Side  be  fubtraQed,  the  continual  Pro- 
duct of  the  Remainders  will  be  the  Square,  or  fecond 
Power,  of  the  Area. 

From  this  Theorem,  ihe  Rule  in  common  Pra&rcc, 
%  finding  the  Area  of  a  Triangle,  having  the  three 
Sides  given,  is  deduced,  as  a  Corollary  :    for,  malting 
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<r=0 


9 
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a  =  o,  the  Trapefthim  becomes  a  Triangle,  and  the  fe- 

cond  fWer  of  its  Are*a  =± J7+I7+i* xf5+I7+P~^ 

xW+i'+^^x  W+ic+i*— rf;  Which,  in  Words, 
is  the  common  kule. 

EXAMPLE    XX. 
0?       44.    T*  find  tbt  greattf  Valuftfy  m  the  Equation  (fix*~ 

xx+yy\3* 

By  putting  the  whole  Equationjnto  Fluxions,  &c. 

we  have  2«*r*±:i#x+ 2JJ  x  j  X  #*+/]**  which  iA  thfc 

•Altai,  required  Circumftance,  when  ^  =  o  *,  becomes  ta+xx 

=  6#*  x  **+/)*  s  wheftce  *£+/*£:  4->  aad#+>Hs 


a6 


s:  -tt :  But*  by  the  givch  Equation  **+/!'  =  ****; 

confequently    *4  #*  =z    — --—     an(j    therefore    a?  ^: 

3V*3 


3/3 

Tthi  fimt  otherwife.  : 

Since  -r#+jy]3  is  given  rra4**,  we  have  **+/  = 
a?  X  **,  and  therefore  >a  =:  a*  x  .v*-#  *j  whofe  Fluxion, 

$**  X A?  "Tx— zxx,  being  put  =  o,  we  alfo  get — 

s=  #  j   whofe  Cube  is  — ri —  =  #  ,  or  -~  =  #3  j 

27  27a? 

m      1  '  1  1 11 

whence  s?*4— *%  and  conftqueritly  x  ±  ay/  - 


3VV 
the  fame  as  before. 

45.  .When 
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45.  When,  in  the  general  ExprefBonj  whofe  Maxi- 
mum or  Minimum  is  fought,  there  arc  two  or  more  in- 
determinate Quantities,  independent  of  each  ether,  tbtir 
refpe&ive  Values,  in  the  required  Cifcumftanct*  will 
be  determined,  by  making  them  flow,  one  by  one*  while 
the  others  are  fuppofed  invariable;  as  in  the  following 

EXAMPLE    XXI. 

•  » 

Wbmm  k  it  frtpkfrd  to  finitbrti  fiub  VahUs  tf**J> 
dmtt>  *s  JbaU  make  the  Valm  $f  t1—  **X**x  —  & 
Xxy-»y%  fhi  £reXeft  pojUU. 

Firft,  confidering/  as  variable,  and  the  reft  conftant, 
we  have  xy—zyy^o  *  ;  whence y  =  £*,  and  *?—>*=:  #ArUai 
}ar\    By  making  s  varfiArifc,  we  have  **A — 3***  s*  o 5 

whence  *«=T?r»  *"*  **«— -*3  = r^l*    Naw  lot  tkefe         ,  • 
Value*  6f  My  —y  and  x*z — »s  be  fubftituted  lit  the  gi  v&j 

Exprefian,  tnd  it  Will  becom*  —  x  —J  *  ^^tf* flfe 


tllMil    Ui 


IIS 

•a* 

Hie  feeafan  of  the  foregoing  Prdcefi  -is  dbvidut: 
For,  if  the  Fluxion  of  th&glven  Expf effion,  when  anjr 
6ne  of  the  indeterminate  Qmantities  is  made  variable,  be 
not  equal  to  Nothing,  mat  Efcprelfion  may  become 
greater,  without  altering  thfe  Values  6f  the  reft,  which 
ate  confidered  as  conftant  \ ;  And  therefore  cannot  bef  Art.**. 
the  gfeateft  poffible,  urtieft  the  faid  Fluxion  is  equal  to 
Nothing. 

•'../   •  EX- 
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to 

EXAMPLE    XXIL 

46,  To  determine  the  different  Values  of  x9  when  that  of 
2&-^Sax*+S4a%x%--96atx+48IA  becomes  a  Maxi- 
mum or  Minimum* 

The  Fluxion  of  the  given  Expreffion  being  (as  ufual) 
put  equal  to  Nothing,  we  have  i***— 84***+  ib&cfx 
—  96*'  =  o,  or  a?3— •  yax*+ 140**  — »8as  =0 :  From 
whence  (by  the  Method  of  Divifors)  we  get  #— arro, 
x—%a~$>  or  at— 44=0:  Therefore,  the  Roots  of  the 
Equation,  or  the  three  Valuea  of  *,  are  ax  %a%  and 
40. 

Scholium* 

47.  It  appears,  from  the  laft  Example,  that  a  Qyan~ 
tity  may  admit  of  as  many  Maxima  and  Minima  (ao 
•Atoi. rowing  to  the  Meaning  of  the  Definition4}  as  there 
are  poffible  Roots  in  die  Equation,  sri^ng  from  af- 
fuming  its  Fluxion  equal  to  Nothing.  Now  to  know 
which  of  thofe  Roots  point  out  a  Maximum,  and  which 
a  Minimum  j  find,  whether  the  Value  of  the  faid  Fluxion, 
a  Uttle  before  it  becomes  equal  to  Nothing,  be  pofitive 
or  negative;  if  pofitive^  the  fucceeding  Root  gives  a 
Maximum  \  but  if  negative,  a  Minimum:  The  Reafon 
of  which  is  extremely  obvious  $  becaufe  fo  long  as  any 
Quantity  increafes,  its  Fluxion  is  pofitive,  but  when  jt 
decreafes  the  Fluxion  is  negative. 

As  an  Example  hereof,  let  the  Quantity  3*+ — 2%ax* 
+  84*V--96fl*r +48**,   be  again  refumed  j    whofp 

Fluxion  is  i2*Xjr*— 7^**4**4*  *--&*<==  1  2* Xx—ax 
x — la  x  x — y :  Whereof  the  Value,  before  it  becomes 
equal  to  Nothing,  the  firft  time  (or  before  xzza)  being 
negative  (becaufe  the  Product  of  three  negative  Fa&ors 
is  negative)  its  firft  Root  (a)  therefore  indicates  a  Mi- 
nimum :  Whence  we  may  conclude,  without  confidejr 
ing  farther,  that  the  fecond  Root  (2a)  gives  a  Maxi- 
mum, and  the  third  (44)  another  Minimum.    But,  if 

you 
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you  Would  know  whether  the  firft  or  third  Rbot  gives 
the  teller  Value  of  the  two ;  it  is  But  fubftituting  in  the 
given  Quantity,  which  will  come  out  48A4 — 37*%  and 
48**— 64a4  refpeftively ;  therefore  the  latter  is  the  lef- 
fer,  and  the  very  leaft  Value  the  propbfed  Expreffion  can 
admit  of* 

When  all  the  Roots  prove  impoffible,  the  Quantity 
propofed  (as  its  Fluxion  can  never  become  =0)  mute  . 
either  increafe,  or  decreafe,  continually ;  arid  therefore 
can  neither  admit  of  a  Maximum  nor  a  Minimum. 

Moreover*  it  may  fo  happen,  that  the  Roots  are  pof- 
fible,  the  Fluxion  =2  o,  and  yet  the  Quantity  itfelf  be 
neither  a  Maximum  nor  a  Minimum  in  that  Circum- 
irance* 

For  let  us,  again,  fuppofe  the  Point  n  to  move  after 
»f  as  in  the  general  IHuftration,  (vid.  Art.  22.)  only 
let  the  Velocity  of  n  {in  tht  firft  Cafe)  increafe  no 
longer  than  'till  it  arrives  at  D  5  after  which  let  it  again 
decreafe :  Then,  though  the  Fluxion  of  the  Diftance 
urn  is  Nothing,  at  the  Pofition  CD,  yet  the  Diftance 
itfelf  will  not  be  a  Maximum ;  becaufe  *  (having  after- 
wards, as  well  as  before,  a  left  Velocity  than  m)  will 
ftill  continue  to  lofe  ground. — In  the  fame  manner  the 
Matter  may  be  explained  with  regard  to  a  Minimum. 
And  it  is  evident,  that  thefe  Cafes  will  always  happen 
when  the  Fluxion  of  the  given  Quantity  is  of  the  fame 
Denomination  {with  regard  to  pofitire  and  negative) 
both  before  and  after,  it  becomes  equal  to  Nothing : 
Which,  by  the  Rules  of  common  Algebra,  is  known 
to  be  when  the  Equation  admits  of  an  even  Number  of 
equal  Roots,— An  Example  hereof,  however,  may  not 
be  improper. 

Let  then  the  Quantity  propofed  be  %\a%x  —  30**** 
+  i6ax*  —  3** ;  whofe  Fluxion  is  143**  —  6o*V*  + 
tff***-]****  =  12*  X  *— xx7^  x  S^T-  Which 
being  made  =o,  it  appears  that  the  two  leaft  Roots  are 
equal,  rhercfore  there  is  neither  a  Maximum  nor  Mi- 
nimum when  x-=.a  (becaufe  whether  x  be  taken  a  little 
Jefc,  or  a  little  greater,  than  a,  the  Value  of  the  Fluxion 
6  will 
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yrill  ftHJ  fa  affirmative.)  -  Tbf  gieateft  Root^bowever* 
Dot  befog  aj&6tad  with  another  equal  one,  indicates  a 
Maximum^  according  to  the  Rule  above  preXcribtd. 

To  wider  what  has  been  obferved  above  fttil  more 
jcopfoicuoua*  let  the  given  Exprefion,  24a3* -~  300  V 
•floor'—  3**,  be  reprefented  by  the  variable  Ordinate 
PQLof  the  Curve  AQJMNRi  whofe  Abfctfa  AP  h  (as 
»fual)  denoted  by  *-         ___      ^__ 

Then,  wbilft  (it*  x  a—x  x  a-—x  x  2*^*)  the 
Fluxion  of  the  Ordinate  continues  pofitwe,  (or  till  •# 
Jkqouks  5:  a  =  AB)  the  Ordinal  itfelf  will  incroafe : 
But  at  the  Portion  J3M  k  becomes  ftttkxiary  (if  I  may 
he  allowed  the  Expreffion)  the  Fluxion  being  then.  =  o. 
After  which,  the  Fluxion  being  again  affirmative,  the 
OfdilVtfe  will  again  inereafc,  till  *  becomes  sc  a*  (=5 
AC)  1    when,  the  Fluxion  becoming  Nothing,  a  (e- 


<ond  time,)  and  afterwards  negative*  CN  will  he  a 
Mfoximum:  Soon  after  which  the  Curve  defcends  her 
lew  its  Axis,  and  continues  to  recede  from  k  in  in- 
finitum. 

Another  Thing  there  is  that  ought  to  be  regarded  in 
the  Solution  of  the/c  Kinds  of  Problems,  and  that  is, 
whether  the  Maxima  or  Minima^  found  by  affuraing 
the  Fluxion  ==  o,  fell  within  the  Limits  prefcribed  by 
the  Natal*  of  the  Oueftion  or  Figure ;  which  is  often 
mAraioed  by  Condkions  that  do  not  enter  into  the  al- 
gebraic Cenptttation. 

Thus,  for  Example;  fuppefe  it  were  required  to  find 
that  Point  (F)  in  a  given  Ellipfis  ABHU  which,  of  all 

others, 


de  Maximis  &  Minimis. 

ethos,  is  the  nioft  remote  from  4he  Extrem 
conjugate  A*is  BD. 

Then,  drawing 
FE  parallel  to  the 
Tranfrprfe  AH»  and 
putting  AH=Z0,  BD 
==£,  am)  BEz=*,  we 
have,  by  the  Property 
of  the  Curve  BF% 
I  s:  BE*  +  £F* )  ** 
•       ——1—     >ix 

+  fcx — X*  x  —  ;  from 

whence  x  is  fowi  = 
»     ,a«     But,  from  the  Nature  of  the  Figure,  the 

freateft  Value  that  x  (—BE)  can  poffibly  admit  of  is 
(  =BD),  therefore  if  the  Relation  of  a  and  b  be  fuch, 

that  ir^Tx  is  greater  than  i,  this  Solution  is  njajjtfeflly 

* 

impoftble. ?To  detjermfaie  the   Limit,  th^fyre, 

make  ^_^  =  *;  then  k^rffi  be  fpupd  that  %bx=za*. 

Whence  the  foregoing  Solution  can  pnly  obtain  when 
aBD*  is  equal  to,  or  lefs  than  AH*. 

Again,  it  ought  to  be  alfo  coafidepd  whether  the 
Value  of  x,  found  by  the  common  Method,  gives  a  lefs 
Quantity  for  the  Maximum,  and  a  greater  for  the  Afini- 
mum,  than  will  arife  from  the  Extremes  tbemfelves  by 
which  x  U"   *"  * 
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Thus,  Jet-  it  be 
required  to  deter* 
iniae  the  greatcft 
*nd  leaft  Ordjpates 
in  a  Curve,  APR, 
-whofe  Equation  is 

4*%  juotfi.  whofc 
grate*..  Abfefc 
/*D  is  given  equal 
20. 


4$  Solution  of  Problems 

Here  we  (ball,  by  taking  the  Fluxion,  &c.  have  x  ±3 
£a9  or  xzza :  The  former  of  which  Values  gives  the  cor- 


refponding  Ordinate  BP  =  a  ^fl .  znt  t^t  iatter,CQ. 

=  a :  But  the  firft  of  thefe  is  hot  the  greateft  of  all 
others,  becaufe  the  Extreme  DR  exceeds  it,  bring  =s 
iq  \  nor  is  CQ^the  leaft  poffible,  becaufe  the  Ordinate 
at  the  other  Extreme  A  is  nothing  at  all. 

Sometimes  one,  or  more,  of  the  Points  Q^  S,  £sfc. 
determining  the  Maxima  and  Minima*  will  fall  below 
the  Axis  AF,  (as  in  the  annexed  Figure).  In  which 
Cafe  the  correfponding  Value  of  the  general  Expreffion, 
reprefented  by  the  Ordinate,  will  be  negative :  But  at 
the  Points  b>  c>  J,  &V.  where  the  Curve  interfe&s  the 


fl— ~ 


Axis,  it  will  be  equal  to  nothing :  Whence  (by  tht 
Bye)   the  Reafon  why  the  Roots  of  an  Equation  (x 

—ax  ""  +bzx  •  .  . .  +q*zzo)  are  impoffibleby  Pairs 
is  evident.  For,  feeing  A£,  A*,  Ad*  Ae>  &c.  are  tht 
loots  of  that  Equation,  or  the  different  Values  of  *f 

when  the  Ordinate  *"— %axn~~  +b%x       •  •••••+? 

(MN)  becomes  equal  to  Nothing,  it  is  plain,  if  P/i» 

expreffing  the  given  Term  q  ,  be  increafed  to  P*,  <b 
that  AF  (then  coinciding  with  of)  may  touch  the  Curve 
in  S,  the  adjacent  Roots  Ad  and  Ae  will  then  become 

equals 


<te  Maximis  &  Minimis-  *9 

.  equal  \  and  if  q  be  farther  iticreafed,  fo  that  the  Axis  1 

may  fell  wholly  below  die  Curve,  not  Only  thofe  two, 
but  alfo  the  <*i>er  Roots*  A*  and  Ac,  will  become  in*-  • 

poffiblc*  | 

Various  other  Obfervations  might  be  made,  relating 
to  the  Limits  of  Equations,  determined  by  thefe  Maxi- 
ma and  Minima ;  but  this  being  foreign  to  the  Matter 
in  hand,  I  {hall  content  tnyfelf  with  one  Remark  more, 

Any  Expreffion  wbichy  being  fui  equal  to  Nothings  ad* 

'mitt  of  two  or  more   equal  Roots,   has  as   many  fuc- 

ceeding   Orders  of  Fluxions   equal  to    Nothing*  at   the 

farm  time>  as  are  exfreffii  by  the  Number  of  thofe  Roots 

ariaus  oat. 

Thus,  an  Equation,  having  three  equal  Roots,  has 
both  its  firft  and  fecond  Fluxions  equal,  to  Nothing, 
when  the  Fluent  itfelf  is  equal  to  Nothing. 

Hence  we  have  another  Way  (befides  that  given 
above)  to  know  when  a  Quantity  may  have  its  Fluxion 
equal  to  Nothing,  and  yet  neither  admit  of  a  Maximum 
nor  a  Minimum:  For,  fince  this  Cifcwmftance  always 
takes  place  when  the  Equation  admits  of  an  even  Num- 
ber of  equal  Roots  (as  has  been  already  (hewn)  die 
Number  of  Orders  of  Fluxions,  equal  to  Nothing, 
at  the  fame  time  (including  die  Firft)  muft  alfo  be 
even. 

Hence,  attb,  we  have  an  eafy  Method  for  discovering 
when  fome  of  the  Roots  of  an  Equation  are  equal  * 
and,  if  fo,  what  they  are. 

.  Thus,  let  x*  —  ytxx  +  40*  zx  0  be  propounded; 
whereof  the  Fluxion  yc*x—6axx  being  auUmed  equal 
to  Nothing,  we  find  xtzia ;  which  will  alfo  be  a  Root 
of  the  given  Equation,  if  it  admits  of  two  equal  ones  i 
To  try  it,  therefore,  I  fubftitute  %a  for  x,  and  find  it 
anfwers. 

Again,  let  8#*— 28***+  i8a*x* + 27***— 27**r:o  5 
whereof  the  firft  and  fecond  Fluxions  being  $ix%x— • 
%+ax%x  +  36a***  +  ijfx  and  96****—  i6»axx  + 
%ta%xx9  if  the  latter  or  them  be  afiiimed  sz  o,  x  will 

E  be 
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be  found  sSfv/^=:aff  0r3:Oneofwfcidi 

*  64    •«  »     .  4 


Quantities,   if  tke  Equation  proofed  admits  of  three 
equal  Ropts,  wjll  be  the  Value  of  each  of  than :  By 

trying  ~,  it  will  be  found  tafteppeg.    Wbeifte,  by  £ 

well  known  Rule,  the  fourth  Root  {being  a  -j-  -*  *t- 

x  3  =  — *)  »  alio  given. 

Tbefteafon  of  thefe  Operations*  as  well  as  what  is 
afferted  above,  may  be  thus  demonftrated, 

Lctr^J  X  r— *  Wf.  X  A+B#+C**  fcte.  as  <^ 
b$  any  Equation,  having  two  or  more  equal  Roots,  f*» 
printed,  each,:  by  r :  rttt y  at  <  —  *>  add  let  the  Num- 
ber of  the  equal  Roots  be  denied  by  a;  then,  by  Sub- 

^itutiom  wchave  y*  X  A+B  x  r— >  +  Cx>—  yf&c. 
C5  o  1  which,  iy  expanding  the  Powers  of  r—y%  and 

*»»tag<?  ==  A+'fir+cp  •«*.  ^=  B+>fr+,ajy,ak 

vill  lie  further  transformed  to/  x*r^.+^-Hr   #* 


=  :  Whole  .Eluxlbn  n&jqT7*-- atf-i  .  %*  +  W-F2 
yr^&t.  k  evidently  equal  to  Ntttoa* 


its  Equal  r~-*f  is  Nothing  (prartye4  *  be  greats*  tha* 
Unity.    It  is  equally  plain,  that  the  fecond  Fli#jep 

p.n—y.*yy      r--»+i.»#  y      +*rf i'.a^'i.^jj, 

fefc.  will  alfo  be  equal  to  Nothing,  in  the  fame  Cir- 
<tonftaac$,  if  *  he  *reater  than  ^*(w.  &r» 

Hence,  univerfelly,  let  the  Kiun^r  (a)  of  equaj 
Roftts  be  what  U  wsUt  that  of  the  /Orders  of  Fluxion 
equal  to  Nothing,  .at  the  J(anie  time,  will  be  c^p^ffc^ 
by  that  Nuqaj^r  m/fia  one,  4a  was  tp  be  ihewn. 


SEC  T% 
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f  L  L  *  0T  *  A  T  fO  tf. 

48.   't    Z  T  ACQ  be  *  .Curve  ot  afiv  |ciD<f9  and  C 
I  y  the  given  Point  from  whence  the  Tangent  w 
to  be  drawn* 
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F  iv    m    rv   in     Q 

Coaoeire' a  Right-line  mg  to  be  earned  along  tjftH 
/onnly,  parallel  to  jtfelf,  front  A  towards  Q.,  and  let, 
at  the  Gupe  ^tirafe»  a  Point  />  fo  move  in  that  Line, 
at  to  defcribe,  or  traqe.out,  the  given  Curve  ACG: 
Alfofct  mm%orCfl  .(equal  and  parallel  to  mm)  exprefs 
the  Fluxion  of  bfih  or  the  Celerity  wherewith  the  Line 
mg  is  carried;  and  let  n%  exprefs  the  corresponding 
Fluxion  of  9$»  in  the  Pofition  mCg,  or  the  Celerity  of 
the  Point  />,  in  the  Line  mg.  Moreover,  through  the 
Point  C  lec  tlje  Right-line  SF'  be  drawn,  meeting  the 
Ajbs of  thcCiirre  (AQJin P, 

^ffi  Now, 


-£-m- 


itl 


5*  fbe  Ufi  ^Flvxions 

Now*  it  it  evident,  if  the  Motion  of  p,  along  the 
Line  at/,  waa  to  become  equable  at  C,  the  Point  p 
would  be  at  S,  when  the  Line  itfelf  had  acquired  the 
PofidonmSf  (becaufe,  by  Hypothefis,  C»  andafiex- 
pm«  the  Diftsnces  that  might  be  defcribed  by  the  two 
uniform  Motion*  in  the  fame  time). 

And,  if  tew  be  afliimed  to  represent  any  other  Pofi- 
tion  of  that  Line,  and  s  the  contemporary  Pofirion  of 
the  Point  p  (Ml  fuppofing  an  equable  Celerity  of  s)  j 
then  the  Pittances  Co  and  w,  gone^over,  in  the  ume 


.time,  by  the  two  Motions,  will,  always  be  to  each 
other  as  the  Celerities,  or  as  Cn  to  »S :  Therefore, 
fmce  Cv  :  vt ::  Cm  :  *S  (which  is  a  known  Property 
of  firoilar  Triangles)  the  Point  i  will,  always,  tall  in 
the  Right-line  FCS :  Whence  it  appears,  that,  if  the 
Motion  of  the  Point  p  along  the  Line  mg  was  to  become 
uniform  at  C,  that  Point  would  then  more  in  the  Right- 
line  CS,  inftead  of  the  Curve-line  CG. 

Now,  feeing  the  Motion  of  p,  in  the  Defcription  of 

■  Curves,  mull,  either,  be  an  accelerated  or  a  retarded 
one,  let  it  be,  firft,  confidered  as  an  accelerated  one: 
In  which  Cafe  the  Arch  CG  will  fall,  -ehellj,  above 

'  the  Right-line  CD  (u  in  Fig.  I.)  becaufe  the  Diftance 


y 
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of  the  Pointy  from  the  Axis  AO ,  at  the  End  of  any 
gwen  Time,  is  greater  than  it  would  be  if  the  Accelera- 
tion was  toceaie  at  C»  and,  if  the  Acceleration  had. 
ceafed  at  C,  the  Point  p  would  ( it  is  proved )  have 
been  always  found  in  the  laid  Right-line  FS. 

But  if  the  Motion  of  the  Point/  be  a  retarded  one,     ' 
'!.    ?P?2f»  br  reafoning  >n  the  fame  manner,  that 
the  Ardi  CG  will  fall  wholly  below  the  Right-line  CD 
(as  in  Fig.  %.) 

This  being  the  Cafe,  let  the  Line  mg,  andthe  Point 
p,  along  that  Line,  be  now  fuppofed  to  move  back 
again,  towards  A  and  m,  in  the  feme  manner  they  pro- 
ceeded from  thence :  Then,  fince  the  Celerity  of  p 
(ftg.  u)  did  before  increafe,  it  muft  now,  on  the  con- 
trary, decreafe ;  and,  therefore,  as  p,  at  the  End  of  a 
given  Time,  after  repamng  the  Point  C,  is  not  fo  near 
to  AQ,  as  it  would  have  been,  had  the  Velocity  con- 

omSiJ!e  ^  **.*  C'  *•  Arch  C*  (.»  weJl  »  CG) 
muft  fell  wholly  above  the  Right-fane  FCD.    And,  by 

the  fame  Method  of  arguing,  the  •Arch  C*.  in  tk t  %.- 

I  •  :A*  *££**  t  «Ja»8e»t  «o  the  Curve  at  the 
Point  C  :  Whence,  the  Triangles  F«C  and  C»S  bein* 
firndar,  ,t  appears,  that  the  Sub-tangent  »F  is  alwayt 
a  Fourth-proporeonal  to  (»S)  the  Fluxion  of  the  ordi- 
nate (C»),  the  Fluxion  of  the  Abfcifla,  and  the  Ordi- 

Qthtrvnfi. 

the4Lhfl!if?pr?,2f0t  £"  proP°fed  Curw» »<«  let 
the  lkgbt-l.ne  FCD  be  a  Tangent  to  it,  at  any  Point 

%\  WPthe,  A*»  AQ-  (Produced  if  necXyf  ?„ 
F :  Suppofc  a  Point  p  to  move  along  the  Curve,  from  A 

the Ml£T5"?      **  T?gem  CD»  or  *e  Fluxion  of 

reku«  Cdermesof fthat  PouV,  in  the  Divots  C« 
»d  «C,  wherewith  Ip  (=  Am)  and  mp  increafe  in  this 

*  3  Pofition, 


v   — 
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•A*>  J5-  Prffc'on,  will  be  tmfy  exprefled  by  C*  and  *8  • :    But 
the  Celerities  by  which  Quantities  inereaft  arc  as  the 
of  tbofe  Quantities ;    Therefore  (CS  be* 

1  ing  the    Fluxion 

H/D     of  the  Curve-line 
n   /  Ajj  C*    and  *S 

**'     ^^    are     the     correv 

fponding  Fluxion* 
of  the  Abfciffii 
Am  and  the  Or- 
dinate mp:  And 
we  hare  in  :  wC 
;:  friC  :  mF,  tit 

Hence,  if  the 
Abfciffa  Am  be 
put  c:  *,  and  the 
Ordinate  fhf  =  yf 


3P      A        m    iw    Q 

{hall  have  «F  s=  4-':  By  »eftn§  of  which  general  Ex- 


we 

preffion,  and  the  Equation  exprefing  the  ReJation  ber 
tween  x  and  /,  the  Ratio  of  the  Fluxions  xzn&y  will  be 
found,  and  from  thence  the  Length  of  the  Sub-tangent 
(mF)  as  in  the  following  Examples. 

EXAMPLE    I, 

50.  To  draw  a  Right-Knit  CT,  t»  touch  a  given  CircU 

BCA,  in  a  given  Point  C 

*    Let  CS  be  perpendicular  to  the  Diameter  AB,  and 

put  AB  =:  a% 
BS  =  x  and  SC 
=  y :  Then,  ty . 
the  Property  of 
the  Circle,  yx 
(CS1)  =  BS  x 

AS(=;rXfl—  *) 
*Z   em   —  x*  \ 

whereof 


ss 


whereof  the  Fluxion  being  taken,  in  order  to  determine 
the  Ratio  of  x  and  ^  #e  get  o#  =s  *£—2xx;  confc- 

quendy  y  r:  jt£—  =  |^~*  *hic^  multiplied  by,, 

gives  ^r  =  7-^  =±  the  Sub-tangent  ST  •.    Whence  #Atti  ^ 

O  being  nTppofed  the. Center)  we  have  OS  (i*— x)  i  tnd** 
^S  fy)  : :  CS  0;  :  ST  $   tfttch  we  alfo  know  from 
other  Principles. 

EXAMPLES.    ' 

51.  To  draw  a  Tangent  to  dny  gfaem  Point  C  of  At  co- 
rneal Parabola  ACG. 

.    If  the  Lotus  Reftum  of  the  Curve  be  denoted  by  4, 
the  Ordinate  MC  by  j,  and  its  eoritfponding  Abfcifla 


E 


M    ^ 


AM  by  * $  then  the  known  Equation,  expreffing  the 
Relation  of  x  and  y9  being  «*=/*,  we  have,  in  this 

Cafe,«*  =  ajpt  whence  41 »  ■*»  »d  confequently  £-»  fArtiS 

m%     "  *    *         ^     J  j  u^ 

=  ~  =  —  =:  1*  =  MF.    Therefore  the  Sub-tangent 

is  juft  the  double  of  its  correfponding  Abfcifla  AM : 
Which  we  Jikewifc  know  from  other  Principles. 


E4 


EX. 


L, 
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EXAMPLE    III. 

52.  To  draw  a  Tangent  to  a  Parabola  efany  kind. 

The  general  Equation  of  thefe  fort  of  Curves  being 

(i  x  =  /      f  we  have  iw  *      *  =:  *i  +  *  X  j  y, 

,    ,       r        x       m+nXy  ,  y* 

and  therefore  —  = m  m^:9 —  >    whence  ^-  — 

y        na%  '  y 

JH+»Xy  m+nXa  x    ,.         r    «+•        •  «. 

— =^i-=  — r^r  (tacaufe  /=**)= 

«*  *  na  x 

—£-  x  *  =  the  true  Value  of  the  Subtangent :  Which, 

therefore,  is  tp  the  Abfcifla,  in  the  conftant  Ratio  of 
»-}-»  to  »• 

EXAMPLE    IV. 

S3-  7*  draw  a  Tangent  RT,  /#  a  givtn  Print  R,  *«  a 

given  Ellipfa  BRA. 

If  RS  be  an 
Ordinate  to  the 
principal  Axis 
AB,  and  there 
be  put  (as  ufual) 
BS=*,RS=>, 
AB=<i,  and  the 
lefler  Axis  =i  b ;  we  fhall,  by  the  Property  of  the  Curve* 
have  a% :  bx  : :  ax— xz  (BS  x  AS) :  /  (RSa),  and  there- 

fore  J*  x  a x — **=r a*y% :  Whence  **  XVi x — a**  sc  2^1 
x*  %a  y 

and— as  >■    jJl — ±i  aadconfapiemlY  the  Sub-tangent 
y       bzxa—2x  -  6 

\J'        b%*a~ix      b%xia—x     j**itf— J^ 


.-  i  - 
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*  » 

ce  the  Point  T  being  given,  through 


which  the  Tangent  muft  paft,  the  Tangent  itfelf  may 
be  drawn. 

But  if  you  would  derive  an  Expreffion  for  the  Sub- 
tangent,  in  any  other  kind  of  EUipfes  (befides  the  coni- 
cal) let  the  Equation  a— *l*x/s=  ~  xi"^.  exhibit* 

ing  the  Nature  of  all  Kinds  of  Ellipfes,  be  afliim- 
ed  :    Then,  by  taking  the  Fluxion  thereof,  you  will 

feve  —  m*x  *  —  *JT~X  x  *'  +  nxx*~~*  x  7^ 

r=  7  *  M  +  *xjm+*~*Jti    «"l  therefore*?  s 
.  'J 

■7  x  m+  n  x  y 

0 


1— I  a 


X   «  —  *|  X    *     +    «*  X   tf-x] 

«  +  »X  tf —  «fx/  #,  -    * 

(becaufe  —  x 


— »wr  X* — *|        +»#       x*— x 


*+»  _   -IL-'J"         *)  —  **  +  *  X  tf  —  *  x  * 

jw+ii  x  ax —  x% 

— ~3      *  *bich  it  the  Sub-tangent  required* 

EXAMPLE     V. 

54*  TV  <frvw  a  flrayatf,  ft  atty  given  Point  R,  *«  a  mw 

/f^r^  BR*.  * 

If  *  and  «  be  put  to  denote  the  two  principal  Dia- 
meters of  the  Hyperbola,  the  Equation  of  the  Curve 

wili  be  **x  «r+**=*y  :  from  whence  we  have  cx  x 

ax  + 


«•■•       ** 


*  -• 


& 


3Sr  llfi  ff^LtnaoHt 

•  g 

**+«***  a-V» .%  -j '=  :   ?^%  anl  confeqiKBN 


^a^A-A. 


ir+r"  =  STi 

Whence  BT  (ST  — 


T  B 


5 


m  ,      is  alfo 
known ;    and    there- 


fore the  Point  T  being  given  the  Tangent  RT  may  be 
drawn. 

The  Manner  of  drawing  Tangents  to  all  Sorts  of 
Hyperbolas*  univirjattf*  wiH  be  the  feme  as  in  the  El- 
Jipfes,  the  Equations  of  the  two  Kinds  of  Curves  dif- 
fering in  Nothing  but  their  Signs* 

*  EXAMPLE    VI. 

* 

55*   Lit  the  frtpofti  Curve  be  that  wbofi  Equation  is 

ax%+ ***+**  — j*  =  o. 

Thea  we  fiball  have  zaxx  +y%x+2jyy  +  3***—  3// 
sir  o  5  therefore  2axx+yxx+ &%x  =  Zy*j—2*jy,  4-  =3. 


EX- 


m  drawing  tangents. 


59 


*      EX  AMPLE    V1L 
56.  Let  tbi  ghtn  Cttrtti  he  fit  Cifftid  tf  Dioclei,  tubofe 

EquOtim  ii  f  tz  — -;. 

Herewchavcijtfr:  1^^^*^  glSj^gg 


Whence  ^-=22 


A,  and  confequcntly  the  Sub- 


tangent  (V  J  =:  -£—5 — ^  = x »  f  ■■  ,  s 


2x  Xa—x 


EXAMPLE    Vm. 


57.  £rf  #J*  Cmctrnd  */*Nicomedes  i#  prtuftd;  where- 
of the  Nature  is  fucb,  that,  if  from  a  Point  B,  called 


the  Pole,  any  Number  of  Right-lines,  BA,  BR, 
BR,  &c.  be  drawn,  the  Parts  of  tbofcr  Lines  CA, 
*R,  UR,  &c.  intercepted  by  the  Curve  and  its  Axis 
CT,  (hall  be,  all*  equal  to  each  other. 

In 


6o  Ttn  Ufe  of  Fluxions 

In  this  Cafe  (fuppofing  AB  and  RS  perpendicular, 
and  RH  parallel,  to  CT ;  and  putting  JBC  =  a,  Kv 
(AC)  =*t  CS=a?,  and  RS  =:j)  we  have,  per  fan* 

Triang.e+y  (BH)  >x  (RH)::/  (RS) :  -2L  -  Sv : 

*+y 

But  Sv  (/Rv*— RS*)  is  alia  =  v^F^f  j  therefore 
jjT-  =  •**—/•  or  **/=*+*)*    x  T^Zj5    U   the 


general  Equation  of  the  Curve ;  which,  in  Fluxions, 
gives  2*%yy+2y%xx=:2y  x  a  +y*  *V-^  X  0-fjT  = 


»i  X  «+y    x,   **— */— */*  5    and  therefore  —  = 

J+i  X  i^*  — tfjr — 2y%  —  x%y  y* 

~±£ —^4 * S     confequently     4-  = 

a    +     y     X     y    X    t>x  —  ay  —  %yx  —    a?y  ^ 

yXa?    .  = 


*W«p* 


yVbb—yy 

=  ^yryr— -:  Which  being  a  negative  Quantity,  the 

Tangent  will  therefore  fall  on  the  contrary  Side  of  the 
Ordinate,  from  the  Vertex ;  and  fo,  by  changing  the 

abb+y* 
Signs  we  (hall  have  •^— -^.    for  the  Sub-tangent 

ST  in  this  Cafe. 

After  the  Manner  of  thefe  Examples  the  Sub-tangent, 
in  Curves  whofe  Abfciflas  are  Right-lines,  may  be  de- 
termined :  But  if  the  Abfcifla,  or  Line  terminating  the 
Ordinate,  on  the  lower  Part,  be  another  Curve,  then 
the  Tangent  may  be  drawn  as  in  the  following 

EX- 


in  drawing  Tvngentt. 


0% 


EXAMPLE    IX. 

58.  Let  the  Curve  BRF  be  a  Cycloid;  wbofe 
Abfcifla  is  here  fuppofed  to  be  the  Semicircle  BPA,  to 
which  let  the  Tangent  PT  be  drawn  (as  above).  More* 
over  let  rRH  be  a  Tangent  to  the  Cycloid,  at  the  cor- 


refponding  Point  R,  and  let  GSU  be  parallel  t6  T?v  ; 

Jutting  the  Arch  (or  Abfcifla)   BPssz,   its  Ordinate 
'Rirj,  AF=:*,  and  BPA=r :  Then,  by  the  Proper- 
ty of  the  Curve,  we  (hall  have  t  (BPA) :  i  ( AF)  ::  * 

<BP):7(PR):TheidcOT/  =  y,and  y  k  ~  =  n\: 
But,  by  fimilar  Triangles,  re  (y)  :  R/  (=;  P*  ss  4)  : : 
PR  (y)  :  PH  =  '*  a  «(becaufej=y).  There- 
fore, if  in  the  Right-line  PT,  there  be  taken  PH,  equal 
to  the  Arch  PB,  you  #ill  have  a  Point  H,  thnmgh 
which  the  Tangent  of  the  Cycloid  njraft  paft. 

E  X  A  M  P  L  £    X. 

59.  Let  BPA  be  a  Curve  of  any  Kind,  to  which  the 
Method  of  drawing  the  Tangent  &g  .if  toow/i  j  fet 


#9  Tbe  UJi  of  FLtnaoits 

BRA  be  another  Cunre  of  fuch  a  Nature,  that  the  Or- 
dinate PR  (f)  4*11  arwajn  t*  «  Mean-proportional  b«- 


*  ■  * 

iw*«ivBS  (x)  ao4  AS  (*-«*j>  feppafrg  MS  perpeadif 
•Articular  to  AB  :  Puf  P»rff  *,  SP  =«,«  =  •  •,  and  «r 
«d49.  —  J  ;  Tfien,-  f*»  <&!*)  M  0)  l**_<  *=  P«  •* 

VF+5*)  v'fr'fyl  t  Pfr*£g£±£t  But*  by 

(hcEq^0B^fthcCurvcjF*=^^**i  whence  *ps 

an*— a***  V**^'** .  Which  will  be  expreffed  inde- 

pendent  of  Fluxions,  when  the  Property  of  the  Curve 
^ftt,  of  the  fcekfcfonof  *  and  *  i*  given;  Thiw,  let 
^Wft/M*  common  P»n**la»  an*  AB  i&XatttfX*- 


•»      * 


ft*;. then  v 


m  tkmmug  'Tangents* 

=  Y*9b  *  will  be  r;  1~  >— » 


<fc 


4* 


4i» 


Thus  far  relates  to  Quires  wbofe  Qrdinates  are  pa- 
rallel to  each  other :  We  come  now  to  Curves  of  the 
foiral  Kind,  mhofe  Qrdinates  ail  i#ii*  fws  a  frfct : 
•Such  a*  At  Spiral  BAG,  wW©  Ordinate  C8V  C*, 
-CG,  arc  ail  referred  to  tb$  Point  C*  qajhd  the  QcW 
«f  the  Spiral.        '   « 

ILLUSTRATION. 

60.  Let  SAN  fa 
a   Tangent    to    the 
Spiral  at  any  Point  A, 
alfo  let  CT  be  per* 
pendicular    thereto, 
and  let  the  Arch  CB  A 
(confidered  as  variable 
by  the  Motion  of  A 
towards  G)  be    de- 
noted by  x,   and  the 
Ordinate  CA  by/. 

Then  z  :}  : :  AC 

Yy;:AT=-5£ 

x 

Hence,  if  uppn  CA,  as  «  JBiametei,  a  Semi-circle  be 
defer i bed,  and  in  it,  from  A,  ?ltyht-line  AT  equal 

to  ^  be  inscribed,  that  Right-line  will  be  a  Tangent 
to  the  Spiral  at'  the  Point  A. 

EX  A  MP  LEI. 

.6j.  fiet  the  Nature  of  the  Curve  CBA.be  fuck 
that  the-  Arch  CBA   may  be,    always,   to  its  cor- 

refponding 
7 


•Ait) 
aaij* 


r  I 

i 


$4  the  Ufe  gf  FxyxicWs 

refunding  Ordinate  CA  in  a  conftant  Ratio ;  namely 
as  stob:   Then,  becaufc  %  :  j  : :  a :  k9  we  have  4  ±b 

2,i=f ,  wdconfdtueotljATd- l^^i.  x 

AC  :  Therefore,  AC  and  AT  being  in  a  conftant  Ra- 
tio, the  Angle  CAT  muft  alio  be  invariable.  Which  is 
a  known  Property  of  the  logarithmic  Spiral. 

EXAMPLE    H. 

61.  Let  BAA  be  the  Spiral  of  JrMmnUt ;  whofe 
Nature  is  fuch  that  the  Part  EA  of  the  generating  Or- 
dinate, intercepted  by  the  Spiral  and.  a  Circle  BED  dc- 
fcribed  about  the  fame  Center  C,  it  always  in  a  conftant 
to  the  correfponding  Arch  BE  of  that  Circle* 


Suppofe  A*  perpendicular  to  AC,  tic* 
Put  BC  =*,  CA=y,  and  let  the  given  Ratio  of  AE 
to  BE,  be  that  of  J  to  c:  Thtnb :  c::  y—c  (AE)  ; 

*-r —  =  BE :  whofe  Fluxion  therefore  is  =  r.    Now 

if 


in  Curves  of  contrary  Flexure.  6$ 

if  the  Right-line  CEAa  be  fuppofed  to  revolve  about 
the  Center  C,  the  angular  Celerity  of  the  generating 
Point  A, '  in  the  perpendicular  Direction  A*,  will  be  to 
that  of  £  as  AC  to  EC  j  therefore  as  the  latter  of  theft 

Celerities  is  exprefled  by  -4-  ,  the  former  will  be  ex-  #Art*  £ 
pwfleJ  ^  7  X  y,  or^:  Which  is  to  (y)  theCelerity 

■ 

of  A,  in  the  DfreAioa  A*,  as  ~  to  Unity,  or  as  y  to 

*.  Therefore  CT  and  AT  are  in  the  fame  Ratio,  (by 
Art.  35)  and  consequently  AC  :  CT  :  :  •  yy  +  W  : 
j)  and  AC  :  AT  : :  V yy  +  bb:b;  whence  CT  and 

y%  h 

AT  are  given  equal  to    y.   ,        ,  and     .     ..     ■■  rc- 

K  jy  +  bb  V  yy  +  bb 

Jfec&ively.    From  either  of  which  (the  Tangent  AT) 

may  be  drawn  by  Art*  60.    And,  in  the  fame  manner 

may  the  Pofitioa  of  the  Tangent  of  any  other  Spiral 

be  determined. 


SECTION    IV. 

Of  the  lift  of  Fluxions  in  determining  the 
Points  of  Retrogreffion*  or  contrary  Flexure 
in  Curves. 

€%.  *\T THEN  a  Cunre  ARS  i*f  in  one  Part  AR 
VV  concave,  and  in  the  other  Part  RS  con- 
vex, towards  its  Axis  AC,  the  Point  R  limiting  the 
two  Parts  is  called  a  Point  of  Retrogreffion,  or  con- 
trary Flexure*  The  manner  of  determining  wbjch  wilj 
appear  from  the  following 

F  Iiavitka* 


66 


Tie  Ufe  tf  Fluxions 


Illustration. 

Suppofe  a  Right-line  BD  to  be  carried  along  uni- 
formly, parallel  to  itfelf,  from  A  towards  C  j  and  let 

the  Point  r  fo 
move  in  that 
Line,  at  the  fame 
time,  as  to  trace 
out,  or  defcribe, 
the  given  Curve* 
line  ARS. 

Then  (bf  Art. 
48.)  vrtnle  die 
Celerity  of  the 
Point  r,  in  the 
Line  B  D,  de- 
creases, the  Curve 
will  be  concave 
-»v  -v         ^       ^         t0  «s' Axis  AC; 

A.    B  B        B      C        b"t  when  it  in- 

creafes,  convex  to 

the  fame :  Therefore,  as  any  Quantity  is  a  Minimum  at 
the  End  of  its  Decreaie  and  the-  Beginning  of  it»  In- 

♦Art.12.  creafe  +,  it  follows  that  the  faid  Celerity,  at  the  Point 
of  Inflexion  R,  muft  be  a  Minimum :   Whence,  if  the 

fArt.  5.  Fluxion  of  the  Ordinate  Br,  exprefling-  that  Celerity  f> 
he  (as  ufual)  denoted  by  y  $  then  will  y  (the  Fluxion 

JAit.22.  of  y)  be  equal  to  Nothing  in  that  Circumftance  J. 

So  far  relates  to  Curves  which  are,  in  the  former 
Part  concave,  and  in  the  latter  convex,  to  their  Axes : 
But  if  (on  the  contrary)  the  Celerity  of  r  firft  increafes, 
and  then  decreafes,  that  Celerity,  at  the  required  Point, 
between  the  Increafe  and  Decreafe,  will  be  a  Maxi- 
mum $  and  therefore  its  Fluxion  (ory)  is  tikewifc  equal  to 

^Art.12.  Nothing  in  this  Cafe  &• 

Furthermore,  if  Co  (perpendicular  to  AC)  be  now 
confTdered  as  an  Axis,  and  the  Abfciffa  Sn  (or  its 
Complement  Br  =  y)  be  Juppofed  to  flow  uniformly, 
(as  AB  was  fuppofed  before) ;  then,  by  the  fame  Argu- 
ment, the  fecond  Fluxion  (  —  x)  of  the  Ordinate  nr 

(or 


hi  Curves  of  Contrary  Fkiure.  6y 

for  its  Complement  AB  =  *)  will  be  equal  to  Nothing. 
Hence  it  is  evident  that,  at  the  Point  of  contrary  Flex- 
ure, .the  fecoqd  Fluxion  of  the  Ordinate  will  become 
equal  to  Nothing,  if  the  Abfcifla  be  made  to  flow  uni- 
formly |  and  via  vtrja. 

EXAMPLE    I. 

64.  Let  the  Nature  of  the  Curve  ARS  (Jet  tht  tre~ 

udlng  Figurt)  be  defined  by  the  Equation  ay  =za*x*  + 
xx  (the  Abfcifla  AB  and  the  Ordinate  Br  being,  as 
ttfual*  reprefemed  by  x  and  y  refpeftively).  Then  >, 
cxpreffiog  the  Celerity  of  the  Point  r,  in  the  Line  BD, 

1   J  —  i . 
will  fee  equal  to  ****     *  +  ***:  Whofe  Fluxion,  or 

that  of  id**""*  +  2*  (becaufe  a  and  *  are.  conftant) 

rouft  be  equal  to  Nothing  * ;  that  is,  —  JaV**  +  2x  •**** 

t=6:   Whence ^^=8,^  =  8**,  64**  =  ^,  a^j 

3     1  ^ 

*b:*a  =  AB;  therefore  BR  (  £z  *******  J  ^  ^g; 
From  which  the  Pofition  of  the.  Point  R  is  given. 

E  3C  A  k  P  L  E     IL 

65.  Let  the  Nature  of  the  propofed  Curve  be  defined 
by  the  Equation  49— oz*— x*  ^  a 

Then,  by  taking  the  firft  and  fccond  Fluxions  thereof 
(fuppofing  x  conftant)  we  (hall  atyb  have  2^7— <***— . 
3***±:o,  and  a*p  +  a**? — 6***2=  o}  whereof  the 
latter,  when  J  is  =  o,  becomes  2*7*  —  6***  sr  0,  and 

therefore.?  =  ££:  But,  by  the  former  i=££U£*  t 
wnence  *j-  _.  — -^t — f  ^j  confequently  i2or>* 

Fa  s 


\. 


0*  22*   XJfi  $f  PlUXlONS 

& j?  +  3#tf  **  but,  by  die ^intt EqtuHJm^Oo^s 

IjuiV  +  !*;*%  therefore  ia«V  +  i***  2=  <P  +  3**}** 
0r  ^  +*6*V— *4=o :   Whence  *  will  be  fouirf  s 

Qthtrutife. 
Since  «/=«**  +  **>  we  have/  =  l!l±fi>   "^ 


rr 


*•* 


therefore  )  =  ££±£«£!i±*3     :   Wkofc 

Fliudoo,  er  that  *f  al  +  &e%x  ******  |   *    (  becaufe 

*  is  conftant)  being  put  =  o,  we  get  6>  X  ***+*U  * 

+7+J?  x— i**— 1*  x_az*+*3jr*  =  o,  or  6x  x 

J; *  ntV  -> 

JFaT+F+^+g**  x^"  -  :  Whence 3**+ 60V 

—  «*^0,  Biid  *=LaV  :  Vf  ~i*  the  Jame  as  be- 
fore. 

EXAMPLE    IH. 

-     66.  Let  thepK?pofe4  Cuwe  be  the  Conchoid  of  JVi- 
iimtdesp  whereof  the  Equation  is  x*jf  =  tf+TT   * 

■K »•  »  _  **  jT  X  **— / 

Ait.57.  J*  —  »**,  or  »*  ~  ■  ,*'""   r" 

7 


Here    * 


in  Curvt*  ef  contrary*  Fkxure.  69 


,." ,.  i. 


Hert  we  have  z*=  *%***+ *-**-» *^fo' *>* 


^i*J*     aJ* 


»*»*. 


■pT"-  yT— *— /x  i-*   Whence,   making^  inva«r 
riakle,  we  alfohm  #+»*  =  2T-f  2^— 7x>: 


**— ^^m. 


Which, becaufc*l»=o*,wiH be i»  :*££+*£_..,   , 
*J  = yi XjV  flue  fiaee,    by   the 

Wife  Mf  ^*  —  tMx  ***+/]*       .... 

wiieget* £L^ LLX  f%  and  confcqwntiy 

&+%*y^x*f=Z+$  x^+Jh    But,    b« 
the  Equation  of  fre  Curve  *V  fe  zz  a+7f  v  iCIv 

SSBftt^* ^-^^.2^=0. 22,- 

*w**  >7  ?+*>  gwe»  /  +  3^*^,  a^  =  o,  fix,m 

2rl'f!i?  H^L1*  de»nnin«'.    But  if  *-„,  the  Eaua- 
•on  wU  feme  mw  impie  by  JMd&^JLTK 

EXAMPLI    IV, 
67.  l*t  «>s  r8o*V~- 1 1 o*V+  to***—***  * 

F  3  An4 


70  The  life  of  Fluxions,  &c. 

And  a*y  =  360*1**—  teoJxx*  +  360*****  —  6o**i* 
•Ait.«3.     Therefore,  6a3 — iw*;r+6<i;r*— **  7  0 *  :  • 

Which  being  divifible  by  any  one  of  the  threeQuan- 
titles  a — x,  2a— x,  oc  3*— xf  the  Root  4Mnuft  there* 
fore  have  three  Values,  a,  ta%  and  3*,  and  conse- 
quently the  Curve,  defined  by  the  given  Equation,,  as 
many  Points  of  contrary  Flexure. 

But,  if4  you  would  know  whether  the  Pact  of  the 
Curve  lying  between  any  two  adjacent  Points,  thus 
found,  be  convex  or  concave  towards  the  Axis ;  fee 
whether  the  Value  of- the  Expreffion  forthefecond 
Fluxion  of  the  Ordinate,  between  the  two  cocrefpon<|- 
ing  Roots,  be  pofitive  or  negative?  For,  in  the  former 
Art%  5  Cafe,  the  Curve  is  convex,  and  in  the  latter  concave  t* 
•ad  48.  (provided  the  wboht  Curve  fies  on  the  fame  Side  the 
Axis).  Thus,  in  the  Example  before  us ;  becaufe  the 
fecond  Fluxipn  of  the  Ordinate  is  always  as  60*— iuwr 

+6*;wr— x*  (=* — *X2fl-*xji-Mf)  and  it  appears 
that  the  Value  of  this  Expreffion,  while  x  is  lels  than 
the'  firft.Root  <?,  will  be  pofitive ;  the  Curve,  there- 
fore, at  the  Beginning,  will  be  convex  to  its  Axis: 
But  when  x  becomes  greater  than  *,  the  faid  Expreffion 
being  negative,  the  Curve  will  then  be  concave,  and  fo 
continue  'till  x  is  equal  to  the  fecond  Root  la  \  after 
which  the  Fluxion  again  becoming  affirmative,  the 
Curve  will  accordingly  be  convex  till  xzz  yt\  beyond 
which  Limit  the  Curvature  continually  tends  the  fame 
Way. 

But  it  will  be  proper  to  obferve,  that  there  are  Cafes 
where  the  fecond  Fluxion  of  the  Ordinate  may  become 
equal  to  Nothing,  without  either  changing  its  Value 
from  pofitive  to  negative,  or  the  contrary,  (fimilar  to 
thofe  already  taken  Notice  of  in  Seft.  M.p.  45  and  46.) 
which  Cafes  always  happen  when  the  Equation  admits  of 
an  even  Number  of  equal  Roots  :  And  then  the  Point 
•  found  as  above  is  not  a  Point  of  Inflexion,  becaufe  (he 

Curvature  on  either  Side  of  it  tends  the  fame  Way. • 

;     "■        ' 

SECT* 
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SECTION    V. 

* 

<Tbe  Ufe  of  Fluxions  in  determining  the  Radii 
of  Curvature,  and  the  Evo/utes  of  Curves. 

£8*  A  Curve  ^OH  *8  fetd  t°  ^c  ^c  Evolute  of  ano- 
jt\.  ther  Curve  ARB,  when  it  is  of  fuch  a  Na- 
ture, that  a  Thread  ROH,  coinciding  therewith  (or 
wrapped  upon  the  fame)  being  unwound  or  difengaged 
from  it,  by  a  Power  acting  at  the  End  R,  {hall,  by 
that  End  (the  Thread  continuing  tight)  defcribe  the 
_given  Curve  ARB. 

Illustration. 

From  the  Point  O,  where  the  Right-line  RO  (called 
the  Radius  of  Curvature)  touches  the  £  volute  /OH, 


let  the  Semi-circle  SRD  be  defcribed  ;  which  Semi- 
circle, having  the  fame  Itadjus  wjtl}  the  given  Curve, 
at  R,  will  confcquently  have  the  fame  Degree  of  Cur- 
vature.—-—But  the  Uurvatur^  in  two  Curves  is  the 
fame,  when,  the  Fluxions  of  their  Abfciflas  being  the 
fame,  both  the  Firft,  and  Second  Fluxions   of  their 

F  4  cor- 


72  Qf  the  Radii  of  Curvature, 

correfponding  Ordinatcs  R«  and  Rm  are  rcfpcaively 
equal  to  cacji  other:  For,  the  Firft  Fluxions  being 
equal,  the  two  Curves  will  have,  at  thexommon  Point 

•Ait.48.  R,  one  and  the  fame  Tangent  tRt>  * :  And,  if  the  Se- 
cond Fluxions  be  likewife  equal,  the  Curvature,  or 
Deflexion  from  that  Tangent,  will  alfo  be  the  fame  in 
both  1  becaufe  thefe  !aft  exprtfs  the  Increafe  or  Decreafe 

tAtt.19.  of  Motion  in  the  Diretfion  of  the  Ordinate  +,  upon 

jArt^S.  which  the  Curvature  imirely  depends  %. 

This  being  premifed,  let  the  Abfciflk  Sm  of  the  Semi- 
circle (considered  as  variable)  be  put  =r  to,  its  Ordinate 
R/»=v,  Rrs=«/,  rh^zif,  and  Rh-x:  Then,  Rh  be- 

iArt.45.  mg  •  Tangent  to  the  Circle  at  R  |f ,  the  Triangles  Rhr 
and  JCOai  will  be  equiangular,  and  therefore  w  (Rr)  : 

i  (RA)  ::  v  (Rm)  :  RO   =r  5?.  which,  becaufe  the 
Radius  of  every  Circle  is  a  conftant  Quantity,  muft  be, 
invariable,  and  confequemty  its  Flufcioh^t**  —  0  : 


Oil 

*  •  ~* 


Whence  v  is  found  n  — ^  =  * — rr  (becaufe,  w  being 
ponftant,  and  <w*  4-  4>*  =t  *%  we  have,  in  Fluxions 
2  v  v  =:  2**,  and  To  — -  =  — ^  \  Therefore  fince  v  is  = 

-*1  wealfoget  SO=RO  (*  V=  ^  JEEElf; 

— V  \  *unT      "—out;  — <ic£; 

Which  laft  is  a  general  ExprelEoft  for  the  Radius  of  any 
Circle,  whatever,  in  Terms  of  the  Fluxions  of  its  Ab- 
fciffa  (tv)  and  Ordinate  (v).  But,  by  what  is  premifed 
above,  thefe  Fluxions  are  refpe&ively  equal  to  thofe  of 
the  Abfciffa  A*  (x)  and  Ordinate  Rn  (y)  of  the  pro- 
pofed  Curve  ARB.     Therefore,  by  writing  *,^,  and>* 

jnftead  of  w,  v,  and  v,  we  have  >*+***  f  ^     **  \ 

for  the  general  Value  of  the  Radius  of  Curvature,  RO. 

6  Tbt 


II 

1 

1 
J 
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fhe  Jam  otberwife.    . 

If  tbt  Radius  of  the  Circle  be  put  =  R*  and  every 
Thing  etfe  be  fuppofed  as  above ;  then  (by  the  Property 
of  the  Circle)  we  (hall  have  vx  (Rmx>  =  2  Rw  —  w% 
(S«xDn)  :  Whence,  in  Fluxion*  ( making  wcwiftast} 
we  get  aw  =r  aRw— 2o«v,  and  2v*+2vS  =  — iw*: 


i1 


v 


g* 

•*    ■      •  ft 

Prom  the  Uft  of  which  Equations  tris  found  =r  *  T.??„ 

cs^s;  and  confeqoently  ROf^J  r= 
thifimi  ms  hefore. 

Otbmmfi  without  the  Cirth. 

Let  RO  2nd  rO  be  two  Rays  perpendicular  to  the 
Curve,  indefinitely  near  to  each  other ;  and  from  their 
Jstcrie^foa  O,  let  &F  be  drawn  parallel  to  A*,  cut- 
ting R*  and  AP  (parallel  to  R«)  in  E  and  F. 

Therefore,  fuppofmg  RE=v,  An=*,  R«=y,  tfc. 
(as  before)  we  ioall  have,  by  firoilar  Triangles,  as  RP 


(*)  •  *V  (# ::  RB  CW  :  EO  =  %  and  confidently 

FO  (A»+EO)  =  *+j:  Which  Value  (as  well  as 

that 
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that  of  AF)  continuing  the  fame  whether  we  regard  the 

Radius  RO,  or  the  Radius  rO,  its  Fluxion  mult  there- 

* '.  ...  *  _ 

ft^e  be  equal  to  Nothing  j  that  js,  i  +  #+ff  **"?** 

:=  O ;  whence  v  =  tt. — r„ ,    and    consequently  RO 

-r  J  zz  — — —  =  -rr— •—  ==  .   '    »- :  Which,  if  x 

*/  jw — Xj  yx—xy        yx—Xy 

is  fuppofed  coniUnt,  or  x  =  o,  will  become   — -,  *f 

But  if  j  be  fuppofed  conftant,  it  will  be  — r*.     And, 

if  *  be  conftant,  it  wjll  then  be  £-.  pprf  fince  xx  +  j£ 

=£*,  by  taking  the  Fluxion  thereof,  we  have  2xx+ 

•  •• 

XX 

ajj?=o;  whence  y  zz  - — r;    and   therefore   RO  (=: 

'  r: — -  J  == —  =  ==; —  =. -r ,  as  before. 

yx—xy'        yx+UL      ?\*  **       *      '       •'     ' 

J  ^ 

Now  from  thq  fcveral  Values  of  the  Radius  of  Cur- 
vature RO,  found  above,  the  con e(ponding  Values  of 
Ae  and  eO  will  likewife  be  given. 

Thus,  if  x  be  made  conftant ;  then,  RO  being  z% 

~,  we  (hall  have  Ae  (An+Om=An±  A  x  RO)  = 


— xy 


*+A-'and#0  (R/b— »R=~  xRO—  R»)  =  — 

— xy  *  -   — 


s 


But,  if }  be  made  conftant,  then,  RO  being  =  -rr, 

y* 


•  &  •  •  % 

Hi  XtL 

(hall  have  AE=*  +  ~,  and  #0  s  — 


l 


M"x» 
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Laftly,  if  i  be  fuppofed  conftant ;  then  RO  being 

*  •  •  *^  ».*. 

:  SL%  we  (hall  have  A/  =  *  +  ^-,  and  eO  =  2 


Which  feveral  Expreffions  will  ferve  as  fo  many  ge- 
neral Theorems  for  determining  the  Quantity  of  Cur* 
vature,  and  the  Evolutes  of  given  Curves :  But,  before 
we  proceed  to  Examples,  it  will  be  proper  to  obferve, 
that  the  Right-line  A^,  denoting  the  Radiu.8  of  Curva- 
ture at  the  Vertex  A  (to  be  found  by  making  x9  or  jr, 
==  o)  muft  always  be  fubtra&ed  from  RO  and  A#,  to 
have  the  true  Length  of  the  Arch  fO$  and  its  corre- 
sponding Abkiftkp*. 

EXAMPLE    L 

60.  Let  the  given  Curve  ARBbe  the  common  Parabola, 
•-  it*  t 

wbofe  Equation  is  y  =  <*V :  Then  will  y  zzia*xx 

• 
and  (making  i  con^anOi  =— -JXjaV* 


2X1 


*** 


4*1 


Whence  i  («/*+/  =  —  V^^, 

and 
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• 


'*-—.#,—.  «— m.      -1+-+-  - 
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n  k        «".     -*l 


and  the  Radius  of  Curvature  RO  (-£-)  - itifP. 

Which  at  the  Verted  A,  where  *~o,  will  be  =  \a  == 
Ap.  Moreover  Ar  ( jr+  -^1 J  =  {*  +  3*,  and  there* 
fore  /<  (A*— A^)  =  3^  the  AWcifla  of  the  E  volute  > 

Likewife  0*(— r-- r)  =  *£-    the  Ordinate  of  the 

Evolute.  Therefore,  03*  x  *  being  ia  a  conftant  Ratio 
top*]*,  namely  as  1 6  to  jw,  the  Cunre  is,  in  this 
Cafe,  th*  Semi-cubical  Parabda  :   Wnofe  Arph  jO 


fl+4^1k 


(RO-A/)  is  alfo  given  =~^  -  > 

V* 

EXAMPLE    IL 

?a  Let  the  Curve  ARB  denote  a  Parabola  of  a»y 
other  Kind :  Then,  becaiife  y  =s  ***  hair  Equation:  to 
all  Kkid»#f  Parabolas,  we  h*re>  =  m*"1*  and  ji  5: 

»  X  n—i  x  **         **  :    Therefore  *   (•**+>*)    = 


v/*-* 


._i\* 

-a-*^*1* 1 


* 


— *X»— JX<W 


-    -  J*—* 

1 — I  X  Juur     . 


WKcb,  if  if=^,   will  become  ss  —  \    but,  if  *  be 

greater  than  i,  it  will  be  =  o ;  and,  if  n  be  left  than  i, 

it 
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it  will  be  infinite :  Whence  it  appears,  that  the  Radius 
of  Curvature  at  the  Vertex  will  be  a  finite  Quantity  in 
Curves  whofe  firft  (or  leaft)  Ordinates  are  in  the  aub- 
Junlkat*  Ratio  of  their  Abfcifiaa,  and  ia  all  other  Cafes, 
either  Nothing,  or  Infinite. 


77 


EXAMPLE    in. 

71.  Suppofe  the  given  Curve  to  be  an  Ellipfis ;  whofe 
Equation  (putting  a  and  c  for  the  two  principal  Dia- 
meters) is  a*y%  =  f*x  ax—x\ 

Here,  by  taking  the  Firft  and  Second  Fluxions  of  the 

given  Equation,  we  "have  2a*yy  zzfxxa  —  a*,   and 
2*y  +  2a*rf  =  fx  x  —  2*  ==  — a*»*»;    whence  >  = 

,  and  —  »  =    t  „  :  which,  by  fub- 

%a%y  *  ay  •      J 

ftituting  the  Values  of  y  and  j9  will  boborae  y  — 

4**  X  **■—  x*  x  fw/**  —  jr* 


cxxa—2x 
—-^==^—y  and  — ^  a: 

+ 


-».£L      i?-2*?  +  4X0*— X%  «** 

^ox-**      a    *    4X^^^££r   ""4X«r-^iS 

Therefore  *  (4/>*+^*)=  yX '***  *  g--a*T  ^  j» 
.  4**  X  «#—■#* 

m  V    — . —32: — L_,  ,aod  the 


Curvature  (^  =55^^^^:  WbiA 

when  the  Diameters  «  and  ;  are  ewnd,  «r  the  EJIipfis 
de^nerates  t«  a  Cirde,  will  be  eVetJ  where  tquaf  to 


II 


a*4* 


amraiakl 


-•fa -Circle. 


EX- 


v_ 


** 


Of  tie  Radii  of  Curvature, 


EXAMPLE    IV. 

72.  To  find  the  Radius  of  Curvature^  and  the  Evolute  of 

the  common  Cycloid. 

Let  ARB  be  the  given  Curve,  and  AOH  its  EvoluteJ 
aUb  let  RA  and  OS  be  parallel  to  AC,  and  eO  and  R* 


perpendicular  to  AC;  and  put  ARB  (=s*BC)  =*, 
<AR  =  *,Aji  =  *,  andR«=j:  ThcnBR»-j,B4 
sritf — y\  and,  by  the  Property  of  the  Curve,  a% 

(AB*)  :  7^z]%  (BR*)  ::  fi(BC)  :  |*— y  (BAJ 
whence  y  zz 


la 


,         -         .        <7«  — z4      .^  i 

;  therefore  y  zz  ,  **  —  j* 


(i.)  -  af-fxy>  a«uU  =  :*5EE5r.  When* 
(making  £  conftant)  *  =  *   x  *~*i  from  which 


we 
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we  get  RO,  or  AO  (=  ^)  =  /a<w  -  «%  and  <0,  •*"•«»• 

Or  AS  (=  ~  —y)  =  — — —  j  which,  when  *  =  *, 

or  ROH  coincides  with  BH,  become  AOH  (BH)  =  *, 
and  CH  (AG)  =  ±*.    Hence,  becaufe  it  appears,  that, 

AH)*  ( S)  :  AO*  (2az  —  **)   : :  AG  (**)  :  AS 
— — — y  it  follows  that  the  E volute  AOH  is  alfo  a 

Cycloid  equal,  and  fimilar,  to  the  Involute  ARB. 

If  the  Evolute  had  been  given,  or  fuppofed,  a  Cy- 
cloid, and  the  Involute  required,  the  Procefs  would  have 
been,  more  fimple,  as  follows, 

Let  AH  ( 2AG)  =^AO(r  RO)  =  z,  AS  =  *, 
SO=j,  BR  =  v,BA=w,  Rr  =  v,R/  =  w,6r<.  Then 
it  will  be  f,  tAit«4t» 

i :  ^  ( : :  Om :  OR)  : :  R* ( «,)  :  Rr  =  2S. 
i:>::a;(RO):0«  5=^ 


2 

2* 


*:*  ::*(RO):Rm  =  ~, 


Whence  we  have  4  =  ~,  R«  (R*  -A$)=~  *, 

and  A*  (OS — Ow)  =  y — ^  •  which  Expreffions  an- 

fwer  to  any  Curve  whatever. 
But,  in  the  Cafe  above  propofcd,  AH*  (**)  :  AO* 


a* 


{**)::  AG  ({a)  :  AS  (*);  therefore  *  =  ^%x  =  !S? 

2ar  a* 

and  »  d/Zttn  —  *  ^  —  z% 

j  \v  z  — x  ) _ .    an^  confequently  R» 

Whence 


8o 
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Whence  alio  or  ss  ■    ,  and  v  i  — -  j  as    >>  'u    'W«, 


tfttf 


2*W 


:    Therefore  it  will  be*:*(::«:^lSaOv 

*/w;   that  is,  as  Rr  :  R/ : :  /S5":  yi5 : 
Which  is  a  known  Property  of  the  Cycloid. 

Hitherto  regard  has  been  had  to  Cartes  where  the 
Ordinate?  are  parallel  to  each  other  :  But  when  the  Or- 
dinates  are  ail  referred  to  a  giren  Point,  as  in  Spirals, 
&c.  other  Theorems  will  become  neccflary ;  and  may 
be  thus  derived. 

73*  Let  ARB  be  the  propofed  Curve,  P  the  Point, 
or  Center,  to  which  its  Ordinates  are  referred,  NOL 

the  £  volute , 
and  RO  the. 
Ray  of  Cur- 
vature at  R  : 
Moreover,  let 
PH  be  perpen- 
dicular toKO; 
and,  fuppofing 
the  Ordinate 
PR  (,)  to  be- 
come variable 
by  the  Motion 
of  the  Point 
R  along  the 
Curve,  let  the 
Fluxions  oJEAR 
and  PH  (j>), 
expreffing  the 
Celerities  of 
the  Points  R 
-  and  H  in  Di- 
rcdions  per- 
pendicular to 
SOS  he  do 


noted  tar  *  and  p  refpe&ively. 


Therefore, 


ana  tie  Evoluie  of  Curved 

^Therefore,  the  Celerities,  of  any  two  Points,  in  a 
ftight-line  revolving  about  *  Center,  being  as  the  Dis- 
tances from  that  Center,  it  follows  that  p  :  i  ::  OH : 
OR;  whence  by  Divifion  (putting  RH=«)  we  hav« 

i-p:  i::v  (RH)  :  RO  =r  -£j  =  "J^T^       ** 


fP 


vyy 


=  li  (h  A*t-  6°«)  ^  therefore  RO  =  -: — ■ 

yy—pp 

which,  beeaufe  j*— f*  is  =  v*  (ahd  therefore  yy—pp 
vv)  will  alfo  be  =  **      ■** 


Si 


W 


V 


Tbi  fariU  ctherwife. 

Let  S&D  b6  a  Circle  defcribed  about  the  Point  O, 
as  a  Center,  and  fuppofe  the  Diftance  PR  to  be  variable 
by    the    Motion 

of  the   Point  R  ^         ^>T 

along  the  Arch 
of     the    Circle 

iinftead  of  the 
iurve) :  Then, 
drawing  O  P, 
and  putting  OR 
=r,PR=y,aV. 

at    before,     we 

fljaJl    get    OP1 

OR^-PR*  — aORxRH)  -r%+y*  —  2rv;   which 
as  well  as  r)  being  a  conftant  Quantity,  its  Fluxion 

Vy — arv  rouft  be  equal  to  nothing  ;  and  therefore  r  = 

-r,  the  very  fame  ad  above.  Nor  is  it  of  any  Con- 
fluence Whether y  and  <£>  be  here  looked  upon  as  refpeft- 
ing  theCirclc,  or  the  Curve ;  fince,  at  R,  they  muft  be 
the  fame  in  both  Cafes  ;  otherwise  the  Curvature  couM 
not  be  the  fame*.  Now  from  the  Value  of  RO  thus  •An.u. 
found,  which  (corrected,  when  neceffary)  will  alfo  ex- 
prefs  the  Length  of  the  Areh  NO  of  the  Evolute  kjArUS- 
the  Ordinate  PO  and  the  Tangent  OH  of  the  Evolute 

G  may 
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m*y  be  cafily  deduced.    For  OH  (RO—RH)  =   ^ 

^•=^.,  *ndPO(=:^OH*+FH*  =  P*?*'**. 
whence  the  Nature  of  the  Evolute  is  known* 

EXAMPLE    L 

74.  Let  the  given  Curve  AR  be  the  logarithmic 
Spiral,  whofe  Nature  is  fiich,  t)ut  the  Angle  PRQ  (or 
RPH)  which  the  Ordinate  makes  wiih  the  Curve  is 
every  where  the  fame. 

Then  (denoting  the  Side  of  that  Angle  by  £,  and 

the  Radius  of  the  Tables  by  a)  we  have  RH  (v)  rr  i& 

a 

and  therefore  RO  (4)  =  ~  =  ^j  which  being 

to  PR  (y)  in  th+eoftftaftt  Ratio  of  a  to*,  or  of  PR  to 
RH,  the  Triangles  ROP  and  kPH  rouft  therefore  be 
fimilafc  and  fo  the  Angle  POH,  which  the  Ordinate 
PO  iftakes  with  th?  Evolute,  being  every  where  equal 
to^RQ^,  will  likewffe  be  invariable.  Whence  it  ap- 
pears that  the  Evohite  is  alfo  a  logarithmic  Spiral, 
finjilar  to  the  Involute;  and  that  a  Right- line  drawn 
frwn  the  Center,  perpendicular  to  the  Ordinate,  of  any 
logarithmic  Spiral,  will  pafs  thro'  the  Center  of  Cur- 
vature. 

EXAMPLE    II. 

75.  Let  the  Curve  propofed  be  the  Spiral  of  4rchimedes\ 

by  .  / 

where  we  have  p  =  ^——y  ^d   v  =    ~?jr^f 

(fee  Art.  62.)    Therefore  *  =  2#x  /+?]— l+^x 


I 
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3* 


Ifc-^B-^w-g 


-Jx^x>*+F)       =x=^7-=^r| 


•  Curvature  £  i.  here'  ss^Ej",  which  heing  =i,  .^ 

wbenyno*  the  AycIi  of  the  Evolutef,  teckonedirom  fA*.** 

vv  +  bbv-        b 
the  Vcite*,  is  therefore  t:  ^^.^    »  — . 

y  +2D  % 

After  the  very  fame  Manner  you  may  proceed  In  other 
Cafes :  But  if  the  Value  of  i  (or  ^r  J  changes,  in  atfy 

Cafe,  from  Pofitive  to  Negative,  the  Radius  of  Cur- 
vature (RO)  after  becoming  infinite,  wHl  fall  on  the 
other  Side  of  the  Tangent,  and  the  cortefponding  Point 
of  the  Curve,  when  vro,  will  be  a  Point  ofCohtrary- 
Flexuri.  Whence  it  may  be  obferved  that  the  Point 
of  Inflection,  in  a  Curve  whofe  OnJjnates  are  referred 
to  a  Center,  may  be  found  by  making  the  Fluxion  of 
the  Perpendicular,  drawn  from  the  Center  to  the  Tan- 
gent, equal  to  Nothing,  which  Cafe  is  ndt  taken  Notice 
of  in  the  preceding  Section, 
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SECTION    VI. 

1 

Of  the  Inver/e  Method,  or  the  Manner  of  de- 
n     termining  the  Fluents  of  given  Fluxions. 

76.  T  N  the  Inver/e  Method,  which  teaches  the  Man- 
X  ner.of  finding  the  rcfpe&tve  flowing  Quali- 
ties of  given  Fluxions,  there  will  be  no  great  Difficulty 
in  conceiving  the  Reafons,  if  what  ia  already  delivered 
in  St3.  I.  on  the  direfi  Method,  has  been  duly  con- 
sidered :  Though  the  Difficulties  that  occur  in  this  Part, 
upon  another  Account,  are  indeed  vaflly  fuperior. 
•  It  is  an  eafy  Matter,  or  not  impoffible  at  moft,  to  . 
.find  the  Fluxion  of  any  flowing  Quantity  whatever ; 
but  in  the  Inverfi  Method  the  Cafe  is  quite  different : 
For,  as  there  is  no  Method  for  deducing  the  Fluent 
from  the  Fluxion  a  priori,  by  a  direct  Inveftigation,  fo 
it  is  impoffible  to  lay  down  Rules  for  any  other  Forms 
of  Fluxions,  than  tbofe  particular  ones  which  we  know, 
from  the  direct  Method,  belong  to  fuch  and  fuch  kinds  of 
.flowingQuantities.  Thus,  for  Example,  the  Fluent  of  ixx 
i>  known  to  be  x\  becaufe  it  is  found  in  Art,  6.  and  14. 
that  2xx  is  the  Fluxion  of*1:  But  theFltjep;of  yx  is 
unknown,  fince  no  Expreilion  has  been  difedvfered  that 
produces  yx  for  its  Fluxion. 

77.  Now,  as  the  princioal  Rule  in  the  direft  Method 
is  that  for  the  Fluxions  of  Powers,  derived  in  Art.  8. 

(where  it  is  proved  that  the  Fluxion  of  x    is*  univer- 

[ally,  expreffed  by  nx  x)  ;  fo  the  moft  general 
Rule,  that  can  be  given  in  the  Inver/e  Method,  muft 
be  that  arifing  from  the  converfe  thereof  j  which  /hews 
how  to  ajftgn  the  Fluent  of  any  Power  of  a  variable 
Quantity  drawn  into  the  Fluxion  of  the  Root ;  and  which, 
exprefled  in  Words,  will  be  as  follows. 

Divide  by  the  Fluxion  of  the  Root,  add  Unity  to  thf 
Exponent  of  the  Power,  and  divide  by  the  Exponent  fo 
inaeafed* 

For, 
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For,  dividing  the  Fluxion  nx"~Xx  by  x  (the Fluxion 

of  the  Root  *)  it  bebomes  a**""1;    and,    adding    1    to 

the  Exponent  (n — 1 )  we  have  nx*\  which,  divided  by 

tti  gives=**,  the  true  Fliifcnt  of  nx      ,  by  Art.  8. 
Hence  (by  the  fame  Rule)  the 
Fluent  }>f  3*V  will  be  =:  x*  j 


That  of  8***  =  —  1 

3 

That  of  %x*x~  — 

3 


*  * 


, '    That  of  ffzifi 


1  X 

> 

9 

.     That  of  of  }  =  22  - 


it 


/ 


•      ThVof/i='— =  £;, 


i— n 


That  of  £,  or  ***— ,  =±L-.i 

ThatofT+3'  x£=fL±f-.      . 

4  * 

And  that  of«"  +  *S)    x  z"~\i  =  *"-+V    '*• 

For  &r#  the  Root,  or  the  Quantity  under  the  general 

Index  *,  being  0  +  »  ,  *nd  its  Fluxion  =t  m%      & 
(Art.i^)  we  (hall,  by  dividing  by  the  fcft'qf  thefe 

' n 

Quafltiticj,  have  *.-+-a    .    whence,   increaflngJ  the : 

G  3  fode* 


#    » 


&6  Tie  M&*er  tf fading-  F*,«ev*5, 

Ip4ex  bj  Unjty,  *nd  dividiog  by  {«+i}  t}w  Index  fo 

increafed,  there  comes  out ===== — • 

wXiHn     .  .;  . 

After,  tl>c  very  fame  Manner  t$e  Fluents,  xfi  ether 
Expreflions  may  be  deduced,  wbsn  thp  Quantity, 
or  Multiplicator,  without  the  Yinculu.cn  is  either 
equal,  or  in  a  conftarit  RatMVto  the  Fluxion  of  the 
Quantity,  under  the  Vinculum  :•  Mfo  th*  Kxpreffion 

— m 

a+cz"*  x  A"""1* ;  w}iere  the  "NumVec  of  Diroenfions 
of  z  under  the  Vinculum  (or  genera!  Index)  being  cquaj 
to  thofe  of  z  without  the  Vinculum  -L  i.  the  Fluent* 
may  therefore  be  had,  as  in  the  preceding1  Examples  \ 

— — v»-f*^ 

a  +  CZ*  Kit-  '       - »  V » 

and  will  come  out  ■ '     — =-  r   And,   that   this  (or 

any  other  Expreflipn  derived  in  Kke  Manner)  is  the  trqe 
Fluent  will  evidently  appear,  by  fuppefing  x  equal  to 

e+cz  the  Quantity  under  t^  Vinculum  ;  for  then 
(equal  Quantities  paving  equal  Fluxions)    x   will  b? 

•Art.  8.  ^  »c?      if;  said  confequently  a+«% *   X  <& '*"  £ 

(  =**  X  —  J  =  - — *  J  whofp  Fluent  is  therefore 
V  ntj         nc 

JArt.77.-*— ■==«=:$  r-  - ■  ,.^-rsar— >   <fc  ^/frfl      ' 

ncxm+i  -  nc*m+i 

x  7*.  fraffigniltg  tfce  Fluents  of  given  Fluxions  there 
i&  another  Particular  that  ought  to  be  attended  to,  apt 
yet  taken  tamce  of;  and  that  is,  whetW  tbe  flowing 
Quantity,  found  by  the  cqmmon  Rule,  above  deli- 
vered, does  not  require  the  Addition  or  Subtraaipn  of 
foiap  conftant  Quantity,  to  #n<fer  ft  complete.    Thif 

9  indeed 
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indeed  can,  only,  be  known  from  the  Nature  of  the 
Problem  under  Consideration  ;  but  that  fuch  an  Addi- 
tion or  Subtraction  may,  in  fome  Cafes,  become  ne- 
ceflary  is  evident  from  the  SubjeA  itfelf  |  fince  a  flow- 
ihg  Quantity  increaftd,  or  decreafed,  by  a  coriftant 
Quantity*  has  ffcft  the  fame  Fhtfcbn ;  and  therefore  chef 
Fluent  of  that  Fluxion  is  as  properly  exprefied  by  the 
whofe  compound  E*pHeflk>n,  as  by  the  variable  Part  of 

it,  alone ;  Thus,,  for  Inftance,  the  Fluent  of  nx*~~lx  may 
bt  either  reprefentedby  *  or  by  x  j^bepaufefa  being 
conftant)  the  Fluxion  of  x9  +a9  as  well  as  of  *%     is 

79.  Hence  it  appears  that  it  is  the  variable. Part  of 
a  Fluent  only  which  Is  afiignable  by  the  common  Me- 
thod; the'eonftani  P«ft  {wheri  fuch  beeonses  neeti&ry) 
being  to  be  afcertainctf  from  the  particular  Nature  of 
the  Problem.  Now  to  do  this,  the  beft  Way  is  to  coo- 
ftder  bow  much  the  variable  Part  of  the  Fluent,  firft 
founds  d*fftt$  from  the  Truth,  .ifi  that  particular  £ir- 
iumfbnce  whpji  the  required  Quality  which  the  Wbblc 
Fluent  ought. to  exprefs,  is  equal  to  Nothing  j  then 
chat  Dtfenetee^  *adtfol  tor,  orfubtraded  ftonir  th*  feid 
Variabte  Pfcft*  as  occafoh  requires,  will  give  th^f  Fluent 
truly  correfted  :  For,  fince  the  Difference  pf  two  Quan- 
tities flowing  with  the  fame  Celerity  (or  having  equal 
Fluxions)  is  either,  Nothing  at  all,  or  cenflantty  the 
jime*  dm  Difference  in  that  Ctrctunftance  wi|l  4tke- 
wife  be  the  DHFegonoe  in  all  other  Ctfcumftaf»$e|  iA*A 
sbentfirfrc  being,  added  to  tb*  leffer  Quantity*  *£  i$ht 
traded  from  the  greater*  tothbttonsof  qtftl.  :   _  j\ 

80.  To  render  what  is  above  delivered  as  familiar  as 
may- be,  I  .{kail  .put  down  a  few  Examples;  i  a  which 
the  variable  Quantities'  reprcfented  by  x  and  y  are  ftpn 
pofed  to  btrin- their  Exigence  together,  or  to  be  ge&e- 
fated,  at  the  fametiouv  •■  -  — -     • 

V 

G  4  1.  Let 
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z.  Let  j  =:  a1  x* ;  then  the  Flijent,  found  as  ufuaj, 

a  V  « V 

Will  be  y  =  * j  where  taking  j  ==  O,  -~  alio  va«r 

nifties,  (becaufe  then  x—q  by  Hypothefi?) :  Therefore, 
the  Fluent  requires  no  Correction  in  this  Cafe, 

2.  Let^^tf+jrj*  X^f:   Here  we  firft  have  jf  95 

*+*'       ,       ■  .         a+x\     ,  «^ 
y>  but  when  y^o,  then  —  becomes    =  — 

'4  4  * 

(fince   *  by  Hypothefis.  is  then  :=  $*)     Therefor* 
— — \+  ^ 

*"*"*'  always  exceeds  y  by  — \  and  fo  the  Fluent  pro* 

perk  wrefted  will  be  y  =  f +*•  ~^  a:  * V  +  Jf!£ 

*  But  the  very  fame  Fluent  may  be  otherwife  found, 
without  needing  any  Correction :  For  the  given  Equa* 

tiont>^«+*)  x  *y,  by  expanding  41 +#) ,  is  tranf-. 
formed  to  jzxfx+qtxx+  34***+*** ;  .  whence  jr  =5 


.a~* 


*♦ 


4*x  +  ^~  +  ^  +  -TS  the  fame  a^ahoyu 
■'--to.  '4' 

Hence  it  appears  that  the  Fluent  of  an  Expte$on». 
found'  according  to  one*  Form,  nuy  require  a  very 
different  Oorre£tkm  from  the  Fluent  ot  the  fcme  Fluxion. 
found  according:  to  another  Form. 

'  3.   Let  i  '  =  ■&&$  x  **  ;  then,  *rft,  y  =  — 
f     *'  i   wber^  tsjkihg  >=o, : *     t>««»ne< 


J  .1 
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=  —  -;  therefore — —   i*  too  little  by  —  j     • 

3  3  *«    * 

and  fo  the  .Fluent  corrc&ed  will   be   y  =   ■*-   -* 

— — — ii 


4.  Letj=«  +#  I  x»       *:  Here  we  firft  havej  s? 


?—£  °L-^r->  an  J  making  j;=o,  the  latter  Part  of  thq 
mXn  +  i 

Equation  becomes  — =r  rr    g    ,  ■  ,,  ;    whence  tip 

mxn+i      mXn+i 

Equation,  or  Fluent,  truly  corre&ed  is  y  = 

.11+1 

<,-+*»  1  ■   ^' 

■  — -  — ■        '  t 

*??<*+ 1  • 

5,  Laftly,  let  y  =  a  +  hx*+  ex**  x 
mbof^x+ncx*"1^  then,  in  the  firft  Place,  we  have/= 

a+»x  +tx  wWch  coj^a^  ^  aboT 

7~  '>  +  * 


becomes 


8 1  •  Hitherto  x  and  J  are  both  fuppofed  equal  to  Nothing 
at*  the  fame  time;  but  that  will  not  a] ways  be  the  Cale 
in  the  Solution  of  Problem*.  .Thus,. for  Inftance, 
though  the  Sine  and  Tangent  of  an  Arch  are  bojh  equal 
to  Nothing  when  thcArch  itfejf  is  equa|  to  Nothing*  yet 

the 
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the?  $ecant  is  then  equal  to  the  Radius  :  It  will  be  proper 
•    therefore  to  add  an  Example  or  two  wherein  the  Value 
of  y  is  equal  to  Nothing,  when  that  of  x  is  equal  to  any 
given  Quantity  a.  i 

Let,,  then,  tjie  Equation  y  ~x%x  be  fitft  propofed'; 

x* 

whereof  the  Fluent  (firft  taken)  is  y  —  — ;  butwheft 

.        Xs        a1 
y  =  o,  then  —  =  —  %  by    Hypothecs ;    therefore  the 

x*  — «■  a* 
Fluent,  corre&ed,  is  y  = •. 

3  , 

Again,  let  the  proposed   Equation  be  y  r^-.rxi 

then  will  y  ^  — i—  ;  which  corrcfted  becomes  y  = 

-  --  •, 

»+I         ••  ' 

A 

Laftly,  let  jzzt?  +  bl*\%  X  tf*i  then*  firft,  jr= 
?  +  ****%  *„<!♦  wjien;  =  Q  and  x  =  *,  f*  +  ***/*  be- 

comes  =; f  +  fV   :  therefore  tfi?  Fluent  corrected  * 

3* 

>  =  3*      '      '       . 

82.  All  the  Examples  hitherto  given  jelate  to  fuch 
Fluxions  a$  involve  one  Variable  Quantity  only  in  each 
Term*,  whofe  Fluents  are  affignable  from  the  Converfc 
pi  tfte  firftGeneral  Rule,  in  8?&&i  &  £ut,  befits  thefc, 
tai'ioos'  other  Forma  ctf  Fluxtpie  *wy  ^  propofed,  in- 
Totvmgtw.o  ormore  variable  Quantities,  whofe  Fleeots 
may  alft)  be  found  by  Help  of  the"  other  $vro  General 

~:u!e#  delivered  m  the  fame  Se&i*iir 

•  < 

Thus. 


•  1 
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ft 

Thus  the  Fluent  of  fx+*y  is  expiefied  by  #rv«s  tfcat»Ait,«*      * 

and  that  of  fMrfr  P~"X  +  /*—  n$*~~*x X  yx~ax  *  ty 
m*1f-~f*>\  "  :  For,  dividing  (in  the  laft  Cafe)  by 


the  Fluxion  of  the  Root  y  «*— -ax    ,   which  (by  jfrZ.tA1t.77, 

»■»*  »  II 1 

14  and  15}  »  407      j^^x^nsx     «v  ve  firft  have 


fx~*ax\m  }  whence,  adding  Unity  to  the  Exponent 
,  and  dividing  by  the  Exponent  10  increafed,  we  get 


m 


* 


-a* 


U!-r^      =  «*  JL£Z2=^      foe  the  true  Flu- 


-  +  1 
m 

c«t  of  the  Quantity  propofcd.  But  it  feidom  happen* 
that  thefe  Kinds  of  Fluxions  which  involve  two  dif- 
ferent variable  Quantities  in  one  Term,  *and  yet  admit' 
qC  known,  or  perfed,  Fluents,  are  uiibc  met  with  in 
Practice:  I  flull  therefore  take  no  further  Notice  of 
them  in  this  Place  (But  refer  the  Reader  to  the  fecoad 
Part  of  the  Work)  my  Defign  here  being  to  infift  only 
upon  what  is  moft  general  and  ufefid  in  the  Subject;' 
which  brings  me  tq  further  confider  thofr  Forms  of 
Fluxions,  involving  one  variable  Quantity  only,  tat 
frequently  occur  in  the  Sqhitton  of  Problems,  whofe 
Fluents  may  (after  proper  Transformation)  be  found, 
fry  the  Rule  already  delivered  in  Art.  77. 

83.  It 
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/  $3.  It  ha*  been  already  hinted,  that  if  a  Fluxion  of 

*- \w 

the  Binomial  Kind,  as  a+cz  X  dz  i,  has  the  In- 
dex ff»—i)  of  the  variable  Quantity. (z)  without  the 
Vinculum  +  i,  equal  to  («)  the  Index  of  the  fame  Quaiv* 
%\ty  under  the  Vinculum^  the  Fluent  thereof  may  be  then 
truly  found  by  the  forementioned  Rule.  But  the  fame 
QbftrvgtiQfi  may  be  farther  extended  to  theft  Ca/h 
where  the  Index  without  the  Vinculum  increafed  by  Unity 
is  equal  to  any  Multiple  of  that  under  the  Vinculum ;  as 


—  <*•         '  *)F    '         aft"  tt  u\ 

in.  the  Exprdhooft, a  +tz  X     X  jfc       xjd+ez*     Xi 

4f^%d  +  <z"'   x A4*-,^^WhofeFlueBuare. 
thus  determined. 


I    .   .     1        i 


Puttf+ns    =*>  then  will  z.  =  — ,  andnz-     k 

c 


tArt.8.  =s  — *5    and  therefore  z.         *=    — -  X 


**^«  .         x— ff  ^     x   - 
nee 


**u  **;  whence  by  Subftitution  we  get  *  +  «*"'•  K' 


*»—«»■ 


Whofe  Fluent  (by  ArU   fy\  is  therefor*  ^.  —i   * 


fi? —  t  which,  by  reftonng  the  Value  of  x. 

JW  +  2       »  +  i  "'___                       * 

"        *)  «l 

becomes  — ,  x  <—  ^     „+,           = 
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J  ^        n 

rfx<H-*z  *+*z"  *  dxa+ez  ' 


&  a  >» 

ass  »| 


*»+*      m+zxm-fi  j  the  true  Fluent  of  a+c%      x 


*»— i. 
dz        *. 


Again;  for  the  Fluent  of  o+a  «  X  te       *,    be- 

caufez      *=:  — ,  andz*  —   >  we  have  a        i 

nc  c 

2n      *—i.\       ~_J*       *        #** — 2***+***. 


«' 


Whence,  «+«"'   being  =  **t  weget<?+cz«    x 
A        *  =    ix  x     1 — * —    =     n<?    x 


*•***  —  va^x+fx*  1   whofe  Fluent  is  there- 

»-H  «+i  »HM 

fore  =r  — 5  x -—         +  — —        =: 

*'       /w+3       w  +  2  0*-M 

^ ■ —  y&t 

fa  x%  iax  er"  dxa+ezn 

J?"       *  m  +  3       m  +  2*w-f  1  "~       »*3 

— r- ; ^ 

«+<z^        laa+iacz  a%  '  _.  dxa+j*  x 

w+3  «  +  *  ot+i  w* 

r  z  Otfrz  , If 

37  t  ^r 


w+3      tf»+3Xm-H      W+3XW  +  2X  w+x# 


Imi- 
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Unhtr/allyy  let  r  denote  any  whole  pdfhtve  Nudiber 
whatever,  and  let  the  Fluent  of  a+&i  xdz       *  be 


required;  then,  by  putting a+cz  =*,    and  pnxfcqi- 
ing  as  above,  our  propofed  Fluxion  is  transformed  to 


dx  x 


x     >*— *  *—  i 

—  x  *— A       9    which,   expanding  x — a\ 
nc 

■ 

(  by  the  Binomial  Theorem  )  becomes  JL  tf 

nt 


*  v— r—  1  x  **  *+r^- 1  X  L—±xa*x^  3X 


&c.     whofe    Fluent   is   therefore   =    ■ —  x 


r      m+r 
nc 


«+x 


r« 


</*"■"     *  r—i  x  ax  r_1Xr-^?xtfV 

-x —    


m+r  m+ 


.  2x//i+r-2 

Where,  r  bekig  a  whole  pofitivc  Number,  the  Mul- 


~—  WB^l 


tfplicators  i,r — l,r~ 1  X*<— 2>r — I  X  r— 2xr — 3,y*. 
will  therefore  become  equal  to  Nothing,  after  the  r  firft 
terms ;  and  fo,  the  Series  terminating,  the  Fluent  kfelf 
will  be  truly  exhibited  in  that  Number  of  Terms :  Ex- 
cept when  m+r  is  Jikewife  a  whole  pofitive  lumber, 
lefs  than  r ;  in  which  Circumftance  the  Divifors  m+r% 
m+r—  i,  w  +  r—  2,  fife,  becoming  equal  to  Nothing, 
before  tfie  Multiplicators,  the  correfponding  Terms  of 
the  Series  will  be  infinite.  And  in  that  Cafe  the  Fluent 
is  feid^to  fail,  fince  Nothing  can  then  be  determined 
from  ir\) 

J/  84.  Be- 
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S+.  Befcks  the  foregoing*  thtre  is  another  Way  of 


deriving  the  Fkient  of  a  +  cz  '  x  d»  *  \  «»  in  Terms 
of  the  original  flowing  Quantity  z  ;  which  will  afford  a 
Theorem  more  commodious  for  Practice  than  that  above 
given  :  The  Method  of  Investigation  is  thus. 

Let  ix  a+ez"\       X  Az+  B«^ + Cz3**"  +  T>zM" 

fefr.  (where  fa  «s  A,  B,  ^  &c>'  denote  unkaowfi,  but 
determinate,  Quantities)  be  aflumed  for  the  Fluent 
fought.;  Then  by  taking  the  Fluxion  of  the  Quantity  lb 
atfumed  we  flwtt  have 


dpiXm+ixz     zX a+cx*[   xAg  +  Bz      +  Cg        -f 

IH — '"      „4t^rt  P~l  - 

Vz     2*Mc.  +JXa+ ez"*       XpAz      z  +  p  —  v  X 
Kz*^~* k+fZ^ZxQz*~~~'  z  lie.  which  being  puttArt'8'xo- 

equal  to  the  gken  Fluxion,  a+lcz      X  iz         z,  and 

the  wkole  Equation  divided  hy  a+cz*    xdz      *,  there 
come*  out 


:h 


+a+£z*xpAzp+p-vxBz  "*+/>~ 2^xCz  "  yf# 

Whence,   by   colleding  the  Coefficients  of  the  like 
Powers  of  z,  we  have 


—z*  +      pakz    ,  *p—vxaBz*"~v 

Where,  comparing  p  +  n  and  r«,  the  two  greateft  Ex- 
ponents of  %y  wc  find  fzzm—nzzr — t  x  n  5  and  by  com- 
paring the  tu/q  next  inferior  Erpoatntsp^n~vi  and^,we 

Iikewife 


=0 


fc*V. 


« 
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like  wife  get  vzzn ;  which  Values  being  fubftituted  abtfte* 
our  Equation  is  reduced  to 

M+rXmAs    +w+r — iXjkBz      +w  +  r—  2XwCa^t 

—x   +       r—  iXozA*      +r-2XwBe       6fe, 

Where,  putting  jg-f  r=j,  and  comparing  the  Coe&J 

cients  of  the  homologous  Terms  *,    we  have  A  zr 

1     u  —        r^»iXflA  __  r — iXa 

Sc*      ~"       T^tXc     "*"      JxT^iXto**  C   =  — 

X*B  _    T^iXflSx^    D  =_  r-3X*C 


__    r^T  xT^2  X  r~^x  g* 

"~      ix;-ixi-axj — 3X«** 

which  Values,  with  thofe  of  />  and  a,  being  fubftituted 

in  the  affumed  Fluent,  it  becomes  dxa+cz**         X 


r— lxr^-ixaST         ^      tljc     truc     Fluent     of 


*— IX*—  2Xfa 


tf+ra?)  x/farff~,«,  which  was  to  be  determined: 
Which  Fluent  therefore,  when  r  is  a  whole  pofitiye 
Number,  will  always  terminate  in  as  many  Terms  as 
are  expreffed  by  that  Number ;  except  in  that  particular 

Cafe,  fpecificd  *m  thc  ,aft  Articic#    Thws»  if  '^'j* 

tne 
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the  given  Fluxion  be  a+ cz**    X  d*n    *£  ;  then,  $  *      , 
Q»+Q  being  =:j»+2,  the  Fluent  itfelf  will  become 

.  — ?r+i    ~ — : *+x 

ncXm+2 ^_     m+iXc  m%  X 


n 
CZ 


•a 
-  •  ;  which  is  exa&ly  the  fame  *ith 

m+2      m  +  ixm+i 

the  firft  of  thofe  found  in  Art.  83.  by  a  different  Method, 

T^c  like  Agreement  will  Hkewife  be  found,  when  r 

is  =  3 ;   But  when  r,   either  denotes  a  broken,  or  a 

negative,  Number,  the  Series  for  the  Fluent  will  then 

run  on  to  Infinity ;  becaufe  no  one  of  the  Multiplicators 

r— i,  r+-tr  r—  3,  r— 4,   &c.   can  in  that  Cafe  be 

equal  to  Nothing. 


85*  The  foregoing  Fluent,  it  may  be  obfcrved,  was 

found  by  afluming  dxa+cz  \       xAz+Bz     +Cz 
&c.  and  comparing  the  two  greateft  Exponents,  of 
the   Equation  thence   refulting :    But   if,    inftead  of 

Ajf'+Bsr^+CsT^tfftan  afcending  Series,  as  a/+ 

?*  »+?%  ft'9  fwhcre  **>*  Exponents  of  z  con- 
tinually mcreafe)  be  ukcn,  and  the  two  leaft  Indices 
of  x  in  the  Equation  (in  like  Manner  refulting)  be 
compared  together,  the  fame  Fluent  will  be  had  ac- 
cording to  a  different  Form,  which  will  be  of  good  Ufe 
in  many  Cafes,  when  the  foregoing  fails,  or  runs  out  into 
an  Infinite  Series.        ' 

Thus,  if  p+v9  p+iv,  &c.  be  wrote  In  the  Room 

°l  ^rY'/72?'.  ***  'cfpcaively,  in  the  firft  Equation 
of  the  laft  Article,  it  will  appear  that 


H 


-4- 


9f  .  ?2r  Manner  of  finding  Floents, 

+cn  x  jw-f  i X  %  x  A/+  B/**+  Ca'+1V  «r,  ? 

+* +<*' x^A*  +/+v x Bz*+f+Z£ x c/***  8V.  3 
Which  Equation  naajr  be  reduced  to 


r* 


lW-,+7Jx,A/fi-«»+ 


Where,  by  comparing  Ac  two  lcaft  Exponents,  tie*  p 


will  be  found  r;  r*,  v  =  « i   A  r=  —  =  -J-»  t  B  £2 


H«xm4  qx<?A  r.Hb^-f  IX  **A 

*xr+ix*rr       ~  J+^xi  ^ 

r+2Xiw       "~      rx'r+iXT+i'x***  ^ 

Therefore* deneDDg/+«  by  s  (as  above)  the*  Fluent  of 

"Y" 

♦•frs"'    x    i^^'^wfflf^^tetrtdyrcprdiintedhy 

JXa  +  c*[  .         X " 


— =r— csfo  or  its  Equal  .  A  ***^ 


J+ix«*      i+rxj  +  ayrV"- 

XI ===== +  -T=3JEI-~M= ~  {^ 

Which  Series  will  terminate  when  x  (or  r  -f  m)  is  a 
whole  negative  Number ;  and  therefore  in  all  fuch  Cafes 

the 


the  Fluent  is  exa&ly  determined ;   provided  r  be  not 
aifo  a  negative  Intigfet  hft  than  s ;   for  in  this  parti* 
cular  Circumftance  th4  Fluent  fails,  the  Divifor  firft  be- 
coming ecjiial  to  Nothing.     Vid*  ArU  83. 
The  Ufc  of  thfc  two  forgoing  general  Eipreffions, 


r«— l 


for  the   Fluent    of  d+ez"*    %  fo       *,   will    appear 
from  the  following  Examples. 

EXAMPLE    L 

bxx 
*6.  txt  it  te  rtitirtt  U  find  thi  FhtoU  tfT=Xrf  4r 

*  * 

By  comparing   the  Fluxion    here    propctfed    with 

a  +  cz*l  Xdzr*m~1i9  we  have  *=*,  *  =  !,  «=*,  »=f> 

«=— i9  dzzb%  rn— 1  (or  r— 1)  =  i  5  whence /-r=2, 
and  s  [r+m)  =  1 5  whereof  the  former  being  a  whole 
pofitive  Numbcfrjlet  fiHefi)  Values  tfe  therefore  fubftituted  in 


— ■  r   n   ■ , '  •  X  —         ._     vZTT  v  > 


rn—%n 

a% 


rM,tXr*-2x<,V'"3',  &.  "\r  thfc  firft  of  the  two  ge- 
Aefaf  EipfeBffoA*  fo?  (he  Kufcrit,  Aid  ft  wHl  Be&me 

QfcaBtty  ftfeg&Fin  tL  Gift. 


Ha  EX- 


i 


lOO 


T&e  Manner  tffnding  Fluent*. 


f 


EXAMPLE    II. 


87.   Let  tht  Fluxion  propofed  bt 


bxx 


3—1 


^7+y? 


or 


t+fx'^Xbx**"1*. 

Here,  by  proceeding  as  above,  we  have  a  —  a^c  rr/, 
x=A", w  =  «,  »=;— \y  ^=i,r-3,  and  j  (r+w)  = 
4 :    Whence,  by  fubftituting  thefe  feveral  Values  in 

the  jfame  general  Expreffion,  we  get  *x*+jx       x 

iff 


*« 


lax 


— +* 


2a*        __    bXb+fx 


F 


is 


EXAMPLE    III. 


88.    Wbtran  tbt  Quantity  prtpofti  it *,  «'■»   W 


/ 


i*+7}  *  + J-*}- 


Here  we  have  a  —  g\  c  =  ff  2  = jb  «  =  **  m  —  £, 

— 6+i\ 
rf=i,r»~i  (orir— 1)=*- 6;  whence  r(  = — j-^J 

s=  —  «£-,   and  x  (r  +  «)=  — 2j    whereof  the  la*. 

ter  being  a  whole  Negative  Number,  let  the  feveral 
Values  here    exhibited    be    therefore    fubftituted    in 

*+ 


1 


• 

T&e  Manner  of  folding  Fluents,  ioi 


(a+czM\ 


X  I  — 


a+czm\      xJtT  mm  _      s+ixcz      s'+iXM+2Xf* 


ma  r+ixa      r+ixr+ax#* 

&c.)  the  latter  of  the  two  general  ExprefBons  above 

5?^ 


derived*   and  it  will   become  - — ZZTr* * 


*  i »     ■■ 


i-=^£  =f+ff*V%-3£i   the  true  Fluent 
required. 

EXAMPLE    IV. 

t 

\  * 

89.  l#ftfy>  to  de  ghat  Fluxim  be  a—fi?\  x 

~—  2. «— 1 . 

Then,  0  being  =  *,  *s=— /,  m  =  i,  rf=*  i,rr=-|f 

and  the  reft  as  in  the  general  Fluxion  a  +  **"i    x 

A^'ij    we  (hall,   by  fubftituting  in  the   fecond 
Form  (becaufe  1  it  here  equal  to  (—3)  a  whole  ne- 

^jA     mln  —ax— -A* 

gativc  Number)  have  4""^,        ■   x  1  —      _^a 

5SSs£=Slxi  +  i&,  +  !fi" 

"~  iocmV* 

90.  Having  infilled  Iargelyon  the  Manner  of  finding 
fuch  Fluenu  as  can  be  truly  exhibited  in  Algebraic 
Terewi  it  remains  now  to  Uyforacthing  with  regard 

H  3  to 


IX; 


ta  thofc  other  Forms  of  Exprejfions,  involving  one  va- 
riably Quantity  ohly,  which)  yety  ar$  (o  affiled  bv 
compound  T^iyifors  fnd  radical  Quantities,  that  their 
FlueW  cannot  be  accurately  determined  by  any  Method 
wJHtffbpwr ;  tf  wfci<;b  there  w  jftpiimer»hie  KiP«>.  ; 
But  there  is  one  general  Method  whereby  the  Fluents 
of  fuch  ExprfJ&9r\3  art  approximated,  to  any  affigned 
Degree  of  ExtySti&fs  ;  namely,  the  Method  of  Imfinite 
Serus ;  which  it  will,1  therefore,  be  neceffary  to  ex- 
plain ;  fo  far  ?s  relates  to  the  M^npcr  of  expounding 
the  Value  of  any  compound  Fradion,  or  fijrd  {Quan- 
tity,  by  Help  of  fuch  a  Series. 

EXAMPLE    I. 


91.  Lei%  /*«i,  the  FraStitn  —  A/,  /ry?,  give*  \  M  fc 


converted  into,  an  Infinite  Series. 

Divide  the  Numerator  *»  by  thp  Benwftintfqj?  $r-i*, 
as  i%  taught  IP  Compound  Divifioq  of  common  Algebra  j 
^pa  .«fcS  9m^^  will  ftfjri *s  $^owm 

'>**        (-+*  +  §  +  £+** 

ax~-xx 


0 

-'P 

Where 


J 


Tie  Mooter  gfjkdlfqr  FXrtf£HT«.  103 

**  X*  X* 

Where  the  Quotient,  or  Scrfet  *  +  ^+~5  +  ^I  + 


*J        x* 


U.  infinitely  continued,  h  takjta  to  expound 

M  W 

the  Value  of  the  propofed$Ya£Kon   ** 


92.  But,  though  the  Series  thus  arifing  ought  to  be 
curried  on  to  an  Infinity  of  Terms,  to  have  the  true 
Value  of  the  Quantity  firf!  propofed  j  or,  though  the 
Quotient,  continued  to  ever  fo  great  a  Number  of 
Terms,  will  b^ftiU  fomething  defe<SUve  of  the  Truth ; 

Jet,  if  the  Value  of  the  Quantity  {*)  in  the  Numerator 
e  but  finall  in  Comparifon  of  the  Quantity  (a)  in  the 
Denominator,  the  Remainder,  after  a  lew  Terms  in 
the  Quotient,  will  become  fo  exceeding  fmoll,  as  to  be 
neglected  without  any  coftfiderable  Error  ;  and  then 
the  Value  of  the  WhqU,  or  of  the  Quantity  firft  pro- 
pofed, will  "be,  very  nearly,  exhibited,  by  taking  a 
final!  Number  of  the  leading  Terms  only. 

Thus,  for  Inftance,  Jet  the  Value  of  a  be  expounded 
by  10,  and  that  of  x  by  Unity  j  then  the  Remainder 

{-J  after  the  two  firft  Terms  of  the  Quotient,  bei^ 
tz  —  ,  this  Value,    divided   by  the   given    Diviftf 

(*— *=0  9»  ^9*Aerefor«givci=ftoiiiiiii,eirA 

90 

for  Ae  Defea,  by  taking  the  two  firft  Terms  only : 

But,  if  the  three  firft  Terms  be  taken,  the  Defea  wflj 

be  Jill  lefs  confidtrable  \  amounting  to  no  more  than 

-— t  or  0,001 1 1  in,  tstc. 
900 

This  mav  likewife  be  made  to  appear,  without  any 
regard  to  the  Remainder,  by  coUeAin*  into  one  Sum, 
the  Vtl«es  ef  all  die  Tean*  to  bfe  taken  r  For,  if  only 

•befcittr#G*  +  £)  bteropofri,  ft*  feat  «U1  be 

H4  S 


IQ4  The  Manner  ff finding  Fjluehts, 

ci,Ij  which,  deduced  from  the  true  Value  of  the 
given  Fraaion  ~-  f  =—  J   =    i,  1 1 1 1 1 1 1   fafc.  the 

Difference  will  come  out  com  I,  the  very  fam$  at  bin 
fort* 

Thus,  alfo,  by  colle&ing  the  Sum  of  the  three,  four 
and  five,  &V.  firft  Terms  of  the  Series,  you  will  have 
ijif;  1,1  ii ;  and  i,jiij  &c  which,  being  fuc- 
ceffively  deduced  from  i,ijiiiijij  &c.  (as  above) 
there  will  remain  0,0011 u  &V  o,cooji*i  &c. 
o,ooooiiii  fcfr,  for  thp  Errors  or  Defers  in  thofe 
Cafes  refpeflively. 

93.  From  what  has  been  faid  in  the  preceding  Ar- 
ticle it  appears,  that  Infinite  Seriefes,  in  Algebra  (ac- 
cording to  a  commoii  Obfervation)  arc  fipmar  to,  or 
correfpond  with,  Decimal  Fractions  in  common  Arith- 
rnetick :  For,  as  a  Decimal  Fraction  may  be  carry'd  on 
to  any  propofed  Number  of  Places,  however  great, 
and  yet  never  amount  to  a  Quantity,  which  but  a  very 
little  exceeds  the  Value  of  the  three  or  four  firft  Places ; 
{p  a  Series  may  be  infinite  with  regard  to  the  Number 
of  its  Terms,  and  yet  a  fewpf  tjie  leading  Terms  only, 
may  be  fufficient  to  cxprefs  the  Value  of  the  Wtole^ 
yery  nearly :  Provided,  always,  that  the  Series  has  a 
fufficient  Rate  of  Convergency,  or  that  its  Terms  de- 
crease in  a  pretty  large  Proper  tic  n ;  For,  pjherwife, 
stwi,  a  great  Number  of  Terms  rnay  be  ufed  to  little 


x% 


Purpofe :  Thus,  in  the  foregoing  Series,  *  +    rr   -f 

*j  tic.  if  x  be  taken  =z  4,  no  Number  of  Terms  will 
be  fufficient  to  exhibit  the  Value  of  the  correfpon<ling 
fraction  — »  it  being  infinite  in  that  Circumftance* 

• 

94.  {laving  endeavoured  to  (hew,  th*t  the  true  Va- 
Juc  of  an  infinite  Series  may  be  nearly  obtained  by  ad- 
ding together  a  few  of  the  firft  Terms  only,  I  (hall 
now  proceed  to  give  other  Examples  of  the  Manner  of 

con- 


The  Manner  of  finding  Fluents.  io^ 

converting  fra&ional,  and  furd,  Quantities  into  fuch 
Kinds  of  Seriefes,  in  order  to  the  Approximation  of  the 
Fluents  of  Expreflions  afie&ed  by  them. 

E  X  A  MP  LE    IL 

Let  the  Quantity  frepefed  be  the  Fraaim  .  <    -  ; 

then,  by  proceeding  as  in  the  firft  Example,  you  will 
have 

f  +  *y+f>* •  (i-^+Sjr  — ^r»* 


Where,  from  a  few  of  the  firft  Terms  of  the  Quo- 
tient, the  Law  of  Continuation  is  manifeft  *  the  Nu- 
merators being  in  Arithmetical  Progreffionj  and  the 
Signs,  +  and  — >  alternately, 

EXAMPLE    in. 

1+** 
.     95.  lit  tie  Quantity  given  be  - — 


Then  the  Quotient  will  be  1+*+  3**+4**+5**+ 
9*S+I4**&fe  where  the  Law  $f  Centtnuatwi  is  ma- 
nifeft ;  being  fuch  th*t  the  Coefficient  of  each  fuc- 
ceeding  Term  is  equal  to  the  Sum  of  thofe  of  the  two 
Terms  immediately  preceding  it. 


EX. 


io£        T&e  AUmer  of  finding  Fluents 

-     .  EXAMPLE  ]^# 

96.  Lit  thi  Radical  Quantity  vV+;r*  bt  propofed. 

Here,  according  te  the  common  Method  of  ex^ 
trading  the  Square  Root,  the  Procefs  will  ftand  aa 
follows : 


At 


*.» 


97.  The  La*c  of  CttitifttiiuiNi  iji  Sftfejes,  thus  arifing, 
from  radical  Quantities,  is  not  ea/ily  difcovered  :  But, 
if  you  would  cany  on  the  Series  to  any  propofed  Num- 
ber of  Terns*  ike  Work  will  be  a  good  deal  ftortned, 
by  dividing  the  Remainder  by  the  Divifor,  when  half 
tip*  Number  oi  Teems  ia  huud  (a*  in  common  Pi* 
vkwn)  w4  efefenring*  a*  the  £»e  time,  to  ncgje&  all 
(wjh  Tt  «M  wM«  fodicts  **uld  exceed  the  greateft>  or 
tfa*  gFfttaft  Pta  ike  common  Dtffceflce*  m  the  laid 
Remainder,  according  3*  the  whole  Number  of  Term* 
propofed  to  be  found  is  odd,  or  even. 

Thus,  if  it  were  propofed  to  continue  the  foregoing 

Series  a  +  --  — 5-3  to  6  Terms,  then  the  Divifor  N 

(or 


*  "    m 


/- 


The  Maw*  $  fodfag Twra*       if? 

X*  X* 

(or  double  Quotiept)  *ei*g**+  T*"??'    a°d   *C 

x6  *% 

Remainder -g^:  —  gj^**  •PP*™  ftom  .lhe  ltft  Ar- 

tide)  the  reft  of  the  Operation  will  ftand  thus : 

x%       ^*\  *6         *8    ,    /  **         5*'    ,    7*'° 

**      _** **° 

57  +  i6<i*      64** 


m    \.  I  HI 


j*'       *'• 


*"  64*'     ia8a» 
+  ^ 


Which  <l>r9*  Tenps  thus  found  being  added  to  thefk 

X*  x+  X6 

found  abo^,  we  have  a  +    —  —  jjr  +  jj£|  — 

-^?-r  +  -^i-r*  for  d*  6  frft  Terms  of  an  infinite 

Series  exhibiting  ft*  Value  of  V**^  *\  " 

98.  Another  W^  of  refolving  any  radical  Quality, 
M  to  afliime  a  Series  (with  upfcnoKA  Coefficients)  foe 
the  Vak^e  thereof  1  and  then  the  Series  fo  aJTumed  being 
raifed  to  thefecond,  third,  or  fourth  Power,  &c.  ac- 
CWJipg  ^  4?  Root  tQ  fee. extracted  is  a  fijxure,. £uhii\ 
or  biquadratic  one,  &V.  a&  Equation  will  be  obtained 
(free  frqaa  Sucds)  from  whence,  by  comparing  the  ho- 
iftoK^ous  TVnp,  the  a/Tuippd  Qo^flfcicru^,  and  cpiv- 
fequently  the  Scries  fought,  will  be  determined  ;  as  in 

EX- 


« 


io8  The  Manner  of  finding  Fiuents. 

EXAMPLE    V. 

ffb§r$  it  is  fnpefei  U  extr*8  the  Square  Root  *f 

41**+**"  in  Mn  Infinite  Series* 

In  which  Cafe,  affuming  A+Bjr^+Ca^+D*6'* 

+E*     &c.   for  the  required  Series,  and  taking  the 
Square  thereof,  we  nave 

A'+aAB^+aAC^+aAD^+aAE*8"**.!  L' 

+BV*    +2BC*6"+aBD*'"&fc.J-+8 

and  confequently 

A*    +aAB***+2AC*4"+aAD*<"+aAE*,V<.7 
-«*"—      »"+    BV^  +  aBC^'+aBDx^lS 


Therefore  A*— «  s=o,  aAB  — 1=0,  aAC  +  B*=o» 
iAD+aBC=o,  aAE+ aBD+ C*=o,  •  bft.    From  , 

which  we  get  A=«"  j   B  ^»-~^= — ;iC(= 

B»\  1  BC\ i_ 

aBD+C*\  c 

(=  —  '     „'a — )  = -^T.  **<•  whence  wc  have 

A+B^+C^+D**  I*.  (=  vV*+/")  =  «" 

•  /W./.  1S1  efmttrent&efAlgehra. 
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28  4fi  6»  t* 

+  i-  — :  i-  +  JL." SI-  fere.    Which  Se- 

ries,  if  *  be  expounded  by  Unity*  will  become  a  + 

—  —  0-5  Wc.  the  very  fame  with  that  in  the  pre* 
ceding  Article  found  by  the  common  Method* 

E  X  AM  P  L  E    VI. 

99«  Let  it  hi  required  to  refihe  a  +  bxn*    into  'em 

Infinite  Series* 

Here,  by  afliuning  A  +  B*  +C*  "+D#3"&r*.and 
cubing  toe  fame,  (ft,  we  have 

A*+3A*B#"+  3A*C*"+  3A»D*3"+  fcr,. 

—  a  —  fcr"       +  3 AB*i*" + 6  ABC*1"*  «jf<.  }  =  o 

+      B'*3"+  «,;• 

•  *   \  i 

Therefore  A  =  «T  j  B  (=  -j-J  a  — y,  C  (=« 
2!)=-iL.  pf_       6ABC  +  B'V     j» 


and  c&nftquently,  «+***'   (=A+B*"+C*    +  &V.) 
=  ,.  +  _.  »L_.  +  5£2L.  +  6rr. 


And,  in  the  fame  Manner,  may  the  Root  of  any 
other  Quantity  be  extraAed :  But  as  the  celebrated  Bi- 
nomial Theorem,  discovered  by  the  illuftrious  Sir  tfaac 
Newton,  is  .vaftly  more  eafy  and  expeditious,  in  railing 
Powers  and  extra&ing  Roots  than  that,  or  any  other, 
Method,  I  flull  now  explain  the  Ufes  thereof  j   bui, 

firft 


J 


'  t  to  ffc  Mdhflef  dfjhtJirig  VLVtatft. 

fifft  of  all*  it  may  no*  be  ajgifs  »  fhew_h&w_the_  Theo- 
rem itftl£  from  the  Principle*  of  Fluxions*  may  be  de- 
rived. 

Let,  tfetti,  1  +y  ttt  &  flihcrtlW  wte>fe  M  Ttfifi  1$ 
Unity,  and  its  fecoad  Term  any  propofed  Qyintity  f 5 
and  let  the  Quantity  to  te  expanded  or  thrdwn  infer,  a 

Series  be  i-f  ji  ;  where  the  Exponent  v  is  fuppofed  to 
denote  any  Number  whatever,  whole  or  broken,  po- 
fitive  or  negative. 

Now  it  i?  evident  that  the  firft  Term  of  the  required 
Sorted  lfcuft  ht  tJtfty  *  btctofc  wHtfi  j  it  ±fc  e*  thd  Other 

Terms  all  vanifh ;  and",  in  that1  Cafe,  i+y\  is  equal  to 

Unify  Let,  flrtrtfott,-  f  +  A/+ Ifr"  *c/+  D/ 
&c.  be  aflumed  to*xprt»  *W  tf*e  Vafetef  A*  ftfld 
Seriesj  or,  whith  » the  fan**,  let 

i  +  j|  =s  i  +  hf  +  By  +  G/  +  Dy  fcfe.  where 
A,  &,  C,  0,  to.  m,  »,  />,  f,  to.  denote  unknown,  but 
determinate  C^iamHJes  : 

TMn,  by  taking  the  Fluxion  of  the  whole  Equation, 


(fupffoiing  f  variable)  tfe  (half  have  v)  x  i  +  y\        = 


«— v 


fliiA/"1  +  «>»>  ~  +#ty      +  f>D/       to. 
Wftcnce,  intaltipIyMg  the  Sides  of  the  two  Equatfodb, 

crofs-wMfc,, an*  dividing  bf  y x  i+y)       >  there cotoes 

outT+j  X  mAf-1  +  n  fi/*"1  +pCf~l  +  J©/"1  to. 

zzv  +  vAy'+vBy'+iCf-pvDy*  (ft.  wBkfh,  by  Re- 
if  i* 


mhy       +  *»y       +/>©/     +*D>        to* 

*      4ifiAy"r    +»#/     +/CJ/-    to.  }=tf 

*.*       *»*Ay     **v#f    *-*&f     6fri 

Now, 


\ 


Vbe  Manne*  tfjhdmg  Fii.WfcNT**         fit, 

Now,  Jim*  we  ate  a*  Liberty  to  take  the  txpotitm 
of  f  what  we  will*  fo  at  to  anfwef  tk4  Coftitknte  of 
the  Equation,^*  fo  that  all  the  Terms,  hete  put  down 

mam    ^kuftuAlLtf    Ja&vw    m*.r*1\     a»K<*  •        £*£      thftl^.      f FlPr^« 
11181     nTQTIIVTrr     U  •■•*  •  f     »^r»«»    i^w^^m*  ,■       »•»      w^^^^^^      wivtk^ 

fore,  _be  fo  taken  that  the  Temtt  thftnfelves .  may  be 
homologous,  that  ir,  let  af— 1=20,  f!*-*al*M,  p-±tzin9 

S-i  =:/>,  &fr.    Then*  »r  being  at r,  ir=**  ^» jf  f  »*» 
^  if  thefe  fcveral  Values  be  fuhftitutat  above,  the 
Equation  itfeif  will  becom* 


Where,  taking  A— v=69  28+ A—i>Azz69  3C+  *8— 
^&=30,4JD-*-3(C— vCtd,  {ft,  fo'  thM-owi?  Cohitm 
of  homologous  Terms  ('and,  confequeittly,  the  whole 
Expreffioir/  may  vanifl^   we  alfo  get  Acv ;  B  (= 

trA— A       AxtMi"\  _  !E*J!ll2  •  '<?  f  —  *EE*~2& 


B*tl2)  =  wx^»x2^,^(^2£23e=3Cx 

3/  a  3      —      ♦ 

»-^3\  v^i      *— a     **-$     •     . . 

— —  J  =vx x x  — ■%  &i«&c. 

4   /   ■  a  3  4 

Whence,  by  writing  thefe  Vatoesy  wftfrtftdfe  of  at,  *, 
p,  f9  to.  in  tkrfier?*  J  -6  V,*^"*  c/  **•  firft 
affined,  w*i  at  tagtlv  fad  H^}  sc  1  -f.  tp-t-pt 

-T-  *  ^T"  *  J*  *  «**.  whichr  w**  to  be  iniaflr- 

gated. 

From  the  Series  here  brought  outi-  merf  Powtt  or 
Robt,  of1  any  othep  compound-  Quantity,  whether  B>- 
nomial,  Trinomial,  (sfc.  is  cafily  deduced ;  For,  if  p  * 
be  put  to  reprefent  the  firft  Term  of  any  fuch  Quan- 
tity, and  Q_  the  Quotient  of  the  reft  of  the  Terms  di- 
10  .  vided 
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vided  by  the  firft  ;  then  the  Quantity  itfelf  will  be  ex~ 
preffled  by  P+PQ.or*Px  t+Qj  and  the  v  Power 
thereof  by  P*  x  i  +  Qj     which  therefore  is  equal  to 

xi+wQ.+  — x— xQ!  +  -j-x— x  —  x 

■  »i<  ■ 


0!  +7  x^~  x— x^P3  x  Q!+»r.f  by  what  is 
i        %         3         ♦ 

juft  now  determined. 

But  when  v  is  a  Fra&ion,  as  in  the  Notation  of 

Roots,  the  Theorem  here  given  will  be  rendered  fome- 

what  more  commodious  for  PraAice,  if,  inftead  of  v, 

aFraftion  aa  —  be  fubftituted  \  by  which  means  it  will 


I     "■    iU' 


become  P  •  x  i+Q]  ■  =P  ■  x  l  +  —  Q.+  —  x 


,«g+7*-ir*— g+i;*— x 

1  X  QJ  +  &fr.  whofe  Ufe,  in   converting 

radical  Quantities  into  Infinite  Seriefes  will  appear  from 
the  following  Examples. 

E  X  A  M  PL  E    VII. 

I0O.  Wherein  it  is  prspeftd  U  txtrafi  the  Spurt  Root  ef 

a*  +  *%  in  an  Infinite  Series. 

« 

Here  the  Quantity  to  be  expanded  being  ax+x*\i>  or 
4  xi+— I  » ty  comparing  it  with  the  general  Form, 


aam . 

aa 


»% 


i+QlTf  we  have  P=z«%  Q^ 

and 
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and  »=2 :  Whence,  by  fubftituting  thefe  Values  in  the 
laft  general  Equation,  We  gee 

x-|  x?  +  i  x  -£  x  -|x  -; x^r  +  #<•  =  *  +  — 
~S?  +  ife-lfb  **     Which  Scrics  a«rccs 

exa£tly  with  thofe  found  m  iA*.  97.  and  98.  by  different 
Methods, 


EXAMPLE    VIII. 

101.  La  it  be  required  to  txtraft  the  Cub*-Reit  §f 
h*~ t*,  in  oh  Infinite  Series. 


Hen 


by  comparing  *T  x  1—77       V  =  F^?)  1 


/ 


with  P  "    x   i+Ql"  ,  it  will  be  P=A»,  Q.=  —  **» 
j»=i,  and  11=3:  Therefore,  by  Substitution,  we  get 

2»rpiT(=^XI_gJ>;--5xi  +  ,x_g  +  ^x 

1    7  J» ~~*— 

*x  pr+ix-|x-ix— J,  +}x-|x-jx- 


»•» 


«x- 
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EXAMPLE    IX, 

10a.  Lit  the  %ufntity  u  hi  convert* J  foe  an  I*fyif 

Serus  h$  >h-± . 

V  qx— xx 

In  this  Cafe  die  given  Quantity  being  fir#  transfpnned 

**^    *   *  lmm*     «*M  «^"j      tfytrvnft  torn* 

_        « 
pared  with  i+QJ-  ,  we  have  Q.=  —  j£,  «  =  —  r, 


'     **     -  -<• 


***;i  +  -i*--*x^*x^  **»,+  £  + 

m»  +  *6o»  +.*Ta8?  +  **•    WMch  therefor  mul- 

«^*v^.^  J +  £+$♦£$  + 

pofed. 

IQ3-  It  may  not  fa*  improper  te  obierve  bar*,  (hat, 
when  both  tfre  Teems  of  the  pftffipfed  Quantity  aj?c  af- 
firmative, and  its  Exponent  alio  affirmative  and  left 
than  Unity,  the  two  firft  Terms  of  the  equal  Seifa 
will  be  pofitive,  and  the  reft  negative  aad  pofitive,  al- 
ternately j  but  if  only  the  firft  Term  of  the  Binomial 
he  afirmative,  all  the  Term*  -of  the  Series,  after  the 
firft,  will  be  negative :  Moreover,  if  the  Exponent  of 
io  toe 
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the  %hftti  Quantity  be  negative,  titd  both  the  Terms 
affirmative,  the  Signs  will  change  alternately;  but  if 
only  the  firft  be  affirmative*  all  the  Terms  of  the  equal 
Series  will  be  pofove* 

Example  x. 

104.  Let  tht  S&anUtj  frtyofid  bi  tbi  Ttimmiat 

** +3**+ j*5!*. 

Here,  by  dividing  the  reft  of  the  Terms  by  th*  firfcf 

tfc.    <mr   given   Quartthy  b  reduced  to  **r  X 

i+ix+y}}*'  Therefore,  in  this  Cafe  Prt*1,  Q^ss 
2*+3*%  jwzrj,  and  «  =s  3 :    Whence    (by    Subftitu* 


•ion)  **+!*♦+ 3*stf  =*Xi+jx   2*+3*H  +  t  x 


-}x  2*+ 3**1     +fx1x-Jx  a*+3**|   ***•  = 

+     3         9     + — gr^  <*• 

Wtiich*  reduced  to  fimple  Terms,  k  St  *  «f  -—  -J. 
5*?     6«**  „ 

to)*  When  the  piDpofeo  £xpreffios  confifts  of  a  ra* 
tictoaU  multipl/d  bj  an  irrational,  Qjiantitt,  the  Seriea 
aiifwering  to  the  irratioitai  one  muft  be  finr  found,  ana  . 
afterwards  multiply '&  by  file  ffxtoiut  Qjramtty :  Butt  if 
two,  or  more,  cmMpnuml  irrational  Quantities  are  ttb# 
drawn  into  each  other,  then  take  the  Series  anfwering 
to  each  Quantity,  fcparately,  and  multiply  them  toge-  . 
ther  *  obierving,  always,  to  negleA  all  fuch  Terms 
♦k<fe  Indices  would  exceed  that  of  the  laft,  or  hjgheft* 

I  2  Term, 
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Term,  which  the  Scries  fought  is  propofed  to  be  oon^ 
turned  to* 


EXAMPLE    XI. 
\I06.  Let  the  Quantity  prepefed be  l  +  x  x  I—  #lT* 

Firffc  we  have  1— *)T*  s  x—  —  —  ■  °^  '-  — 

'  10       10x20 

-2 — 2 — — z —   — &Ct  Which,  mul- 

xo  x  20 x  30  .     10 x  20  x  30  X40  ^^  • 


.  t 

TV 


tiply'd  by  I  +x,  produces  1  +#x  1— #1        aae   X   + 

y_gfl«a_  9-49*3     9.19.69^  gj  =| 
ib   10.2O   10.20.30   10.20.30.40   •     ~ 
9^_29Jg>_t47^3  _  3933*4   yr 
10   200   2000  "~  80000  .. 

EXAMPLE    XII. 
107.  /5Ffor#  the  Quantity  to  be  expreffeJ  in  an  Infinite 

Siriisu  /.,  or  7— *T  X  **— **l    \ 


f  *# 


Here  we  have,  **— #*1    (*  x  *  *""  <m 


=  «   X 


1  +  i  x— ^+ix— ix— +ix-jx— }X  — -r 


X*         A?4  #6 


2*    ;  8«3       lOfl5 


An* 


i 


.  f 
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And<* 


^?p-*(=,-«  x  I—  J**  =  r-« 


I  +  "J  x  —  j  +-{xixp;  +  &Tc.  =  —  + 

Z?  +  fj  +  J$p  &c-     Whence,  multiplying  thefe 
two  Values,  one  by  the   other,    we  get 


5«  3  i  i  6 

16*7  ~  i6^J  ~  167?  ~~  l6?"r    x    *    +   ^    for 
the  four  firft  Terms  of  the  Series  fought. 

EXAMPLE    XIII. 

I08.  Ztf  /*/  Quantity  to  be  expand td  be  the  Multinomial, 

or  infinite  Series,  x  +  ax**"  +  a/**" + </+3"+ &fe.J| 
wfejfr  Exponent  v  denotes  any  Number  whatever,  whole 
or  broken,  pefitive  or  negative. 

Here,  dividing  by  the  firft  Term,  the  given  Quantity  is 
transformed  to  x*"x  i  +  a*+tx"+cxvt+jja+tfcJi 
which,  ifax+  bx  *+cxZ"  &c.  be  put  =jr,  will  become 
K     X  i+yj  ;  which  laft  Expreffion  (by  Jrt.qg.)  is  =s 


*      XI  +vy  +  TX    -—  X/+-X  —  X  * 


X  y%  +  &e*    Whence  (for  Brevity  fake)  putting  A=v, 

B=  —  x  -— ,C  =  —  x  x  — ,D  =  —  x 

I  3  v— I 


it?  Tl*  Manner  *f fading  Fivbnti* 


V— I 

% 


X  ■*nr-  X  — ~  y  '**•  ^  fatyUtuting  for  jr,  thflre 


1 1  .  w  > , 


come*  out  *>  +  a**4* +****"+  ex**3"  +  &&/  ^ 

X  **"**" +  A# + 2B«rf4.a8*f  -f  3C«V + 3c**" + 4D<*«* 

£  X  A  M  P  L  E  JflV. 

I09.  To  extras  the  Square  Rett  of  «*—■**,  and  from 

thence  to  determent  the  Fluent  of  x  va%  —  #%  in  an 
Infinite  Series. 

By  proceeding  as  in  the  foregoing  Examples,  the  Value 
of  vV — x%  in  an  Infinite  Series  will  be  found  to  be  a — 
x*         #*  x*  c*8 

2*       8<t*        i6*s        128*7  * 

r  j   u      •      •  •    ./~ *  *        ***         *** 

plied  by  x  gives  *  veF—xx  =  <wr —  —  -*-  rr\  — 

~jj ^gjr  fifr.    Whofe  Fluent  therefore  (by  ^ 

77.)  19  ==  ax  —  7 —-•  — . rr  —  fcfo 

Which  was  to  be  determined. 


EX- 
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EXAMPLE    XV, 

m 

1 10.  Let  it  he  required  to  approximate  the  Fluent  of 

9 

It  appears,  from  Example  i29  that  the  Value  of 
?*~***   ,  exfrreflal  ill  a  Scffe*,  is  £    ,  J? i_ 

therefore  multiplied  by  x  x,  and  the  Fluent  taken  (k 

Hn         ^     ' '  '  i 
$e  cwnmott  Methtd)  we  get  , ,  -**     -  +  "T3  —  3-3 

*+f  x*  ** 

"+1  "  «+< 

£_.  +  3*    _«_ ;    jl  iZ!  + 

»+3       I?  ~"  4«» "~  8A  x  «+S 


1 4.  EX. 
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EXAMPLE    XVI. 

III.  Whtrm  it  is  propofed  to  approximate  tbt  Fluent  rf 
in  a  Series. 


Here,  if  A  be  put  =  v.  B  =vx~,  C=wX—- 

x  ~2,D=vX^x  !!=?x  213,^.  the  Quantity 

—  -      *• 

/  +  «/*"  +  ixt+U  +  cxt¥v  Vc\    expanded,  will 

be  s  *~  +  hax         +   23  +  57+*         .+ 

_  * 

+  D*+  x  #         +  £-fr.  as  appear*  from  Art.  108.  There- 
fere  (his  Expreffion  being  multiplied  by  x      x%  and  the 

■ 

Fluent  taken  (as  ufual)  we  fhall  have  - 


fVi-m 


Aaxr^J^  ■  A*+B«*  x  *' 

■  + .  1  1  _i_ 

pv  +  mtt-n       pv+m-\-%n  ~ 

^  +  »  +  3» 

A^-f  aBgf  +  B£»+  3Cg*i+Dg*  X  x?"*"*** 

pv  +  m  +  4«  +  6fc.  for 

the  Quantity  propofed  to  be  found* 


SEC. 


SECTION    VII. 

QftbeVfe  of  Fluxions  in  finding  the  Areas 

of  Curves. 


I2t* 


112, 


L 


C,A  IE    t 

E  T  ARC  U  a  Curvt  of  any  Kindwbofe  Or- 
dinate or t  perpendicular  to  an  Axis  AB. 

Imagine  a  Right-line  HLg  (perpendicular  to  AB)  to 
more  parallel  to  itfelf  from  A  towards  B ;  and  let  the 
Celerity  thereof,  or  the  Fluxion  of  the  Abfcifla  A*,  in 
any  propofcd  Pofition  of  that  Line,  be  denoted  by  hi: 

Then  it  will  ap- 
pear, from  Art*  4- 
that  the  Redangle 
(bn)  under  bd  and 
the  Ordinate  £R, 
will  exprefs  the 
correfponding  Flu- 
xion of  the  gene* 
rated  Area  abR  : 
Which  Fluxion,  if 
Ab—Xy  and  bRzzy, 
will  therefore  be 
^yx :  From  whence,  by  fubftityting  for  y  or  *  (ac- 
cording to  the  Equation  of  the  Curve)  and  taking  the 
Fluent,  the  Area  itfelf  will  become  known. 

CASE    II, 

til.  Lit  ARM  bt  any  Curve  wbofe  Ordinate*  CR,  CR 
are  all  referred  to  a  Point  $r  Center . 

Conceive  a  Right-line  CRH  to  revolve  about  the 
given  Center  C,   and  let  a  Point  &  move  along  the 

faiJ 


ft* 
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faid  Line,  to  as  to  trace  out,  or  defcribe  the  propofed 

Curve  Line  ARM* 
Now  it  is  evident,  that,  if  the  Point  R  was  to  move 

from  any  Pofitio/i  Qj>  without  changing  its  Diradion  and 

Velocity,  it  Would 
proceed  along  the 
Tangent  QS  (in- 
ftead  of  the  Curve} 
and  defcribe  Areas 
QiC%  QSC  .  about 
ttw  Center  C,  pro* 
porttorial  to  the 
Times  of  their  De- 
fcription  j  becaufe 
thole  Areas,  or  Tri- 
angles, having  the 
fame  Altitude  fCP  J, 
are  as  tbt  Bafe^  Qi 
and  QSy  imd  thefe 
are  as  tile  Times,* 
bdtaufe  the  Mq- 
s  fionfft  the  Tangent 

(upon  that  Supposition)  vfould  be  uniform. 

Hence,  if  RS  be  taken  to  denote  the  VaJud  of  (i) 

the  Fluxion  of  the  Curvd  Line  AR,  the  correfpdnding 

fluxion  of  the  Area  AR(J,  will  be  truly  repfefentdd  by 
•  Art.  %  the,  uniformly  generate**  Truagle  QCS  *  :  WhJth, 
%ad  5*     putting  the  Perpendicular  (CP)  draw*  from  Che  Center 

OSxCP 
to  the  Tangent,  =2  x,  will  thejrtfere  t*  (  a  —  ■  •■      ■■  3C 


sx 


—  j  from  whence  the  Area  Itfelf  my  be  determined. 

But,  fince  fa  many  Cafes,  the  Value  of  z  cannot  be 
computed  (from the Propcrtyof  (he  Curve) without fome 
Trouble,  the  two  following  ftxyfefttfi*,  for  the  Fluxion 
of  the  Area,  wi}l  coMAnly  be  foojtd  m#re  commo* 


.»a 


dious,  vi*.  ~  and  —  \  where  $  a  RJP  and  »  as  the 

Arch  BN  of  a  Cirde,  dVftrfoed  about  At  Oetfter  C,  at 

any 
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any  DHHrtce  <f  (ctCB).    Tbefe  Expreffiorts  are  de- 
rived from  that  above,  in  the  following  Manner;  w*. 

i:}:\  y  (CR)  :  t  (RP)  *  ;  therefore  k  =z  %  ;   and  •a*)* 

confequently  ~  =  — }  which  is  the  firft  Exprefljbn. 

Again,  becaufe  the  Celerity  of  R  in  the  Direction  of 
the  Tangent  is  denoted  by  «,  that  in  a  Direftion  per- 
pendicular to  CC^  (whereby  the  Point  R  revolves  about 

CP 

the  Center  C)  will  therefore  be  (=  q^  X  £)  •   =  •Ait.35, 

—j  which  being  to  (i)  the  Celerity  of  the  Point  N 

(about  the  fame  Center)  as  the  Difiance  (or  Radius) 
CR  (y)  to  the  Radius  CN  (a)  we  (haU,  by  multiplying 

ask 

Extremes  and  Means,  have  —~~y*i  and  consequently 

*  • 

2  r=  —  ;  which  is  the  other  ExprefBon. 
2       20 

The  Method  of  applying  this,  together  wfth  the  pre-, 
ceding  Forms,  will  appear  at  large  from  the  following 
Examples  :  Wherein  *,  y,  *,  and  u  are  all  along  put  to 
denote  the  AWciffa,  Ordinate,  C«rve*HAe»  and  the  Aw* 
re!pe£ively,  unleik  where  the  contrary  is  exprefsly 
fj*cified. 

^  EXAMPLE    I. 

r 

1 14*  Let  k  he  prepofid  ft  determine  the  Area  of  *  right* 

angled  Triangle  AHM. 

a 

Put  the  Bate  AHx^o,  the  Perpendicular  HM=i ;  and 
let  AB  (x)  be  any  Portion  of  trie  Bafc,  considered  as  a 
flowing  Quantity,  and  kt  BR  (y)  be  the  Ordinate,  or 
Perpendicular,  correfptoding : 

Then, 


I 
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Then,  becaufe  of  the  fimilar  Triangles  AHM  an< 
ABR,  it  will  be,  a  \  b ::  x  :  y  =   -j  .    Whenqc   ^ 


Ait.ii*.  (the  Fluxion  of  the  Area  ABR*)  is,  in  this  Cafe,  sb 

bxx 

—  ;  and  confequently  the  Fluent  thereof,  or  the  Are* 

tA*77.  itfclf  ^  j£  .  .  ^^  ^^fo^  wh<?n  ^-^  md  BR 

2a 

coincides  with  HM,  will  become  —  s-  — «* = 

2  2 

the  Area  of  the  whole  Triangle  AHMi  whfth  we  alfa 
know  from  other  Principles, 

EXAMPLE      II. 

I }  3.  Lit  tbi  Curve  ARMH,  whofe  Jna  you  would \§ndy  $* 

the  common  Parabola. 

In  which  Cafe  the  Relation  of  AB  (x)  and  BR  (%) 
being  expreffed  by  y%—ax  (where  a  is  the  Parameter) 


«   1 


lArt.112.we  thence  get  y  =  a  x  5  and  therefore  u   (  =  yx%\ 

=  <?V* :  Whence  u  =  ?  X  *V=  J  *V  x  x=  \yx 

(b^aufe 
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11 

(bccaufc  aV  =  yj  =f  x  AB  x  BR :   Hence*  Par* 
hbisj*/*  Re&mgU  of  the  fame  Baft  and  Altitude* 


The  Area  is  here  found  in  Terms  of  x  5  but  it  will, 
many  times,  be  more  eafily  brought  out  in  Terms  of  y 
(without  radical  Quantities)  as  in  the  very  Cafe  laft 

prbpofed :  Where  x  being  =s  — y  we  therefore  have  xzz 


a 


—  I  and  consequently  u  (yi)  =:  -" :    Whence  u  =: 

~=?^7  =  ?^  =  !xABxBRi   tbtfamt 
3*         %        a        3  T  '        J 

as  btfirt*  j 

EXAMPLE    E 

Il6.  Lit  ARM  (fie.  At  t netting  Figure)  It  a  Para- 
Ma  ef  any  Kind-,    wbtrtef  tbt  general  Equation  h 


y       zza  x . 

Therefore,  by  extracting  the  Root,  or  dividing  each 


n 


Exponent  by  m+ n9  we  have  j  5:  a      x  x      %  whence 

9  u 


t±&  TbiVficf  pLUxroKs 


if(yi)ma      x»x      *  and  vrnfapmatif  *  (0»  tfat 


Fluent,  or  Area)   =  n*"*"*  X  - 


+  i 


i  s  -— .  x  ftr  ~  —    )4 

m  +  aii  «+2if       y  m+a* 

AB  x  BR. 

No  Notice  has  been  yet  taken  of  any  conftant  Quan- 
tity to  be  added  to,  or  fubtraded  from,  the  variable 
One,  firft  found,  in  order  to  render  it  complete, 
able  to  the  Observation  in  Art.  78. 

But  that  no  fuch  Corre&ion  is  required  in  any  of  tb* 
mcediqg  Examples,  is  evident  from  the  Nature  of  the 
figure  j  becaufe,  when  *  and  7  are  nothing,  the  Area 
(uj  ought  alfo  to  be  nothing,  which  it  a&ually  is  ac- 
cording to  the  Equations  above  exhibited. 

The  Fluent  found  in  the  fuccceding  Example)  will* 
however,  ftand  in  need  of  a  Correction. 

EXAMPLE    IV. 

117.  Where  it  is  prepefed  to  find  tbe  Arm  *f  the  Cttx* 
ARH,  whofe  Equation  is  *♦ — *V+*y  =  O. 

Here,    the  given  Equation    is    reduced    to  y~ 

*  *«* —  **lTt  athencA  ii  t  fi  «*1  —  **  — '  **T  X  *x 

•Art.77*  Whereof  the  Fluent  (by  the  common  Rule  *)  i*  — 


infeding  Areas. 


IVf 


i 


*  '  :  Which,  when  *=o  and  «=<>,  beconjes  — 
3* 

—  5  this  therefor c/ubtra^frcpn—fZIfLL,    leaves 

^_£nfJfer  ike  FkiMt  centOed,  or  the  true 
S     ,      3« 

Value  gf  die  Area  AfiR  +.  #Art78. 

When  tf»  Ctafeate  PR    f  1!2EZ)     become* 

eqta)  to  Nothing,  and  B  coincides  with  H,  then  *  will 
become  =<j=AH;  and  therefore  the  Area  of  (he  whole 

EXAMPLE    V. 
lit.  L*  k  h  **quirti  *  dttvmkv  tb*  Jrm  tf  dm 
.  hyperbolical  Cunu  wheft  Equation  is  km   /    — 


0 


Mf* 


-t« 


Ik  thi»  Cafe  we  hare  y  = 


"pel  *»iw 

s7"    x*"7*1 


and 


ia8  TJkUftofFLvxiom 

and  therefore  u  (=7*)  =  a  *  x  x  *  i:  Whofe  Fluent 


sco,  will  alio  be  =0,  if  n  be  greater  than  m:  There- 
fore, die  Fluent  requires  no  Correction  in  this  Cafe ; 
the  Area  AMRB,  included  between  the  Afrmptote 
AM  and  the  Ordinate  BR,   being  truly  denned  by 

w     **      /    the    Quantity     above    determined* 


But,  if  n  be  lefs  than  m,  then  the  Fluent,  when  *=o, 

being  nega-» 


=) 


will  be  infinite  (becaufe  the  Index 

mfn 

tive,  o  becomes  a  Divifor  to  na      :  7  Whence  the  Area 
AMRB  will  alfo  be  infinite. 

But,  here,  the  Area  BRH  comprehended  between  the 
Ordinate,  the  Curve,  and  the  Part  BH  of  the  other  Afymp- 

tote,  isfinite,  and  will  be  truly  expounded  by 


the  fame  Quantity  with   its  Signs  changed.    For  the 

Fluxioa 


i 


H 


i 

i 
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Fluxion  of  the  Part  AMRB  being  a      xx      x9  that 
of  its  Supplement    BRH  siuft   consequently  '  be  — « 


1— M 


a  •  xx  9  i:  Whereof  the  Fluent  is  —  a      ** 


m 

I— — 
n 


-m    "  **  *    =  theAreaBRH:    Whichwants.no 

m— n 

Corre&ion ;   becaufe,  when  x  is  infinite,  and  the  Area 
BRH  =  o,  the  laid  Fluent  will  alio  intirely  vanifh, 

feeing  the  Value  of  x  *    (which  is  a  Divifor  to  a  *  ' 
is  then  infinite. 

EXAMPLE    VI. 

119.  Where  let  it  be  required  to  determine  tin  Area  of 

the  circular  Stfior  AOR. 

Then,  putting  the  Radius  AO  (or  OR)  =  *,  the 


Arch  AR  (confidered  as  variable  by  the  Motion  of  R) 
s  su  and  Kr  =  z,  the  Fluxion  of  the  Area  will  here 

K  be 


.* 


I  JO  TbeUJe  qf  FLv*U>ns 

•Aitirj.  be  exprdfcd  by  — ■  ( = the  Triangle  ORr  * :)  Whence 


the  Area  hfctf  is  =  — -:?AO*&AR:  From  which  k 

2 

appears  that  the  Area  of  any  Circle  is  expreffcd  by  a 
Re&uigle  finder  half  the  Circumference  and  half  tht 
Diameter, 


EXAMPLE    VIL 

120.  tVherein  if  is  propofid  to  determine  the  Area  CBA& 

ef  the  UgaritbmU  Spbrak 

Let  the  Right-line  AT  touch  the  Curve  at  A ;  upon 
which,  from  the  Center  C,  let  fall  the  Perpendicular 
CT :    Then,  fince  by  the  Nature  of  the  Curve  the 


Angle  TAC  is  every  where  the  fame,  the  Ratio  of  AT 
(t)  to  CT  (s)  will  here  be  conftant :  And  therefore  the 

•Aif»ii3. Fluent of-x£*  =  -x  -    ss    the    Area  which 

£2*4 
was  to  be  found* 


££. 


i 


fn  jin&htg  Areas. 


»1« 


EXAMPLE   VHI. 

121.  Lit  the  Curve  ARM  be  the  hvektie  tf  a  give* 

Circle  AOQ. 

In  which  Cafe  the  intercepted  Part  Vf  the  Tangent 
RP  (t)  being  every  where  equal  to  the  Radius  CO  (a) 


•f  the  generating  Circle,  we  therefore  have  <JP  (s)  m 
•CR^-kp)  tz  t/jW:    Whence   i  (=#  *  W»y 

21       / 


a* 


^~~*  — ^!-5  «nd  consequently  *  ss  ^     *  !    _ 

6a      x"*"- 


a* 


CP»        , 

gg£  =  the  required  Area  ACR : 

Which  will  alfo  exprefs  the  Area  ARO  generated  by 
tbe  Radius  of  Evolution  RO ;  becaufe,  RO  being  sc 


K  a 


the 


i^%  Tie  Ufe  of  Fluxions 

•Amu,,  the  Arch  AO,  the  Seaor  ACO  (i  AO  X  OC  •)  i* 
equal  to  the  Triangle  CRO  (±RO  x  OC)  which  equal 
Quantities  being  fuccdftvely  fubtta&cd  from  C  ARO, 
there  remains  AOR=ACR. 

EXAMPLE    IX. 

122.  Lit  the  Curvt  CRR,  whoft  Ana  CRgC  you  would 
find)  be  the  Spiral  */~  Archimedes.  s 

Let  AC  be  a  Tangent  to  the  Curve  at  the  Center 


C,  about  which  Center,  with  any  Radius  AC  (=*) 
flltpofe  a  Circle  hgg  to  be  defcribed ;  then  the  Arch 
(or  Abfcifla)  A;  correfponding  to  any  propofed  Ordi- 
nate CR,  bring  to  that  Ordinate  in  a  given,  or  con- 
ftant,  Ratio  (iuppofe  as  m  to  n)  we  have  x  {Pig)  — 

2L;  therefore  i  =  ^-  =  •—,  •»*  confequently  « 
•Aft.113.  *     .  %a         tan 


-  %  =  the  Area  CRR*C. 


£Xw 


in  finding  Areas, 


33 


EXAMPLE    X, 


13?.  Let  tht  Etfuatim  rf  tbt  Spiral  CRR  (fit  th*  loft 
Then,  *  being  =  h  +  attf  +  3^  +  49'i  +  »a 

v  24/  JU?  ia  2tf 


+  422  +  y,,  ^4  therefore  u  =  £-    -    *** 


20 


20 

» 

ST  +  TET  + 

*?-  +  —    tftf.  =  the  true  Value  of  the  Area  in 
this  Cafe* 

EXAMPLE    XL 

124*  Lit  it  h$  fmpofed  to  find  thi  Ajna  if  a  Sum- 

iirdi  AREH. 

Here,  putting  the  Diameter  AHrtf,  AB=x,  and 
BR  =7  tiV.  (<w  *>*/;  we  have  /  (BR*)  =  **—** 


( AB  x  BH),  and  <?onftquently  *  (yx)  =  *  y/a»—xx  = 


t  1 


4  *  *  x  1  —  ~|  :    Which  Expreffion  not  being  of  the 

Kind  defer  ibed  in  ;£*.  83  and  85.  that  admit  of  Fluents  in 

K  3  finite 


1 24-  7^  C^i  ^  Fx.wxio.ns 

finite  Terms,  let  it  therefore  be  refolded  into  an  In- 

*    ft 

•Art.  90  finite  Series  *   and   you  will  have  u  =  0***    jt    x 

tod  99*    '       '      »       '  1     .*  >* **         *  ^     »  ^r  * ■  ■  ■■ 


*.    *. — r 

-j-  -*■  ^  **  -jgp  tf*.  Fron*  whence,  the  Fluent  of 
every?  Term  btijg  taken,  according  to  the  common 

Method,  there  will  come  out  «  =  «>  x  £L  _  f_ 

^__ _, 3  S* 

'       I  1  ~  _ 

L— £  —  -£*  — -~ 2~  -»  6fc.  =  the  Area 

3       5*       28*-       72a1      70444 

ABR.    Now,  when,  x  =  {  a ,    the  Ordinate  BR  will 
coincide  with  the  Radius  OE ;  in  which  Cafe  the  Area 

Incomes  =  i  a/jdwx  \  -*•  ™  *—  T**  -db  tj*  ~ 


tt£*t  Wr.  =  ■  a  ■-  x    0,6666  —  0,1  —  0,0089  ■*- 

b,bp  17— 6,6004  fefr.  =  of  1964^1*  j  which,  multiply'd 
by  2,  gives  0,3928a*  for  the  Area  of  the  Semi-circle 
AEH,  nearly. 

As  the  foregoing  Series,  in  finding  the  Area  of  the  I 

whole  Quadrant  AOE,  converges  but  flowly,  a  con* 
fiderable  Number  of  Terms  ought  therefore  to  be  taken 
to  have  the  Conclufion  but  tolerably  exaft,  the  five 
firft  Terms  above  colleded  being  Sufficient  to  bring 
put  no  more  than  three  Places  of  Figures  that  can  be 
depended  on.  For  which  Reafon  it  may  be  of  Ufe  to 
confider,  whether,  by  computing  the  Araaef  feme  par- 
ticular Portion  (ABR)  of  the  (aid  QuadifcnMhat  of  the. 
whole  may  not  be  deduced  \  where  x  being  fmajl  in 

com- 


■i 


1 
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cottparifon  of  a,  the  Series  mwf  l|arc  toh  a  Rati  of 

Convergeacy,  that  a  (bailer  Number  of  Terms  will 

be  fufficient  •.  *-**•§*• 

Now,  in  order  to  this,  it  i? .  well  known  that,  if  the 
Arch  AR  be  taken  =?£AB  (or  30  Degrees)  the  Sine 
BR  will  be  =  i  AO;  and  ccttifeq gently  AB  (x)zzAO 

— OB=AO— •OR*^BRxj  which, if  theRadtus  AO. 

be  expounded  by  Unity,  (to  facilitate  the  Operation) 
will  be  =  0,1339746  very  nearly :  This  therefore,  with, 
the  Value  of  a,   t>eing  fubftkuted  in  the  forementioned 

^^^M^B  0%  ^0  ^ 

Series,  vWx~*--t- -~ -—=  t—   «c.   we  hwe 

3        $a       28* 

0,0693505  x  Oj666$666— 0,0133975 — 0,0001603  <-— 

0,000004a  —  &c.  ==  0,0693505  ^  0,6531046  = 
0,0452931  c=  the  Area  A  BR  :    Which  added  to  the 

Area  OBR  (  =  ©B  x  *BR  2=  V\  xi  =  0^165063}. 

$\es  0,2617994,  for  the  Area  of  die  Sedor  AOR* 
e  treble  whereof,  *r  0,7853982  (becaufe  AR  ==  TAE) 
will  therefore  be  the  Content  of  the  whole  Quadrant 
AOE  :  Which  Number,  found  by  taking  four  Terms 
of  the  Series  only,  u  true  to  the  I  aft  Decimal  Place. 

This  Conclusion  may  be  othenrtfe  brought  out* 
by  finding  a  Series  for  the  other  Part  of  the  Area,  in- 
cluded between  the  Radius  OE  and  the  Ordinate  BR  * 
wherein  the  Co- fine  OB  (Tnftead  of  the  verfed  Sine  AB) 
will  be  the  converging  (or  variable)  Quantity. 

For,  putting  OBp^,  and  QR  (OA)  =  *,  we 

* ■ •  •  1 

ktve  y  (BRjbv'OR*  —  JOB*  =7T=r?|r.    and 
confequently  (yi)  the  Fluxio'n  of  the  Area  OBRE  *  =  •Art.m. 

Z2L5  &(.     Where*  the  Area  fcftU-  U  «=  **  —  rr  —  -  t 

t$6b9  6*  ' 


4S5 


'  __   x7    _   5*"    _    7*"    H 
ii2*»      1152*'       28l6*»     e' 

K  4  Now, 


k 


a 


k" 


i  36  TteUJk  of  Fluxioks 

N<w£„tf  *  fOB*  te  *ffun«*l  =  i  AO  (fo  that  the 
Arch  ER  may  be  =  \  AE)  and  the  Value  of  *  (AO) 
be  expounded  by  Unity,  we  (hall  hare 

*'    (  =,'  x**=  J^3i25)  5:  ,007*125 

4 

*»    (=*^x**^~^  =  ,0019531  + 
( =*»  x  **=  y)  =  ,0004883  — 

£*. 

Which  Values  of  the  Powers  of  *  being  rpfpedively  di- 
vided by  6»  40,  112,  1 152,  2816,  &c.  there  wiU  refult 
0,5000000  —  0,0208333—  0,0007812  —  0,0060698 
-*■  0/)0p0085  r—  0>00000I2  —  0,0000002  &c.  =' 
•^4783057,  for  the  Area  OBRE  in  the  forementioned 
Circumftance,  when  OB  =  \  OA :  From  which,  de- 
ducting the  Triangle  OBR  ( =  v^.x  J  =0,2165063) 
the  Remainder  ,2617994  will  confequently  be  the  Area 
of  the  Sedor  EOR  *  the  treble  whereof  (becaufe  ER 
ip,  -here j  =  £  AE)  will  give  the  Area  of  the  whol^ 
Quadrant,  0,7853982;  as  before. 

EXAMPLE    XII. 

t 

X2<.  Let  the  Curve,  wbofi  Area  you  would  find,  be  the 
Cijftid  of  Diodes ;  whereof  the  Equation  is  y%  = . 


*  1 

*    *        —  * 'X 


•Aim*.     %e  we  have  u  (yx  •)  =  ~f= 


a 
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*     r* 

1±  x  j~  U    ;  Which  being 

a 


that  admit  of  Fluents  in  finite  Terms  *,  let  it  therefore  •££** 
be  rcfolvcd  into  an  Infinite  Series,  and  you  will  have  *=•■*** 


X     X 

X 
% 

a 

XI  +  - 

x      y* 

+  1&  + 

35** 
128a4 

Whcnc 

I 

=  -^x 

« 

5. 

4. 

*     X 

+  17 
itfelf) 

i. 
j.  3*  * 

will  coi 

ne  out  = 

-'A 

f  w<. 

e»(the 

Area 

4* 

t 

5 

i 

7« 

t 

I2a* 

88a1 

+  £*.= 

*      2 

* 

X* 

I3Ui»  + 

5** 

88? 

+  &t. 

EXAMPLE    XIII. 

136.  £4  tbepropofed  Curvt  CSDR  &  a/yitfA  0  Nature, 
that  (fufpefing  AB  Unity)  the  Sum  of  the  Ana* 
CSTBC  **J  CDGBC  anjweringto  any  two propoftd 
AbfdJTas  AT  am/  AG,  jhaU  be  equal  to  the  Area 
CRNBC  whofe  correjponding  AbfciJJa  AN  drawn  into 
AB  is  equal  to,  AT  x  AG,  the  Produfi  of  the  Mtafuret 
of the  two  former  Abfajfas. 

Firft,  in  order  to  determine  the  Equation  of  the 
Curve,  (which  muft  be  known  before  the  Area  can  be 
found)  let  the  Ordinate*  GD  and  NR  move  parallel  to 
themfelves  towards  HF ;  and,  then,  having  put  GD=r, 
*•'."...  *       NRws, 


•  *  «  » 


*3&  The  Up  of  FtttxiONs 

NR  =  %x  AT  =  a9  AG  =  *,  and  AN  =s  »,^he  Fluxion 
of  the  Area  GDGB  wiit  b#  **prefcnterf  hyps*  *nd  that 


•An.**  of  the  Area  CFNB  by  **  * :  Which  two  Expreffions 
muff,  by  the  Nature  of  the  Problem,  be  equal  tb>  cacti 
other ;  becaufe  the  lattet  Area  CRNB  exceeds  the  for- 
mer CDGB  by  the  Area  CSTB,  which  is  here  con- 
fidered  as  a  conftant  Quantity  5  and  it  is  evident  that 
two  Expreffions,  that  differ  only  by  a  conftant  Quan- 
tity* muft  always  have  equal  Fluxions. 

Since,  therefore  ys  is  sr  sir,  and  «  :=•<»,  by  Hypithefis* 
it  follows  that  u  =  as>  and  that  the  firft  Equation  (by 
fubftitutiitg  for  u )  wUl  becooiev/  =  azs,  or  y  ss  **,  or 
Jaftly  «s=»w,  that  is,  GD  x  AG=NR  x  AN :  There- 
for*  GD  :  NR  : :  AN  :  AG  1  whence  it  appears  that  • 
every  Ordinate  of  the  Curve  is  reciprocally  as  its  cor- 
rafponding  Abfcifla, 

Now,  to  find  the  Area  of  the  Curve  fo  determined, 
putBC  =  *f  andBG  =  *,'  Then,  fince  hG ( 1  +  *) 

: AB  (1) : : BC  (b}:GD  ft)  *t  biwe  y=  j^, mi 

eohfequently  a  (  ^ji)  =;  ^j^  =  *  x  i— xx+x%i— 

i'i-F  *4  —  &c.     Whence.  PQDC,  the   Area  it- 
10       .  W 


fclf  witt be  =i*»-*£  +  jr-£  +  j  (sit.  Which 

was  to  be  found* 

It  may  beie  be  ehfenred  that  the  Areas  of  the  Spaces 
above  mentioned,  are  analogous  tot  and  have  the  very 
Jam*  Properties  as  Logarithm  ;  and  that  tbofc  Space*,  or 
Logarithms,  may  be  of  differen*  Forms  or  Values,  ac- 
cording as  you  take  the  Value  of  the  6xtt  QcdHtatp  BC^ 
which  ma*  be  aCumcd  at  Pkafure :    Thus,  if  BC  be 
taken  =  AB  =  Unity*  the  Curve  will  become  an  equi- 
lateral Hyperbola  wbofe  Center  is  A  (hecaufe  then  AG 
X  GD  =  AB1)  and  in  that  Cafe  they  are  called  hyper- . 
bolical  Logarithms :  But,  if  BC  be  taken  =0,43429448 
_ffo  that  the  Logarithm,  or  the   Area  of  the  Space 
CDGB,  anfweriag  to  the  Abfcifla  AG,  when  exprefied 
by  the  Number  10,  may  be  expounded  by  Unity,  of. 
AB*)  we  (hall  then  have  the  common,  or  Brignm  Form, 
of  Logarithms. 

From  thefe  Logarithms  (given  by  the  Tables)  the 
Buftneft  of  finding  Fluents,  is  in  many  Cafes,  very- 
much  facilitated:  Foc^if  the  Fluxion  given  appears  to 
agree  vijk  tie  Fhuci*n  o&any  known*  Logarithmic  Ex- 
preflion,  its  Fluent  may,  it  is  evident,  be  had  by  the 
Tables,  ready  calculated,  without  the  Trouble  of  an 
Infinite  Series, 

But,  now  to  know  what  Kinds  of  Fluents  are  ex* 
plipable  by  Means  of  Logarithms,  it  will  be  neceflary 
to  obferve  that,  the  Fluxion  of*  any  hyperbolic  Logarithm 
is  always  ixfirtffid  iy>  the  Fluxion  of  the  correfponding 
Number  divided  iy  tbat  Number :  This  appears  from 
above,  wherefyi^  the--Ffaxton  of  the  Area  (or  Lo- 
garithm) BGDC,  wJbcn  BCx  AB  =  J,  is  truly  reprc- 

lented  by  — — ;  where  1  +  *  (=  AG)  may  ftand  fof 
any  Number  whatever  \  and  x  for  its  Fluxion. 


Hence 


i4o  fbe-XJ/e  ef  Fluxions 

Hence  Ac  Fluent  of  yX- —  will  be  expreffed  by 

/  Vx%±a*        .  J 

the  hyperbolical  Logarithm  of  x  +  Vx*  ^  a* :  For  the 

Fluxion  of  (*  +  Vx%  ±  a1)  the  Number  itfelf,  being* 

**        _  *vV  j  «»  +  **  *  ,     ■ 

X  yV  -f  **+#,  this  laft  Quantity,  divided  by  that 
Number,  gives  *-»,■., »  the  very  Fluxion  firft 
propofed. 

It  alfo  appears  that  the  Fluent  of  .,    -  will  be 

truly  expounded  by  the  hyperbolical  Logarithm  of  a  + 
#  +  V%ax  +  x* :    Becaufe  the  Fluxion  of  the  Number 

w  ax  +  xx 

(*  +  *+v'2,*  +  **)ishere=*  +   ^  =* 


V^atfJr+jwr 


X  V2av  +  ##  +  *  +  x  >    which  divided 


x 
by  that  Number  produces 
7  Vxax  +  xx 


Likewife  the  Fluent  of  -r^i  will  be  reprefented  by 

a  4*  Jf 
the  hyperbolical  Logarithm  of  — ^ :    Beeaufe,  the 

«x  ^  »^-        ~  I  y  v /j4-y  lax 

Fluxion  of  ■    ■     %  being  ■   »*-  =^=5=3* 


„_-  *— XI 


if  the  fame  be  therefore  divided  by  \  we  fhall  have 

e—x 


lax         &—x  lax  2tfx 

LafHy, 


in  fnding  Areas.  Hl 

%&x 

Laftly,  the  Fluent  of       .   ,    ;  will    be    denoted 

by  the  hyperbolical  Logarithm  of    ■""*   !,zj  ;     for 

+#* 
hoe  the  Fluxion  of  the  Number  is      :  .  ■.  .'    x' 

^p2tf#x 
t»  ;    which    divided    by 

tf— vV+#*       •  _____   ^fzaxx 

*        give*      j.  *     =n        v 

*+yV±**  Yf±**x*+Vf±x*f  '    * 

«— •«?!** ""  VS±**xa  +  y/l?±xxx*—V  ax±xx 

:f-2axx  7MX  . 

=  j-y,,    _   ■   =  -—r=rr====,  the  Fluxion  pro- 

pofed. 

Thefe  four  are  the  prindpal  Form?  of  Fluxions; 
whofe  Fluents  may  be  found  from  a  Table  of  Loga- 
rithms of  the  hyperbolic  Kind :  WhichXabhe,  upon 
Occafion,  may  be  eiafily  fupply'd  by  a  Table  of  the  com- 
mon Form :  J  qr,  face  the  hyperbolical  Logarithm  of 
any  Number  is  to  the  common  Logarithm  of  the  fame 
Nusaber,  in  the  conftant  Ratio  of  Unity  to  0,43429448 
(as  appears  from  above)  it  follows  that  if  any  common 
Logarithm  be,  either,  divided  by  0,4.3429448*  or  mul- 
tiply'd  by  its  Reciprocal  2,30258509,  you  will  thence 
obtain  the  hyperbolical  Logarithm  correipQndjng. 

EX- 
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TbeXJfe  ^Fluxions 

m 

EXAMPLE    XIV. 


127*  Lit  itbertquirtd  to  dttermine  the  Area  c/tbt  Curvt  \ 
icbvfe  Equation  ha%y-~x%y--6*zzo* 


•Ait,"**  In  which  Cafe  y  being  tr   ^  ■  ■  if  we  hart  i  (—.?*)  * 


€ 

1 

' 

» 

*• 

_ 

A 

*                     ^ 

B 

M 

**       w*        dtf*      '#•'.* 

C&  <the<Ar*a  fought. 

But  the  fame  Area  (or  Fluent)  may  be  found  with* 
otit  an  Infinite  Series*  bv  Means  of  a  Table  of  Lo- 
garithms* agreeable  to  the  'Obfenratkms  in  the  laft  Ar- 
ticle: For*  fincc  it  there  appears  that  At  Fluent  of 


X — i  is  truly  expreficd  by  the  hyperbolic  Logarithm 

/        lax  \ 


of  — *,  k  follows  that  that  <rf~r-< 

will  be  exprefled  by  the  fame  Logarithm  multiplyM  by 
?a\    Thus  for  Example   fake*  let  *   (=AC)  be 

taken 


j 


JSnMng  Anas* 


a+M 


4skm  s  io,  a*d  x  (~AB)  ±=  s;  then  wffl^ss^ 

Vhofe  Logarirttto  taken  from  the  eommen  Trite 
is  ^4)71113*  **"«*  tawflt^lyM  bjr  the  MUklm 
2,30258509   (fee  the  laft  Artide)  gives  1*09861 2** 

a+'x  ' 
Logarithm  of  - — 3  and  this  again 


*43 


multiply'd  by  «J0  (***)  prc4ic«*  M-,930614  for  th« 
true  Value  of  the  Area  ABRC,  in  die  aforefiudCircum* 
**«<*>  *benACx:>o>»fi<iAB==  5.  •, 

EXAMPLE    XV.  X^ 

128.  When  tbt  trtptftd  Cunt  is  that  ubtfk  Equation  it 


Here,  "by  reducing  the  given  Equation,  we  get  jr  5S 


:  Therefore  jx  = 


a*x 


—  • 


• 

x 


Whence,  <he  Fhieot  of    ,,,"     %  being  =  hyperb. 

c 


•AittsV 


Log.  oJF#  +  V>+#*  (by  Art.  I26.)that  of  — —=. 

oflUoa&quttidy  be  sfc  did  fame  Logarithm  teidtipl/d 

But  to  find  Aether  the  Fluent  thus  determined  does 
ftcfttaeed  a  Correaion  j,  let  x  bt  taken  2=  o*  tteirthe  tXrt*t. 

Fluent 
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• 

5fifc  TJfe  gf  Fluxions 


Fluent  will  become  =  hyp.  Log.  * :  x  <?*:  Which,  there- 
fore, muft  be  Aibtra$ed,  to  have  the  true  Value  of  the 
•Ag,78,  Area  ACRE .»  ;  and  thea  there  refults  a*  x  hyp.  Log. 

*  +  vV-lV  rV  X  hyp.  Log.  6  =  ax  x  hyp.  Log. 

EXAMPLE    XVI. 

Iio.  Let  it  be  propoftd  U  find  the  Area  of  the  Hyperbola 
ABD,  and,  aUo  the  Ana  of  the  hyperbolical  Seftor 
CAD  ;  fnfpojaig  C  to  be  the  Center*  and  A  the  prin- 
cipal Vertex  of  the  Curvei 

Here,  putting  the  Semi-tranfverfe  Axis  C A  =:*,  the 
Semi-conjugate  ss  c9  and  CB  =  x  i  we  have,  by  the 


Property  of  the  Curve,  y  (=BD)  =  -^/ wmj 

and  therefore  u  =  jx  •  =  —  ^W  =  the  Fluxion 

a   ~ 

> 

lAit.ii*.  of  the  Area  ABD  % 

But  to  find  the  Fluxion  of  the  Setter  CAD,  it  is 
to  be  obferved,  that  as  the  faid  Se&or  is  =  CBD  — 

ABD  .=  &  —  u%  ito  Fluxion  will  theitforc  be  = 


-•  *• 


«.T  ' 


*  * 


a        2  ft        x 

by  fubftituting  for  y  and  i,  their  Equals  •-  v/j 


x*—a% 


and        /**      -,  is   at  lerigtK   reduced   to  —    * 


-  -  Whercbf  the  Fluent  (by  jfrK  126.)  is  ■— 

Yx%—a%  .  2 

K   hyp.  Log.  *  +  /*F— *? ;  which  dArre&ed  (by 
making  x=a)  will  tacdmrf  -  X  hyp*  Log.  *   + 

vV— .«*  —  ?  X  hyp.  tog.  *  =  —    X    hyp.    Log. 
*  +  ^fr^  *  *  A  the  ScAor  ADC  j  Whi«i,fabba£W 


Hto=i^-(  =5£2L§3-rf  Ae  T*ht»gte  ABO) 

learet  "■■»  >  ■,i»i':'  ■ —*?  x  hyp.  Log.  '-< . — * — 

tortlie  reqpiired  Afta  of  die  tfyptrbola  A6I). 


EXAMPLE    XVII. 

» 
•   -  * 

130.  Let  the  Curve  propofed  bt  tht  EUipfu  AEB. 

Then,  putti**  the  fhrtrfVerfe  Axis  AB#^  and  tht 
Conjugate  (aCEj  =:  c ;    we  fhall,  by  the  Property  of 

the  Curve, have  s  (J3S!)  =±  4  V«  — jftrf  and  there- 

0 

*  '  '  '         -  "*  " 
for*  srfow/  tiix*  /**  —  xx  tz  the  Fluxion  of 

theAmAAD. 

£  But 
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%be  Vfe  of  Fluxions 


But  x  ifax—xxis  known  to  exprefs  the  Fluxion  of 
the  corrcfponding  Segment  AD»  of  the  circumfcribing 


D     B 


Semi-circle;  whofe  Fluent  is,  therefore,  given,  by  ArU 
1*4 }  which  being  denoted  by  A,  that  of  — x  *  Vax~x% 

will,  confequently,  be  =  ^  x  A.     Hence,  the  Area 

of  the  Segment  of  an  Ellipfis,  is  to  the  Area  of  the 
corrcfponding  Segment  of  its  circumfcribing  Circle,  as 
the  leffer  Axis  of  the  Ellipfis  is  to  the  greater ;  whence, 
it  follows  that  the  whole  Ellipfis  muff  be  to  the  whole 
Circle  in  the  fame  Ratio. 

EXAMPLE    XVIII. 

x  ii    La  tb*  Curvt  AR  &c.  wbofi  Ana  CARS  y*u  wo^li 
*         /hi,  b$  tbi  Conchoid  of  Nicomedes. 

Whereof  the  Equation  (putting  BC  =  «,  and  RV 
#=  AC)  =  b)  is  #V=7+71xxP^?  (Fid.  jfrt.57) 


Which,  by  Rcdu&ion,  becomes  x  = 


i/3s- 


r 


in  finding  Areis, 


HT 


£ 


D 


^^^ 

R 

H      •»    / 

• 

v/ 

F 

G 

/    s 

' 

f 

9 

B 

V**—f:    But*  to  bring  It  dotfn  to  a,  jMB1,  m«re 
ample  Form,  make  Vb*—f  (= SV)  =  *;  then/  = 

vi*  —  a* ;   whence,  by  Subftitution,  *  =    j 
+  xj  and  c6nfcquently  *  =    , 


Vb%—Z% 


x  oft 


^—a* 


+  i=s 


Z^x^*^?  +*-*»*-.,•  x/F^ 


z 


5  +  ij 


and  therefore  *  (>*;  a  •**_  **x         ,/  *  , 
i         ab*z             . 

But  now,  to  exhibit  the  Fluertt  hereof;  upon  C,  as  a 
Center,  With  the  Radius  AC  (b)  let  a  Quadrant  of  a 
Circle  AED  be  defcribed,  and  let  RH,  produced,  meet 
the  Periphery  thereof  in  E,  alfo  let  EF  be  parallel  to 
AC,  and  let  CE  be  drawn  :  It  is  evident  (becaufc  CE 
<CA)  =  VR  and  EF  =  RS)  that  CF  Is  alfo  =  VS 

=  «;  and  therefore,  EF  being (=  l/CE*  —  CF4)  =s 

t^**— V,   it  appears  that  k  i/V—z*  (the  fecond 

L  a  Term 


tt* 


The  Ufc  of  FhV xi*hs 


Term  of  our  given  Quantity)  exprefles  the  Fluxion  of 

the  Area  AEFC  :   Whence,  if  to  this  Area  (found  by 

the  Table  of  Segments)  the  Fluent  of  the  firft  Term 

ab*i  T  b  +  z 

tAit»6,  f_ g»»  <*  *e  hJP«  **>8>  of  J^T£»  x  *  ***>  **  addcd» 

the  Sum  wiH  be  the  whole  Area  ARCS,  that  was  to  be 
determined. 

EXAMPLE    XIX. 

» 

132*  Let  it  bt  required  to  determine  the  Area  ASRA 
included  by  the  common  Cycloid  ASM  a»d  in  generating 
Semi-circle  ARH. 

Put  the  Ra*ut  AO  (or  RO)  =  *,  the  Sine  BR  =jy 
tfe*  Co-itne  OS=^  and  the  Arch  AR  (  5=  RS,  by  the 
Property  of  the  Cycloid)  sz  % :  Then  AB  being.  =  a 


ABO 


—  x9  its  Fluxion  will  be  —  * ;  whence  («)  that  of  the 
•  Art.111,  Area  ARS  is—  —  %i*.  Now  to  fjuad  the  FluaU  there- 
of, makq  ivx-iwr  .(.=  thej  Fluent,  if*  19s  con« 

ftantj 


ht  jkdfag  Areas. 


*4* 


ftant)  then  w  being  sr  —  %x  —  xi  *,  we  flull  have*****  j 

m  I  =2  —  zx)    =  w  +  *«*      But  ( by  Art.  35. )   * 
(AR  Fluxion)  :>  (BR  Flaaioh)  : :  Radius :  Confine  o£ 
the  Artgle  ARB,  or  itt  Equal  ROB  : :  OR  (a) :  OB  (x):       • 
Therefore,  by  multiplying  Extremes  and  Means,  We  get 

xk  —  aj:  Wheiice,  by  Subftifutiori  *  (  =  <w+xi)  rub 
+  a)  \  and  confequently,  by  taking  the  Fluent,  u  =s 
Uf  +  9«--«pf  v  =  AO  x  BK^BO)i,A^=. 
the  Area  ARS. 

Heftce  it  follows  thai  th«  Arei  (AEFA)  when  k& 
cftiacktea  with  the  Radius  FO*  b  barely  -  AO  x  *t> 
=  AO1 :  And  that  the  whole  Arei  AMHFA  is  truly 
defined  by— ARH  x  —  OH,  ot  t%  ARH  x  GH;  that  S 
by  four  tines  the  Area  of  the  generating  Semi-circle. 

EXAMPLE    fcxl 
13 p  Lttth  Ciirti  priptfij  be  tbt  CateHtrw  DA$. 

Then,  drawing  BS  and  Jr  parallel  to  the  Axis  AC, 
and  AS  and  tbn  perpendicular  ;<y  the  fame ;  aid  making 
(as  ufual)  Ac  =  x,  cbzzy  and  Abszz,  we  (hall  have,  by 


r  *  "*"  *  — <%  and  *  =  -^^=5:  Fkmb  which  the 

L  3  Value 


r 

J$Q  T&e.  Xtfe  of  Fiuxions 

•AK.135.  Value  of )  (which  in  all  Curves  is  =  V*-  — ***•) 
will  here  be  found  =  x  S L*        ***~  _  ./ZE1 

/«*+**  *    *W*  ^'*  multiplied,  by  vV  +  **  —  « 


«V 


(.-  &;  give,  ai  -.  ^==g  (  ^  the  Rectangle  S*) 

f  Aitiu. * L*?  Fluxion  of  the  Are*  A/4  f.    From  whence,  by 
taking  the  Fluent,  the  Area  itfelf  is  found  =  «,-<? 

I4rt.»6.  *  £p.  £tf ~^  t :    Which  therefore  de- 

duaed  from  the  Refangle  sc  (zzyx=zy  Va%+%%—ay) 
leaves  j^v^T?  ~  ^  _  tfz,  +<f*  x   /#.   £v. 

r*-^j ■  for  the  required  Area  Ah.  But,  fincp>=; 

^===  we  have,?:,,  x  **.£«.  ll^L+Xi 

whence,  by  Subftitution,  the  Area,  at  laft  comes  out 
=  y  vV  +  %x  —  az>  or  zz*Vc*  +  %%  x  £#.  Zqrt 
*  +  V>  +  ** 

Scholium* 

134.  At  the  Beginning  of  this,  and  in  the  preceding 
Se£tions,we  have  feen  how  the  Fluxions  of  Quantities  are 
determined,  by  conceiving  the  generating  Motion  to  be- 
come uniform  at  the  propofed  Pofttion ;  according  to  the 
I  Art  a.  true  Definition  of  a  Fluxion  § :  But  hitherto  no  parti- 
cular Notice  has  been  taken  of  the  Method  of  Incre- 
m*nts9  or  indefinitely  little  Parts,  ufed  (and  miftaken) 
by  many  for  that  of  Fluxions  :  In  which  the  Operations 
are,  for  the  general  Part,  exaftly  the  fame ;  and  which 
(tho*  left  accurate)  may  be  applied  to  good  Purpofe  in 
finding  the, Fluxions  themfelves,  in  many  Cafes.  For. 
Which  Rcafons  it  may  not  be  improper  to  add  here  a 

9  few 


in  finding  Areas.  i£I 

a'  few  Lines  on  that  Head,  to  (hew  th*  Beginner  how 
the  two  Methods  differ  from  each  other j  especially  as 
we  (hall  be  enabled,  from  thence,  to  draw  out  fome 
Conclusions  that  will  be  of  Ufe  in  the  enfuing  Part  of 
the  Work. 

It  hath  been  frequently  inculcated  in  the  foregoing 
Pages,  that  the  Fluxions  of  Quantities  are  always  mea- 
fared  by  bow  much  the  Quantities  them/ekes  would  be 
uniformly  augmented  in  a  given  Time.    Therefore,  if  two 

B        / 

+— 1 •••• V— 


M 


V 


N 


Quantities  or  Lines,  AB  and  CD  be  generated  together, 
by  the  uniform  (or  equable)  Motion  of  two  Points  B 
and  D,  it  follows,  that  any  two  Spaces  Bb  and  Dd 
aftuatiy  gone  over  (whereby  AB  and  CD  are  aug- 
mented) in  the  fame  time,  will  truly  exprefs  the  Fluxions 
of  the  generated  Lines  AB  and  CD :  Whence  it  appears 
that  the  Increments  (or  Spaces  a&ually  gone  over)  and 
the  Fluxions  are  the  fame  in  this  Cafe,  where  the  gene- 
raring  Velocities  are  equable. 

But  if,  on  the  contrary,  the  Velocities  of  the  two 
Points,  in  generating  the  Increments  M*  and  Nrf,  be 
fuppofed  either  to  increafe,  or  to  decreafe,  the  Lines  or 
Increments  fo  generated  will,  it  is  plain,  no  longer  ex- 
prefs the  Fluxions  of  AB  and  CD  ;  being  greater,  or 
lcfs  than  the  Spaces  that  might  be  uniformly  defcribed,  in 
the  fame  Time,  with  the  Velocities  at  M  and  N. 

If,  indeed,  thofe  Increments,  and  the  Time  of  their 
Defcription,  be  taken  fo  exceeding  fmall  that  the  Mo- 
tion of  the  Points  during  that  Time  may  be  confidcred 
as  equable,  the  Ratio  of  the  faid  Increments,  will  then 
exprefs  that  of  the  Fluxions,  or  be  as  the  Velocity  at 
M  to  that  at  N,  indefinitely  near  j  but  cannot  be  con- 

L  4  chived 


yrHw  Cafe*. 

Bene*  w£  fe*  that  the  Different^  Metbqdy  which 

generated)  as  we  do  upon  Fluxions  (or  the  Space*  that 
wigk  In  ynifamty  generated)  diU&xs  little,  or  f4t)uflgt 
(torn  t^e  tytetftod  of  FUi*ioh$,  except  in  the  Ma/u*er 
gfe  Co^psption,  and  in  Point  of  Accu/acj*  wherein\ 
it  appears  detective  :  And  yet  it  ia  very  (pertain,  the 
ConcluGons  this  Way  J  derived  are  mathematical!}  true  ; 
which  has  afforded  Matter  of  Wonder  to  fom* :  B>ut  the 
Reafon  why  they  are  fo  is  very  eajbly  explained.  For, 
although  the  whole  comfUie  Increment  is  actually  un- 
derftood  by  the  Notation  and  firft  Definition  (of  this 
Method)  vet  in  the-  Solution  of  Problems  the  cxadfc 
Meaftice  tnexeof  is  not  taken,  but-only'  that  Part^of  it 
which  would  arife  from  an  uniform  Increafe,  agreeable 
to  the  Notion  of  a  Fluxion  ;  which  admits  of  a  ftrid 
Demonftratiqn ;  But,  aftcu  ail,  ^Differential  Method 
(as  one.  Advantage  above  that  of  Fluxions,  which  i»» 
we  are,  not  there  obliged;  to  introduce  the.  Properties  of 
Motion.  Since  we  reafon  upon,  the  Increments  thern- 
£lvc$,  and  not  upoj*  the  Manner  in  which  they  may  ha 
generated* 

It  has  been  hinted  above,  that,  though  the  IncrcnjenJs 
of  Quantities  are  noj,  Jlrifl/yj  as,  tfce  FlttxiQjis*  yet 
from  them  the  Ratio  of  the  Fluxions,  njay  be  deduced  i 
arid  it,  appear;  that,  the  fmaJUr.  thQfe  incrernfinta  are 
ta^en,  the  nearer  their  Ratio  will  approach  to*  tjiat  of 
$Jie  fluxions.  Therefore,  if  we  can,  by  any  Means* 
find  the  Ratio  to  which  the  faid  Increments,  by  con- 
ceiving them  lefs  and  kfs,  do  perpetually  converge,  ao4 
vihich  tfiey^Tnay  approach,  before,  they  vanj&,  neater 
than  any  aflignable  Difference,  that;  Ratio  (called  here- 
after, for  Diftincftion  Sake,  th*  Ratio  limiting  that  of 
the  Increments)  will  be,  JtriBly*  that  of  thf  Fluxions* 

This  will  more  particularly  appear  fcoro  the  fojiontr 
ing  Inftanccs ;  wherein  the  Manner  of  deriving  the 
Ratio  of  the  Flu*ion$,  from  that  of  the  increments, 
is  flxe\«n, 

••• 


I**  lM  it  biproUfo?*  domain*  lbs  Rati*  if  lb$ 

Fluxions  tf  x  and  x\ 

Now,  if  x  be  fuppofed  to  be  augmented  by  any 

Qpanqty 


(**)  wifl  besitigpieigtd  to*  W  =  jp*  +  txx  +  xx  j 

whence  the  Increment  of  x%  will  be  txx  +  xx±  which 

therefore  is  to  (x)  the  Increment  of  x%  as  zx+xtoi 

Hence,  bacat*fe  the  Jefler  x  is  taken,  the  never  this 
Ratio  approaches  to  that  of  %x  to  i,  which  is  its  Limit y 
the  Ratio  of  the  Fluxion*  will  therefore  be  expiefled  by 
that  of  tx  to  i,  or, « whkph  is  the  fame,  by  that  of  ixJk 
to  x  {as  in  An*  6 ,) 


9°f  £rf  /A/  Ratio  of  tie  Fluxions  ef  #  and  p*  S* 

rtquind. 


ThiP,  if  x  be  angogientedtQag-fy,;  x*  will  he  a*g« 

mentcd  to  #  +  #  =  *    +w      *  +  ~^  x   — ^ 

99.   Whence  the  Increment*  of  *  an<)  x  will  be  to. 

.      ,  «— x        *      » — t    »— *'  t    » 

e^ch  other  as  1  tq  *r        +  —  X     ■■  ■» «#      #+, — » 

xi=^xlZl?V^3^^.     Where  the  finaJlei 

# 

*  is  tabes*  the  nearer  the  Ratio  will  aporoft&b  to  that 


IJ4 


The  TJfi  ^"Fluxions 


»-i 


of  i  to  nx       i  which  appears  to  be  its  Limit :  There- 

fore  this  laftRa  tio,  or  that  of  x  to  nx      x9  is  the  Ratio 
of  t|&e  Flu*ion3  required,     (Fid.  4rt.  8. ) 

30.  Let  it  be  propofed  to  determine  the  Proportion  of  the 
Fluxions  of  (be  Sides  AC  and  BC,  of  a  right-angle^ 
plane  Triangle  ABC  }  fuppofing  the  Perpendicular  AB 
to  remain  invariable. 


If  Cd  be  affumed  to  reprefent  any  Increment  of  BC 
apd  D//,  the  correfponding  Increment  of  AC  ( =  AD) 
the  Ratio  of  thofe  Increments  will  be,  univerfally,  ex* 
preffed  by  that  of  the  Sine  of  the  Angle  CDd  to  the 
Sine  of  the  Angle  DCd  (by  plane  Trigonometry)  and  thp 
kfs  the  Increments  are  fuppofed  to  be,  the  nearer  will 
tjie  ^ngle  CDd  approach  to  a  right  one,  or  to  an  Equa- 
lity with  B  ;  which  is  its  Limit :  And  the  nearer  will 
DC  J  approach,  at  the  fame  time,  to  an  Equality  with 
BAC.  Therefore  the  Ratio  here  limiting  that  of  the 
Increments  is  that  of  the  Sine  of  B  (or  Radius)  to  the 
Sine  of  BAC  :  Which  alfo  exprerfes  tfcat  of  the  re- 
quired Fluxions.     (Fid.  Art.  35  J 

In  the  fame  way  the  Proportion  of  the  Fluxions  of 
other  Kinds  of  algebraical  and  geometrical  Quantities 

max 


Winding  Arejts.  i^ 


may  be  inveftigated ;  but  it  will  be  unnecefiary  to  dwell 
longer  upon  this  Head :  I  {Jiall  therefore  only  add  one 
other  Obfcrvatlon  from  Hence  (which  will  be  of  ufe 
hereafter)  relating  to  the  Value  of  an  algebraic  Fra&ion, 
in  that  particularCircumftance  when  both  its  Numerator. 
and  Denominator  become  equal  to  Nothing,  of  vanifh* 
at  the  fame  time.  Which  Value  (it  follows  from  above) 
will  be  found  by  dividing  the  Fluxion  of  the  Numerator  by 
that  of  the  Denominator. 

For,  fince  the  Value  of  any  Fradion,  in  that  Cir- 
cumftance,  }s  to  be  looked  op  as  tfce  limiting  Ratio  to- 
wards 'which  its  two  Terms  converge,  before  they  v?« 
jiiih,  and  feeing  the  Fluxions  are,  always,  exprefled  by 
that  Ratio,  the  Truth  of  (he  Rule,  or  Pofition,  U 
manirefh 
-  An  Example,  however,  may  not  be  improper : 


x%— a% 


Let  therefore  the  Fraction  ■  ^    be  propounded,  to 

find  the  Value  thereof  when  xzza.  In  which  Cafe, 
the  true  Value  fought,  or  the  Fluxiqn  of  the  Nume- 

O.XX 

rator  divided  by  that  of  the  Denominator,  is  a   — r* 

zz7*'=.%a.  And  that  this  is  the  true  Value,  may  be 
confirmed  by  common  Divifion,  whereby  the  Fra&ion 
propofed  is  reduced  to  x+a  $  whole  Value  when  xzzefo 
p  therefore  =zia>  the  very  fame  as  before. 


SEC- 


ll« 


The  Ufi  of  F*L0xioms 


SECTION    vin. 

The  Ufe  of  Fluxions  in  the  Retfifiaitwn,  or 
finding  the  Lengths,  of  Curves. 


C  A  S  t    I. 


*35- 


ptu 


T     ET  ACG   be  a  Curve  of  any  Kind  wbofi  Or- 
I  /  dinaies  are  parallel  u  them/eioes  ana  per- 
dkular  to  *  ~ 


the  Axis  AQ; 


If  the  Fluxion  of  the  Abfcifla  AM  be  denoted  by 
Mot,  or.  by  Cn  (equal  and  parallel  to  Mm)  and  no, 


equal  and  parallel  to  Cr,  be  taken  to  reprefcnt  the  cor- 

refponding  Fluxion  of  the  Ordinate  MC ;  then  will  the 

•  Art.48  Diagonal  CS  (touching  the  Curve  in  C  *)  be  the  Line 

and  49*  which  the  generating  point  (p )  would  defcribe,  was  its 

Motion  to  become  uniform  at  C  (Fid.  Art*  48  and  49. ) 

which  tine,  therefore,  truly  exprefles  the  Fluxion  of 

t  Art.  »•  the  Space  AC  gone  over,  according  to  the  Definition  +. 

Hence,  putting  AM =*,  CM  =7,  and  AC=z,  we 

have  £  (  =CS  =  VCji^+S**)  =  •*•+/  ;  from 
which,  and  the  Equation  of  the  Curve,  the  Valine  of  z 
may  be  determined. 

CASE 


: 


k 


in  fin&ng  tbt  Lengths  of  Curves, 


CASE    IL 

136.  Lit  *H  tbt  OnButit  rf  ib*  frtgfti  QtrU 
ARM  it  rtftrrtd  to  a  Center  C. 

Then,  putting  the  Tangent  RP  (intercepted  by  the 
Perpendicular  CP)  =  f,  the  Arch  BN,  of  a  Circle  de- 
fcribed  about  the  Center  C=*$  the  Radius  CN  (or 
CB)  =*,  Utt*  (VuLJrt.  UJ.J  wc havei  :>;:/  (CR) 


*tf 


:  /  (RP#)  and  consequently  £  ts  — :     From    whence* Art. 3 5. 

the  Value  of  s  will  be  found,  if  the  Relation  of  y  and 
*  i«  given. 

But  in  other  Cafes  it  will  be  better  to  *o A  from  the 
following  Equation,  viz.  k^y/*+  ££.  yHYiag 

is  thus  derived. 

Let  the  Right  Line,  CR,  be  conceived  to  revolve 
atom  the  Center  d  then  fince  the  Celerity  of  the  ge- 
nerating 


Iq8  TAe  Ufe  of  Fluxions 

aerating  Point  R  in  a  Direction,  perpendicular  to  CR  M 
to  (x)  the  Celerity  of  the  Pbirft  N,  as  CR  (y)  to  CN 

(* J  it  will  therefore  be  truly  rtprefented  by  — :  Which 

being  to  (y)  the  Celerity  in  the  Diredion  of  CR,  pro-* 
•Adduced,  as  CP  (s) :  RP  (t)  •  it  follows  that^  :  /  i> 

s1 :  i*  :  Whence,  by  Compofition/-^-  +  i*  :  >*  ::  J* 

+  l*  (j*):txi  therefore^-*    +   j*  =    ££,     and 


tonfequently  \/y~  +  ia  (  =  —  )  =  **  as  was  to 

be  (hewii. 

But  the  fame  Conclufion  may  be  more  eafily  deduced 
from  the  Increments  of  the  flowing  Quantities*  accord- 
ing to  the  preceding  8ch61ium. 

/ 

For,  if  R/fjy  rm  and  N*  be  aflumed  to  reprefent  (%, 
# 
y  and  x)  any  very  fondl  correfponding  Increments  of 

AR,  CR  and  BN*  it  will  be  as  GN  {a)  :  CR  (j)  :: 

lc  (the  Arch  N»)  :  the  fimilar  Arch  Rr  =  '-•    And, 

if  the  Triangle  Rra  (which,  while  the  Point  m  is  re- 
turning back  to  R,  approaches  continually  nearer  and 

nearer  to  a  Similitude  with  CRP)  tfe  cOfifidered  as 

/. 
re£!ilirteal>  we  (hall  alfo  obtain  a*  (=Ri»*=:Rr*  +  rm%) 

i 

»*  x%      ' 

ss  ^-£-  +>*  :.  Whence,  by  writing  i,  *  and  }  for 


z,*and/  (according  to  the  Scholium)  there  comes 

y*x% 
out  i*  =  **-»-  +  i%  «  *5/>r/*  - 

EX- 


in  finding  tie  Lengths  of  Ctirves* 
EXAMPLE    I. 

137.  Let  the  Curvt  ARM  wboft  Length  is  fiugbt>  be  tbi 

Semi-cubical  Parabola. 


i 


Whereof  the  Equation  being  «**=/,  or  #=  ^ 


*S9 


1 


we  thence  have  *  =  2L?:  Whence  *  (=  •$*+***)  •Art.135 


la 


=  %/^+^=iiLSS..     Whofe 

4*  V 


Fluent 


(found  by  the  common  Rule)  isiiiSZL.      which. 


27a 


correded    ( by  making  J  =  o )     becomes    4*+y. 


*7 


a7 


£X- 


» 

ijS.    Zrf    rAr   £»«*  proofed  be   a  Pardbitd    if  Mi 

Then  #  s  -^T  being  a  general  Equation  to  all 
a 

ftnefeof  Parabolas,  we  here  have  *  =   2 — I    and 


a 


therefore  «  (J=/j«+£»)  r  V    /+   22 =L  _ 


ixi  + 


— if 


:    Whofe  Fluent,   univerfally  ex- 


prefled  in  an  Infinite  Series*  is  y  +  rrrrr J^z; 

a«— i  x  2* 

But,  when  am  —  f ,  the  Index  oF  y9  in  the  given 
Flufoii,  it  either  equtA  to  tfffty,  or  to  aiiy  +tiptofPart 
of  it,  the  Fluent  may  be  accurately  had  ift  finite  Terms* 
by  Article  &++  • 

Fori  by  PttMnr  -a-Lj  a  v,  tfttfl  -*«    =5  ^  orf 


c 


JL 


firA  platf* 


r*kc*d  to  1+9*  I  X  >;   Whicji  being  compared 
7  with 


ft- 

in  ^finding  the  Lengths  of  Curves.  lt$i 


with    a  +  cz\   xdz        «,  the  general  Expreffion  in 
the  forefaid  Article*  we  have  a  sr  i,  £  =:  f,  »  rs  — 9 

j»=  i,  a  =:  I,  *  —j',  r»  —  1  z=  o*  or 1=0$ 

1/ 


whence  r  ==t>*  *  (f  4-  >»)  =  v  -f  \  ;  and  confcquently 


1 

•1  r«— an 


MMi 


«J  X  tf  +  fg  '  ^         _  r~lXtf2  +  fcfc.  •  •  Art.  844 


*  +  OLJ 


X  z*       — 
snc  1  j—  1  x  * 

£  — - — — 


=!        -* "V 


r-  x/     - 


v-'Xf      "-A 


*  +  —  W~*  X  ' 

aw 


«— 3 


y-ixy-raxy, tfft  =.  the  FIuint  ^ 

W  — £X  W— |X«* 

J+^I  X  >  ;  wliith  Wa*  tb  M"  cfetermiherf,  a&4 
which  will  (k  is  plain)  always  terminate  in  v  Terms, 

when  v,  or  its  Equal  »   is  a  whole  pofitivc 

Number. 

•  lb  -f  i  r     \       . 

If (derived  from  Q  zz  1  be  fubfti-* 

20       v  2»— 2/ 

tuted  for  its  Equal  »,  the  Equation  of  the  Curve,  will 

be  changed  to  ax*v  —j  1 5  which,  if  0  be  expounded 
by  f ,  2,  3,  4,  &f*.  fucccffively,  will  become  ax%  =  /, 
«*♦=/,  a^=y7y  ax$=y9  &e*  refpcaively:  In  all 
which  Cafes  the  Length  of  the  Curve  may  therefore  bp 
4*nratefy  had  from  the  Fluent  above  exhibited. 

M  More* 


i6z  Tie  Ufe  of  Fluxions 

Moreover,  if  n  be  aflumed  :=  2  (or  v=i)  the  ge- 

m 

neral  Equation,  *  =  L— ,  will  (hen  beconie   *  = 

a 

—  i  anfwering  to  the  common  (or  conical)   Parabola, 


2 


mm     y 

And  therefore  in  that  Cafe  «  f  s- 1  +  — ^ 


(by  putting  i  =  4i)  =  $£#J£  =jx 

*V  +  jfl  i  **■*?  +  /.;  r  .  I*ajtr+y»i 
v*»  +  /~  *  x  >/*y  +y  ~  b  ,nto  y^/  +  f 

+  7/5. »  ^t  =  nr  mt°  ^ —  +  ■  • 

vpf  +  f      b         yjy  +  /  +  •FTj*  • 

Where,  the  Fluent  of  the  firft  Term  (of  the  Fluxion 
fo  transformed)  being  at  i  V>/  +/♦  (or  Jy  V>  +/: 
by  the-  common  Rule  ;   and  that  of  the  fecond  Term 

•  Aitn6.  =  ii«x  hyp.   Log.  I lil+JL*,  •  it  fonow, 

that  the  Length  of  the  Cunre  will,  in  this  Cafe,  be  = 
1 — *~  +  iix  hyp. Log.  J  T  v*  +K 


EX- 


r     v 


in  Jtndhi^  the  Lengths  of  Curves. 
EXAMPLE    III. 

1^9.  Let  the  Curve  prepoftd  be  the  InvoUttfofa  ClrlU\ 
trbofe  Nature  is  fiich,  that  the  Part  PR  of  the  Tangent 
intercepted  by  the  Point  of  Contact  and  the  Perpendicular 
CP,  is  every  where  equal  to  the  Radius  CO  of  the  go* 


1*3 


iterating  Circle  :  Therefore  i  (=  y    J  being  heress  •Ait.is6# 

■**,  we  firft  get  %  zz  —  5  which  corroded,  by  making 

/  —  ax   /CPM 
y  =  a  (  =1  AC)   becomes  <^-  \£jj  the  true 

Meafure  of  the  required  Arch  AR. 


M  2 


EX- 


EXAMPLE    IV; 

14&  At«ntt*4fe  Spiral  a/ AnAmmode*  uptyoftd; 
Whwc*.,th«  Value  of  i  (AT)  being  denoted  by 
7|ftj-i    r«*    ^/-    6a.)    we-  get   £  (  =  f^ 

ag  *»:     Which  Fluxion   being  exa&ly  the. 


fariie  as  that  oxprefltng  the  Arch  of  the  common  Pira* 
bola,  found  in  Article  138.  its  Fluent  will  therefore  he. 
txtfj  reprinted  by  the  Meafiue  of  the  fad-Arch*  or  bf 

!i45?+ 4 , x  .  *  z*  '-±J£i£.. *. 

Value  there  exhibited,. 

EX- 


in  finding  the  Lengths  of  Curves, 


165 


E  X  A  M  P  h  E    V. 

14  T,  Lit  tbeVurve  be  a  Spiral  whofe  liquation  is 

xz=y    (Pld.  Art.  x  36*) 


«— 1 


]p  which  Cafe  J  being  r:  **fl     ■  >,  it  i*  evident 


•Artist 


»fy^.  and  therefore  %=v+ 


r^4#>+: 


J»» 


201 -f  lX2fl»« 

^';vft4»  +  ^-1-    >,  Ate^'    Ww<*  Value 
ftwy  be  other  wife  had,  wiehout  an  Infinite  Series,  when 

—  is  a  whole  pofitive  Number,  Fid.  Art.  138. 

%~4— - 

EXAMPLE    VI;  ' 

I42.  Where*  the  Right-fine*  Verfed-fine*  Tangent*  or 
Secant  of  an  Arch  of  a  Circle*  being  given  t  it  is  re- 
quired to  find  the  Length  of  the  Arch  itfelf  in  Term 
thereof. 

Put  the  Verfed-fine  Ab  =  x,  the  Right- fine  Ri  —  il 
tit.  Tangent   AT  "" 

=/,  the  Secant  OT 
=j,  the  Arch  ABL 
=z*>  and  the  Radius 

AO,  orRO,  zzai                ^          ~ 
alfo  let  ft*  =:  x>  nr             '              n 
tzy  and  Rr  ~  z  ; 
Since     the    Angle 
rrtft     (  2=  Right- 
angle)  =:  OJR,  and- __ 

*•£»  (   =  Right-  O  J 

tngle  —  »RO)  =  OR*,  the  Triangles  r£»  and  OR* 

M  3  aft 


t$6  fjte  XJfe  of  Fluxions 

are  therefore  equi-angular  jj£id  it  will  be,  Ri  (y) :  OR 

» ■  •  • 

(a)  ::  R*  (*)  :  Rr  (£)  =  T  =  **         (be- 

caufe,  by  the  Property  of  the  Circle  Vt*x  —  #*  7  jr.') 
Alfo,  O*  (•7^7*)  :  OR  (*')  : :  nr  (j)'.Rr  (*j  = 

7/  ,  ^  Thefe  two  Values  exhibit  the  Fluxion  of 
Yar — f 

the  Arch  in  Terms  of  the  Verfed-fine  and  Right- 
jine  refpefiively :  But,  to  get  the  fame,  in  Terms  of 
the  Tangent  and  Secant,  we  have  (by  Jim.  Triangles) 

OT(  =  ;  =  V7T?)  :  OA  (a)  : :  OR  (a)  :  O*  = 

a  *  a%  '      '   '  a r  a% 


:  Hence  Kb  —  a  —  —  =  a — 


_  _.  **x        a%it 

grhofe  Fluxion,  is  therefore  =  t  =  « :  Whence 


(again  by  fimilar  Triangles)  AT  (  =  V  j*—  a*  =  fj  ; 
OT  (=  s  =  V^T?)  : :  R»  :  Rr  =  */J^?  = 

ft  . 

Now,  from  any  one  of  the  four  Forms  of  Fluxions 

(ax  ay  eft  a%s  \ 

Vie*  —  **"  Va%—y%*  *x  +  '*'  'tfT^lrJ 
here  found,  the  Value  of  the  Arch  iftfelf  (by  taking  the 
Fluent,  in  an  Infinite  Series)  will  likewife  become 
known. 

But  the  third  Form,  exprefled  in  Terms  of  the 
Tangent,  being;  jntirely  free  from  radical  Quantities,* 
will  be  the  moif  ready  in  Pradice,  efpecially  "where  the 
required  Arch  is  but  fmall ;  though  the  Series  arifing 
from  the  firft  Form,  always,  converges  the  fafteft. 


in  finding  the  Lengths  of  Curves.  i{j>p> 

If,  therefore,    x  ■      btf  now   converted  to  an  In* 

/*/  ^4^  i«i 

finite  Series,  we  (hall  have  &  22  i r  +  ~r  — "« 

&V.  and  confeauently  z  ==  / -4.  —  —  — ?  -t. 

I9 
-r*  6Tr.  s=  AR.    Where,  if  (for  Example  Sake)  AR 

be  fuppofed  an  Arch  of  30  Degrees,  and  AO  (to  ren- 
der the  Operation  more  eafy)   be  put  =2  Unity,    we 

/ball  have  /  =  vT=  -5773502   (becaufe  Ob  V~$ . 
*R  (i)  ::  OA  (jj  :  AT  (/)  =Y^) 

Whence 
fi     (  =*x  ^=/x4)  =  .1924500 

*'     (  =/*  x  **=  M  =  .0641500 
f     (  =/5  X  **=  y)  ==  .0213833 

*»  (=<7x/a=|)  5=  .0071277 
,»  C  =/•  X  /*=  £)  -  .0023759 

F   (  =  /"x/*=^)  =.0007919 

|»  (  =*■*  x  t*=  j)  =  .0002639 

And  therefore  AR  s=  .5773502  —    *        * —  + 

.0641500        .0213833       .0071277        .0023759 
$        ~        7        +        9        ~       "         + 

M4 


l6$ 


'.00079 1 Q 


$bt  life  of  Flukiqns 

.0002639      .0000879 
"t       i7 


.0000193 


+  ^^  ~  ^  =  -5^5987  :  Whichll- 

tiplied  by  6  gives  3.141592  +  for  the  Length  of  the 
Semi-periphery  of  the  Circle  whofe  Radius  is  Unity. 

At  Article  126.  certain  Forms  of  Fluxions  were  pointed 
out,  whofe  Fluents  are  explicable  by  means  of  hvper-» 
hnlical  Spaces,  or  a  Table  of  logarithms :  Which  Forros* 
it  is  obfervable,  agree  in  every  thing,  but  the  Signs  (and 
conftant  Quantities)  with  thofe  exhibited  above*  for  the 
Arch  of  a  Circle.  And  theie  Jaft,  like  them,  may 
ferveas  fo  many  (^ther)  Theorems  for  finding  FJuejtfs, 
by  means  of  a  Table  of  Stinesy  Tangents  and  Secaptu 
But,  as  fuch  a  Table  is  ufually  calculated  to  a  Radius 
of  1,000000  &ff.  (or  Unity)  the  following  Equations^ 
derived  from  thofe  $bove,  being  adapted  to  thai  Radius* 
will  b&  rather  more  commodious. 


G 


SI 

h 


IV 

V^  2aw  —  w* 

*w 

vV  —  w% 

a<w 

a*+  vf 

aw 

r  * 


Verfcd-fine 


< 


Right- fine 


*         S+w*         Z         angC^         Radius  Unity. 


wVtu*—a*J  — 


cr 

CO 


Secant 


The  way  of  deducing  thefe  Expreflions,  from  the 
foregoing  ones,  is  extremely  eafy  :  For,  if  A  be  put  to 
denote  the  Arch  whofe  Radius  is  Unity,  and  whoftr 


Verfed-fme,  Jiight-fine,  Tangent,  or  Secant  is  —  ( 

cording  to  the  different  Cafes  here  fpecified).     Then, 
becaufe  fimilar  Arcs,  of  unequal  Circles,  are  as  their 

Radii, 
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Radii,  it  will  be  1  :  a  ::  A :  {a A)  the  Length  of  the 
Arch  AR  (fee  tbt  figure  J    Therefore*,  the  Fluent  of 


ax  aw 


=  a^  (AR),  that  of  vt'%w__zji  mu*  WCeffiirily  be 

«3  A:  And  in  the  *eiy  fame  Manner  the  other  Forms, 
are  Bade  out. 

EXAMPLE    VII. 

f 

143.  £//  thepropefed  Curve  bt  the-  ummon  Cycloid* 

Then,  if  the  Radius  AO  of  the  generating  Semi-circle*  •&»*%» 
be  denoted  by  a,  w  ihaJl  have  BR  s  YW- *»»  and'***  '3*' 


the  Fluxion   the«o/  =  -, ^  ■ ;    Which    being 

added  to  (y^J^A   the  Fluxion  of  AR  or  it* 

Equal     RS    (given  by   the  pycedfrg  Article)    vn 
thence  get         "x      *~  —      *X2a — *■  x 

*f  ~*'.*.Jfor  '**  true  Fl»*ion  of  *e  Ordinate  BS  of 
the  CycJoid. 

Pence  *  (v/J^+j?  f)  3=  V**  -f  **  x  2*  — *  _ 

*  V  *  ~~  2"»    *  *    *  *  *»<*  cPn("eq«eady>.  fcy  taking 


X 


%  Fluent  *  ^  15s*  x  r  ^  2  ^^  ~    Ae  I  A«* 
AS  of  the  Cycloid, 

EX- 
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EXAMPLE    VIII. 

J44,  Wherein  it  is  required  to  determine  the  Length  of  the 

Arch  of  the  common  Hyperbola* 

In  this  Cafe  (the  Seim-tranfverfe  Axis  being  repre- 
sented by  b9  and  the  Serai-conjugate  by  c)  we  have 

P{%  s  tbx  +  **;    and  therefore*  =  * ^  +  ?* 
<  c 

—  b:    Hence  x  =      JL^l,   and  «  {=z  /?+?) 
by  converting  4       %  a  into  an  Infinite  Series^  becomes 

^/1+^_9:+ar_5c  ttc.  b„  « 

6  t  C  » 

we  have  the  Square  Root  to  extrad ;  In  order  thereto 
let  it  be  affumed  =  1  +  A/  +  B/*  +  C/  +  D/  fcfr. 
Theni  by  fquaring,  and  tranfpofing  {fid.  Art.  98.) 
there  arifes 
j+2A/+2B/+aC/+2Djr'  «f. 

+  AY+2AB/+2ACy  fek. 

Hence  A  =  ^;    B  =  -    j-j.  -  TA  =  _  _ 

J*   r.£     AB-il  +  -£-  +  -*L 

&e.  feff.   Therefore  »  ( '■  se  y  y*  l  +  ■—■  &c.  =:}  * 


in  finding  the  Lengths  ofCtfrveu 

**■> +  &  +  £•  +  t^  x  f*  **•  And  C0o6?- 

qucntly  z  =  j  + 
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jy     i* 


*1    _*1 


— F 


6f* 


14^ 


— -?  + 


»*: 


** 


By  the  very  fame  way  of  proceeding  the  Arch  of 
an  Ellipfis  may  be  found,  the  Equations  of  the  two 
Curves  differing  ii)  nothing  but  their  Signs. 


SECTION    IX. 

ftbe  Application  0/"  Flux  ions  in  inve/ligating 

the  Contents  of  Solids. 

145.  T  ET  ABC  reprefent  any  Solid ;  conceived  to 
I  J  be  generated  (or  defcribed)  by  a  Plane  PQ^ 
paffing  over  it,  with  a  parallel  Motion :  Let  HA  (per- 
pendicular to  PQJ  be  taken  to  exprefs  the  Fluxion  of 
AH  (x)  or  the  Velocity  witlj  which  the  generating 
Plane    is   carry 'd  ; 

alfo  let  the  Area  of  /^  * 

the  Part,  E01F*, 
of  the  Plane  inter- 
cepted by,  or  con- 
tained in,  the  Solid, 
be  denoted  by  A: 
Then  it  follows, 
from  Art.  2  and  5. 
that  the  Fluxion  of 
the  Solid  AEF,  will 
t>e  exprefled  by  Ax. 
From  whence,  by 
expounding  A  in  Terms  of  x%  (according  to  the  Nature 
of  the  Figure)  and  then  taking  the  Fluent,  the  Content 
-      •  of 
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f  Art,  124. 


f&  £#£  gf  Flexions 

0/ due  Solid  ( wbfeh  we  (ball,  always,  hereafter  reprefeat 
by  s)  will  be  given. 

But,  when  the  propofed  Solid  it  that  arifing  front  the 
Revolution  of  any  g»Ve»  Curve  AEB  abemt  AfiD,  at 
an  Axis,  the  Fluxion  (])  of  the  SolMity  may  be  ex- 
hibited in  a  Manner  more  convenient  for  Pra&ice:  For* 
putting  the  Area  (3,141592  fcf^*}  of  the  Circle,  whofe 
Radios  is  Unity,  x:  pj  and  the  Ordinate  EHs:;,  it 
will  be  1*  1  y* ::  p  :  (ff)  the  Area  of  thfer  Cirrfe  Em  F#, 

which  being  wrote  above  Mtead  of  jf, \  we  have  s 
sz  #**.  The  Ufe  of  whic^  jrill  b$  fuftciemly  fhewn 
in  the  following  Examples. 


EXAMPLE      I. 

146.    Let  it  U  pnfmfid  U  find  the  Content  of  a 

Cone  ABC* 

F14  the  giv^i  Akiti^dc  (AD)  of  tbe  Cone  ~  0,  and 
the  §e*ni-diaim€ter  (Bf>  of  its  Bafe  =:  £.•  Then,  th* 
Diftaiwe  (AF)  of  the  Circle  EG,  fsom  the  Vertex  A, 
being  denoted  jby  x%  &;,  we  h^ure,  by  fiaular  Triangles^ 

h  ¥ 

as  a  :  b  ::  a-  :  EF  (y)  =  — .  Whence,  in  this  Cafe*  i 


(  =  #V)  =  f^r,  j    an4 


M 


*vJ 


3* 


confequently    s  =2 

which,  wtfen   xzza  (^ADJ 

gives^—  ( ~p  x  BD*'x  £  AD) 

for  the  Content  of5  Hie  wfcatfe 
Cone  ABC.     Which  appears* 

ttrwn  hence,  to  be  jufl*  j  of  a  Cylinder  of  the  faflfc  Safe 

and  Altitude. 


EX. 


ip  finding  the  Contem  tf  Solids,  tf% 

EXAMPLE    IL 

147.  JVhere,  Id  the  Solid  propofid  hi  a  paraboEc  Gomidf 
#r  that  wtiftng  frtm  thi  Revolution  of  any  Kind  of 
RvaiiJa  «fe*t  us  Axis. 

m^n  ft  m 

Then,  from  the  Equation  a      x    =  y  ,  of  the  ge- 

n 


aerating  Curve,  we  get  yzza  m  %xm9  a*d  s  (—py*x) 

2*  %m—%n  '• 


***** 


X  pa     m    x  xxm  >     and  therefore   s  21  pa    M     X 

^T*»  7r       ,  W^  2JH— 2ft 

~        —>*     *     .  **  — —     m 


a»  *  2*+»    -^  X* 

— +1  ;     - 

m  ^  ■ 

^-2£-  =t  py*  X'  -  *f  =J  the  Content  of  the  SoKd  j 


which  therefoite  is  to  (ff*\  the  Content  of  tttecircum- 
fcribing  Cylinder,  as  m  to  in+m*  Whence  the  Solid 
generated  by  tho  conical  Parabola  (where  w=2,  and 
nr=l)  appears  to  be  juft  i  of  its  circumfcriblng  Cy- 
linder: 

EX  AM  PL  E    III. 
148;  Lft  tbt  ptopoftdt  Solid-  AFBH  h  a  Spheroid* 

In  whjch  Cafe,  putting  the  Axis  AB,  about  which 
the  Solid  is  generated,  =0,  and  the  other  Axis  Fit} 
of  the  generating  Ellipfis  =  b>  it  follows,  from  the 
Property  of  the  Ellipfis,   that  a%  :  b%  ::  x  X  a  —  x 

( AD  x  BD)  1  /  (BE)*  as  £  x  ^Z^H  WhcnW 
wehavc  v  (<=#**•)  =  ^  x  ,7**-*^      and#Art.l45; 

IXJT^X  ttf^r — f»r9  =  the  Segment  AIE;     Wliieb* 

when 


••■*.*.L 


* 

t74  %fo  We  ^Fluxions 

when  AD  (*;  =  AB  (eji 

ftb% * 

becomes    i^r  x{*3-— I*3) 

4  /wti*  =  the  Content 
of  the  whole  Spheroid* 
Where,  if b  (FH)  betaken 
=  a  (AB)  we  fhall  alfo 
get  \  pa1  for  the  true  Con- 
tent of  the  Sphere  whofe 
Diameter  i&  a.  Hence  a 
Sphere,  or  a  Spheroid,  is  f 
of  its  tircumfcribing  Cy* 
linder  ;  for  the  Area  of  the 
Circle  FH  being  expreffed 

by  — ,  the  Content  of  the  Cylinder  whofe  Diameter 

*  pl%a 

U  FH,    and  Altitude  AB,   will  therefore  be  £■—  5 

of  which  i  pab\  is,  evidently,  two  third  Parts* 

EXAMPLE    IV. 

149.  Let  the  Solid,  whofe  Content  you  would  find,  be  the 

hyperbolical  Conoid* 


b% 


Then,  from  the  Equation,  y%  =    -r  x  ax  +  xx>  of 
the  generating  Hyperbola,  we  have  /  (py  *)   ~  ~Z 


P>% 


X  axx+x%x9  and  confequently  1  =  jjrx  J  ***  +  i  x* 
zz  the  Content  of  the  Conoid ;  which  therefore  is  to 

{^7  X  ax+x%  X  *)  that  of  a   Cylinder  of  the  fame 
•  *  a 

Bafe  and  Altitude,  as  i  a  +  *  *  to  * +*.    This  Ratio, 

if « be  extremely  fmall,  will  become  as  1  to  2  very 

nearly :  Whence  it  may  be  inferred,  that  the  Content 

of 
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of  a  very  finall  Part  of  any  Solid,  generated  by  a  Curve* 
whofe  Kay  of  Curvature  at  the  Vertex  is  a  finite  Quan- 
tity, is  half  that  of  a  Cylinder  of  the  fame  Bafe.and  Al- 
titude, very  nearly :  Becaufe  any  fuch  Curve,  for  afmall 
DUtance,  will  differ  infenfibly  from  an  Hyperbola,  whofe 
Radius  of  Curvature,  at  the  Vertex,  is  the  fame. 

This  might  have  been  inferred,  either,  from  the 
common  parabolic  Conoid,  or  the  Spheroid,  in  the  pre- 
ceding Examples)  but  other  Observations  would  not 
allow  Room  for  it  there. 

s 

EXAMPLE    V. 

150.  In  which  the  propoftd  Solid  is  that  artfing from  tbt 
Rotation  of  the  Cijfoxd  0/*  Diodes,  about  its  Axis. 

x* 

Here,  y%  being  =     __  ,  •    we    have  s  (ffi)'  =  #Ait.s«i 

px*x 

£ — .  But,  in  Cafes  like  this,  (where  the  Denominator 

a*  ■  x 

is  rational  and  the  variable  Quantity  in  the  Numerator 
of  feveral  Dimenfions)  it  will  be  neceflary  to  divide  the 
latter  by  the  former,  in  order  to  obtain  the  Fluent,  by 
kffening  die  Number  of  Dimenfions :  Thus,   dividing 
px*x  by  —  * +*,  according  to  the  Manner  of  compound     - 
Quantities,  the  Work  will  ftand  thus : 
— *+a)  p^x—o        {—pxxx—p*xx—pdlx 
px*x—paxxx 


+pax%* 
+paxxx — pc?xx 


+pa%xx — o 
+pfxx—pa*x 

+pa'x 


Where,  the  Quotient  being  ~px*x—paxx—pdLx,  and  the 
Remainder  pa*x9  the  Value  of  the  given  Fraftion   — , 


a — x' 
Will 


will  tberrfort  to  truly  expired  by  —  px*i  —  pdk*  -* 

1>a*x 

ff*  +  £— ^:  Whofc  Fluent,  ptoperly  eorreftfed,  is 

-  f  P**— "ip**%~  P**  +  P*  *typ-  L*--zr-i 
fid.  Art.  126. 

EXAMPLE    VL 

151.  Let  the  Solid  be  that  arifmg  from  the  Rotation  of  tbi 
Conchoid of  Nicomedes  about  its  Axis. 

The  Sub-tangent  ^of  this  Curve  being  rr    i     ■■    *» 
.  (f7i.  Art*  48  «iwf  57.)  we  have  x  =^~*  j7"^  *bd 

,  mm  ,r. »  -u    Bat,  in  order  for  the  more  eafy  figd* 

j.  ^ •  - 

ing  the  Fluent  thereof,  put  V**— /  =s  11 ;  and  thtfti* 

j  being  =    */**— »S   and  ^  s     vj^jls^    wt  fi*H* 

pab%u  *-r^ r- 

by  Subftitution,  get  s  =    >lL — 1  -f  p  x  Pa  —u%u . 

■ 
u 
Whence,  the  Fluent  of  ■    g      ^    being'  exprefled    by 

the  Arch  (A)  of  the  Circle  whofe  Radius  is  Unity  and 
t  Atu  14*  ®nc  7  ts  thc  Fluent  of  the  whole  Expreffion  will  be 

pd%  X  <rf +^  X  bxu  —  t«s.  Which,  when  7=0,  or  * =** 

gives  ft**1  x  ^+>x|i3)  ^i* x i)>*  +  t*  for  the 
Content  of  the  whole  Solid,  when  its  Axis  becomes  in- 
finite, 9 

*  EX- 


1 
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EXAMPLE    VII. 

J52.  Where  it  is  required  to  find  the  Content  of  a  parabolic 
Spindle  ;  generated  by  the  Rotation  of  a  given  Parabola 
ACB  about  its  Ordinate  AB. 

Put  CM  (the  Abfciffa  of  the  given  Parabola)    =r  a, 
and  the  Semi-ordinate  AM  (or  BM)  =  b  y  and,  fup- 
pofing  ENF  to  be  any  SeAion  of  the  Solid  parallel  to  DC 
let  its  Diftance  MN   (or  EP)   from  DC,  be  denoted 
by  w :  Then,  by  the  Property  of  the  Curve,  we  fhatl 


have  AM*  (P)  :  EP*   <«,*)   ::  CM  (a)   :    CP   = 
-jr:  Therefore  EN  (=  CM  -  CP)  =*-  ^L    - 


a  x  bx— w1 
> 


*  and  consequently  p  x  EN*  =  *a%  v 

4* 


b+  —  %Vwx  +  uA  =s  the  Area  of  the  SeAion  EF  • 
Which  multiply'd  by  (<w)  the  Fluxion  of  MN,  gives 
pa        . 
~  x  b+w — 2**w*«w  +  i4>4w   for   the  Fluxion  of    the 

Solidity,  •  whofe  Fluent,  ^  x  Pw-^w*  +  ^\  •  Art.** 

when  to  becomes  =  k,  is  (-£_ J  half  the  Content 
of  the  Solid. 


N 


EX- 


XJ% 


The  VJe  ^Fluxions 


EXAMPLE    VIH. 


a 
tfa 


153.  Let  the  Solid  ACBD  (fa  the  lap  Figure)  he 
Spindle^  generated  by  the  Rotation  of  the  Segment  oj 
Circle,  ACB,  about  its  Chird,  or  Ordinate,  AB. 

Then,  if  the  Radius  OE  be  put  i=  r,  OMtzd,  *nd 

EP  =  tv  &c  (  as  before  )  we  (hall  have  OP  (  =s 
•OK— KP')=yV— w\  andEN  (  nOP— OM  ) 
s:  VV — a/*  —  rf:    Therefore  j,   in  this  Cafe,  is  =s 

==  /w  X  r*— J*— w*  —  ^w  X    24/   VV*  —  w%  —  2d*  : 

Whence,  the  Fluent  of  the  Part,  pw  x  ?4</rx— wx— id* 

(  =  idp  X  <w  X  Vr%'-*vL—d    =   %dp  x  w   x   EN  ) 

**•. "*•  being  cxprefled  by  2dp  x  ifrw  MNEC  *  the  Fluent 

of  the  While,  or  the  true  Value  of   s,  will  be   ex- 


preffed  by  pw  x  r*— ^—fo;*  —  i<ft  x  i/r/«  MNEC, 

or  by  its  Equal  J  x  MN  x  AMa  —  |MN*—  2*x  OM^ 
X  Area  MNEC'.  Which,  when  MN  =  MA,  gives 
p  x  §  AM1  —  *p  x  OM  x  Ana  ACM,  for  the  Con- 
tent of  half  the  Solid:  Where  the  Area  ACMmvf  be 
found  by  Art.  1 24.  brThdre-eafify  by  the  common  Table 
of  the  Areas  of  the  Segments  of  a  Circle  j  to  be  flict 
with  in  moft  Bo  As  *f  Gauging. 

EX  A  M  PL  E    i&. 

154.  Lit  it  be  prepefid  to  find  the  Content  of  the  Solid 
AEGB ;  whofe  four  Sides  AH,  AF,  «H,  CF  ate 

6 lane  Surfaces,  and  its  Ends  ADCB,  EFGH  given 
Le&angles,  parallel  to  each  other. 

Let  the  Sides  AB  and  AD,  of  the  Bafe,  be  denoted 
by  a  and  b  \  And  thofe  of  the  Top  (EH  and  EF)  bfc 
andiiefpe&ively;  moreover,  let  fo  exprefs  the  perpen- 
dicular 


injindfag  the  Contents  of  Solids. 

dicular  Height  of  die  Solid ;  and  let  x  (confider'd  as 
variable)  be  the  Dfftaoce  of  (IL)  any  SeAion  thereof 
(parallel  to  the  Bafe)  from  the  Plane  EG. 


m 


k,  \ »  evident,  from  the  Nature  of  the  Figure,  that 
the  Seflion  IL  is  a  Redangle ;  and  that 
.*:*::  AB-EH ;  IM— EH  ::  BC— HG  :  ML— HG. 

From  thefe  Proportions  we  have  IM— EH= 


b 

tedML-HG=   ^=~:   Hence IM  -    ^=^-* 

+  cf  and  ML  =  — v f-rf;  and  confequcntly  the 

ArcaoftheReaangle(IL)  =r    a~c^J—d   x  x*  + 


j Xjt  +  id:    Which  being  muhiply'd  by 


i9  and  the  Fluent  taken,  there  refults 


x** 


2* 


rt .  +  td»  for  the  Content  of  IFGL : 


ih 


Nt 


Which, 


180  *Tke  XJfe  g/*  Fluxions 

Which,    when   x  =  A,  becomes  {*~€*b—d*h  + 

2 • 

AB  x  AD  +  EHxEF  +  nto+r.ti'xAD+i.Fx  i  A  = 
the  Quantity  propofed  to  be  found. 

If  EF  (d)  be  fuppofed  to  vani{h,  and  the  Lines  EH 
and  FG  to  coincide.,  the  Planes  AEHB  and  DFGC 
will  form  an  Angle  or  Ridge,  at  the  Top  of  the  Solid 
(refembling  the  Roofs  of  fome  Buildings,  whofe  Ends 
as  well  as  Sides  run  up  (loping)  and,  in  this  Cafe,  the 
Content,  found  above,  will  become  more  fimple,  being 
then  expreffed  by  tab + be  X{A,  or  its  Equal  2AB  +  EH 

xADxih.  «.«... 

But,  if  EF  be  fuppofed=EH,  and  AD= AB,  the  Solid 
will  then  be  the  Fruftrum  of  a  fquare  Pyramid ;  and  its 
Content  ±a%+ac±f  X  \h,  =  AB*+XlJxEH+J£H* 
X  I  h:  From  whence,  by  taking  EH=o,  the  Content 
of  the  whole  Pyramid  whofe  Bafe  is  AB%  and  its  Al- 
titude b,  will  alfo  be  given,  being  ==  AB*x  i  b. 

EXAMPLE    X. 

15^.  Let  tbe  propofed  Solid  ie  that*  commtdy  known  by  the 
Name  of  a  Groin;  whofe  Sedions  parallel  to  the  Bafe 
are,  all,  Squares,  and  whereof  the  two  Seflions  per- 
pendicular to  the  Bafe,  through  the  Middle  of  the 

oppofite  Sides,  are  Semi-circles* 
**  Let    bedef    be 

any  Se&ion  paral- 
lel to  the  Bafe; 
andtetitsDiftance 
Ah  from  the  Ver- 
tex of  the  Solid, 
be  denoted  by  x-f 
■k  alfo  let  <*reprefent 
the  Radius  AB 
(or  BN)  of   the 

cir- 
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circular  Se&ion   ABNA,   perpendicular  to  the   Bafe. 
Then,  bn  being  (by  the  Property  of  the  Circle)  =: 

Viax — jwr,    the  Side  of  the   Square  df9  will  be    = 

2  */iax  —  **>  and  therefore  the  Area  =  4  x  lax — xx\ 

whence /r:  4*  x  2ax—xx9  and  confequently  s  =  4*** 

—  —  :  Which,  when  *  =  a,  becomes —    =s    the 

Content  of  the  whole  Solid. ' 

If  the  Solid  be  a  Groin  of  any  other  Kind,  or  fuch, 
that  its  two  Se&ions  perpendicular  to  the  Bafe,  through 
the  Middle  of  the  oppofite  Sides,  are  any  other  Curves 
than  Semi-circles,  the  Content  may,  dill,  be  found  in 
the  fame  Manner;  and  will  be  always  in  proportion  to 
the  Solid  generated  by  the  Revolution  of  the  faid  Curve 
about  its  Axis,  as  a  Square,  is  to  its  infcribed  Circle* 
But,  if  the  foreiaid  perpendicular  Sections  be  Curves  of 
different  Kinds,  the  Sedions  parallel  to  the  Bafe  will 
no  longer  be  Squares,  but  Rectangles ;  whofe  Sides  are 
the  correfponding  (double)  Ordinates  of  the  refpe&ive 
Curves.  Thus,  for  Inftance,  let  one  Se&ion  be  a  Cir- 
cle and  the  other  a  Parabola,  whofe  Ordinates,  to  the 
common  Abfcifia,  *,  are  exprefled  by  Vdx — xx  and  ^/ax9 
Tefpeaively;  then  the  Sides  of  the  redangular  Sc&ion, 

parallel  to  the  Bafe  of  the  Groin,  will  be  %  Vdx—xx  and 
2  */ax:  Whence  the  Area  of  that  Se&ion  is  2=  4* 
*/ad—ax9    and  therefore  J  =  ^x£  s/ad—ax: 
Where,  by  taking  the  Fluent,  •  s  = 

16^  V^  —  **   X  d^x)l  x   ito+zvc        A   4       •Art,l3. 

• — f    .  1      =  the  tnif 

^   '  5 

Content  of  fuch  a  Solid. 


N  3  EX- 


t%t 


*fbe  Vfe  $f  Fluxion* 


EXAMPLE    XL 

156.  Whirs  the  Solid  BACD  prfpoftd  is  a  kipdofCcni% 
or  Pyramid  i  form'd  by  conceiving  Right-lines  to  be 
drawn  from  every  Point  in  the  Perimeter  of  any  given  * 
Plane  BDC,  to  a  given  Point,  or  Vertex,  A  above 
that  Plane. 


Let  EFG  be  any 
Scdion  parallel  to  BDC, 
whofe  perpendicular  Di- 
fiance  (AQJ  from  the 
Vertex  let  be  denoted  by 
x  ;  moreover,  let  the 
whole  given  Altitude 
(AP)oftheSoKdrjepa« 
s  a9  and  the  Are*  of 
the  Bafe  BDC  (which  ts 
alfo  fuppofed  given)  =  b. 
In  the  firft  place,  it  is 
eafy  %q  conceive  tjret  the 
Placet  BDC  a*d  EFG 
muft  be  fimilar  :  And 
therefore,  fince  fimilar  Figures  are  to  each  other  as  the 
Squares  of  their  like  Sides,  or  Dimefificms,  it  follows 

bx% 
that  AP*  («*)  :  AQ?  (**)  ::  BDC  (h)  ;  EFG  ac  —x. 

Whence  /  =  *~ ,  and  confequcatly  s  =  ~»  2:  « , 

a*  J  3fl*        3 

when  x  =  a.  Therefore  the  Solidity  #  a  Gottd  tot  Py- 
ramid, let  the  Figure  of  its  Bafe  be  what  it  will,  is 
always  had  by  multiplying  the.  Area  of  the  Bafe  by  f 
of  the  Altitude, 


EX- 
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EXAMPLE      XII. 

157.  Wbtrt  it  it  pnpcfid  U  fin*  the  Content  of  tbt 
UnguU  EFGC,  cut  off  from  a  given  Cone,  ABC, 
by  3  Plane  EFG  paffing  through-  the,  Bafe  thereof. 


^C 


K  i, r- 

Let  AD  be  the  perpendicular  Height  of  the  Cone* 
alb  let  AM  be  perpendicular  to  HE,  the  Axis  of  the 
Seaion  FEG,  and  let  FAG  be  another  Section  of  the 
Cone,  thro'  KG  and  the  Vertex  A. 

Since  the  Solids  CAFG  and  EAFG,  whofe  Bafts  are 
FCG,  and  FEG,  come  under  the  Form  fpecified  in  the 
preceding  Example,  their  Contents  will  therefore  be  ex- 
prcned  by  FCG  x  i  AD  and  FEG  x  f  AM  refpeftive- 

™,L  ,    «■«.            FCG  x  AD  —  FEG  x  AM 
ly  :    Whofe  Difference, , 

is  the  Solidity  of  the  Ifngula  CEFG :  Where^he^afee 
FCG  and  FltG  being  conic  Sections,  their  Areas  will  be 
given  by  Art.  115. 114  and  120.  from  whence  the  whole 
will  be  known.  Thus,  if  HE  be  fuppofed  parallel  to 
AB,  the  Sedion  FEG,  then  being  a  Parabola,  its  Area 
will  be  =  $  x  FG  x  EH  •  :  Whence  the  Solidity  of  the  «  a*  is* 
N  4  '  Segj 


184  TAe  Ufe  gf  Fluxions 

Segment  EFGA  is  =  ;  x  FG  x  EH  x  AM :  Which 
being  deducted  from  that  of  CFGA  (found  by  Help  of 
the  common  Table  of  circular  Segments)  the  Re- 
mainder will  be  the  Content  of  the  Ungula.  But,  if  the 
Axis  EH  produced,  cuts  AB,  the  Section  FEG  will  be 
a  Segment  of  an  EUipfis  EFKG ;  whofe  conjugate 
Axis  (fuppofing  EN  and  KL  perpendicular  to  AD)  is 

•  Ait.  41.  zz  2  \/ilNxKL#.  Now,  in  order  to  compute  the 
Content,  the  eafieft  way,  in  this  Cafe,  let  the  Ratio  of 
EH  to  EK  (which  is  given  by  Trigonometry)  be  ex- 
preffed  by  that  of  m  to  Unity,  and  let  the  Ratio  of  CH 
to  CB,  be  as  n  to  Unity :  And  from  the  common  Ta-* 
ble  of  Segments  (adapted  to  the  Circle  whofe  Diameter 
is  Unity)  let  the  Areas  anfwering  to  the  verfed  Sines  m 
and  »,  be  taken  and  denoted  by  M  and  N  refpe&ive- 
ly :  Then,  the  Area  of  FEG  being  ss  M  X  EK  X 

t  Ait.  1*4  2  VEN  xKL,  and  that  of  FCG  =  N  x  BCat,  the 
and  130.  extent  of  the  Ungula,  by  fubftituting  thefe  Values, 
will  become  =  ;  2\TxBC*xAD—  }  Mx  EKx  AMx 
a^ENxKL:  But,  fince  AM  :  AE  ::  KQL  (perpen- 
dicular to  AC)  :  KE;  and  AN  :  AE  ::  KQj  KI,  it 
follows,  by  Equality,  that  AM  X  KE  =  AN  x  KI  ; 
whence  the  Content  of  the  Ungula  is  alfo  exprefled  by 

4  AT x  BC*x  AD  —  t  Jfx  ANx  KI x  2ViN  x KL. 
Which,  if  H  be  fuppofed  to  coincide  with  B,  and  K[ 

with  BC,  will  become  (°'7f*39  V*  x  BCa  x  AD  — 

3 

Z2h22  &CmX  tfti  xBCx  2  */jfc,N  x  BO    =  0.26179 

fSc.  x  BC  x  BC  x  AD  —  2  AN  x  VEN  x  BD. 

When  the  Seftion  EFG  is  an  Hyperbola,  its  Area 
may  be  found  by  means  of  a  Table  of  Logarithms  (in- 
stead of  a  Table  of  Segments)  whence  the  Content  of 
die  Ungula  will  likewife  be  had  in  thai  Cafe. 


EX, 
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EXAMPLE    XIII. 

158,  Let  AFCj  or  AGD,  fa  a  Curve  of  any  Kind} 
whofe  Area,  and  the  Content  of  the  Solid  arifing  froni 
its  Rotation  about  its  Axis,  or  Ordinate,  AB,  are 
both  known ;  it  is  propofed  to  find,  from  thence,  the 
Contept  of  the  Solid  generated  by  the  Revolution  of 
that  Curve  about  any  other  Line  PR  parallel  to  tl*e 
faid  Axis  or  Ordinate  AB, 
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Let  AP,  FCk  and  CR 
be  all  perpendicular  to  AQ 
and  to  the  Axis  of  Motion 
PQR;  aifo  let  AP  (or 
£QJ  =  a*  AE,  confidered 
as  variable,  =  a/,  the  Area 
AFE,  or  AEG  =  M,  and 
the  Solid,  arifing  from  its 
Revolution  about  AB,  =: 
N.  It  is  plain  that  the 
Area  of  the  Circle  gene- 
rated by  QF  will  be  =  px 

FC£  *  =  p  x  a  +  EF|* 
=  *»*  +  2pa  X  EF  +  px 
EF*  ;  from  which  de- 
dufting  the  Area,  pa\  ge-  ^ 

nerated  by  QE,  the  Remainder,  2/tfxEF-f^x  EF% 
will  be  the  Area  of  the  Annulus  generated  by  EF: 
Whence  the  Fluxion  of  the  Solid  generated  by  AEF 
is  truly  reprefented  by  2pa  x  EFx«w  +  ^x  EF*f: 
And,  in  the  feme  manner,  it  will  appear  that  the  t^HS 
Fluxion  of  the  Solid  generated  by  AEG  is  2pax  EG  x  <& 
—p<w  x  EG\  But  the  Fluent  of  EF  x  w  (or  EGxw) 
is  =  the  Area  ( M)  of  AEF  (or  AEG)  J,  and  that  of 
fwx  EF*  (or  p<w  x  EG*)  equal  to  (N)  the  given  Solid  *  Art" * 
arifing  from  that  Area  § ;  therefore  the  Fluent  of  the 
IVhole^  or  the  Solidity  required,  is  2paM+  N9  in  the  $ Art'  I4* 
former  Cafe,  and  tpaM—N'm  the  latter  $  where  %pay 

in 


i*. 
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in  either  Cafe,  expreflb  the  Periphery  of  the  Cylinder 
dcfcribed  by  AB,  about  the  Axis  of  Rotation  PR. 

Hence,  if  ABC  and  ABD  are  equal  and  fimilax  to 
each  other,  then  the  Value  of  M  &c.  being  the  fame  in 
both.  Cafes,  it  follows  that  the  Content  of  the  Solid  ge- 
nerated by  AFG  will  be  exprefled  by  ipa  x  %My  or 
2p2  x  Area  AFG. 

Now,  if  (for  Example  fake)  ACD  be  fuppofed  a 
Circle,  whofe  Semi-diameter  is  dy  the  Area  of  that 
Circle  being  =  pd*9  the  Solid  generated  by  its  Revolu- 
tion (representing  the  Ring  of  an  Anchor)  will  therefore 
be  z^  Zpa  X  pdx  =  2p*ad*'  But  if  you  would  know 
the  Content  of  the  Part  generated  by  the  upper  Semi- 
circle BAC,  or  the  lower  one  BAD,  let  the  Content 

•Art.  14S.  1 1L_  )  »0f  a  Sphere  whofe  Semi-diameter  is  4  be  wrote 

•3 

for  N9  in  each  of  the  two  foregoing  Expreffions,  and  you 
will  then  get  p%adz  +  ^— ,  and  p*ad*  —  ^—-. 

Again,  if  AFC,  and  AGD  be  taken  as  Right-lines, 

**     ABxBC.     AB  x  BD\ 
you  will  have  M  =  — —  (or  — — —  1  and  N 

f  Art.  146.  =jxBC*x$AB(orjxBD*xiAB)  f  :  Hence  the 
Solid  generated  by  the  Triangle  ABC  is  (  zzzpa  X 

ft.B.  x  BS  +  ixBC*xAB)  =  /|xABxBCx 
23 

RB  +  i  BC  ;  and  that  generated  by  ABD  (  =  zpa  X 

ABxBD  -1 1  x  BD*  x  AB)  r^xABxBDx 

a  3 

RB  —  $  til). 

Laftly,  let  ABC  (or  ABD)  be  confidered  as  a  Pa- 
rabola, whofe  Ordinate  is  AB,  and  Axis  CB  (or  DB)  : 
JArt.  ,15.  Then  M  being  here  =  }  AB  x  BC  (or  J  AB  X  BD)  % 

§Art.X5a.  and  N  =  j£  x  AB  x  BC  §  (or  ^  x  AB  x  BD*) 


in  finding  tb*  Superficies  of  Solids. 

{«  follow*  that  the  Solid  generated  by  ABC  will  be 
(a&apax£ABxBG  +  ~£  x  AB  x  BC*)  s=  tf  x 

Aft  x  BC  x  jBg  +  iBCy  and  that  generated  by  AB1> 
ss  AP  x  AB  x  BP  x  % — jj^~. 
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SECTION    X. 

?T2*  W  of  Fh&icns  W  finding  tlfe  Superficifs 

efjW  Bodies, 

159.  T  E  T  FAF  fepre- 
I  j  fent  a  Solid  ge- 
iterated  by  the  Revolution  of 
$iy  given  Curve  AF  ab6ut 
its  Axi*  AH  *  alfa  let  $ 
£»rok,  whole  Diameter'  is 
the  variable  J/me  (or  Ordi- 
nate) RBR,  be  conceived 
to  mme  uniformly  600  A 
toward*  FF,  and  to  dilate 
itfelf  fo,  on  all  Sides,  at  the 
fame  time,  as  to  generate, 
by  its  Periphery,  the  pro- 
pofed  Superficies  R  A  R  : 
Then  the  Length  of  that 
Periphery,  or  the  generating 
Line,  being  exprefied  by 
3, 14159a  *  &c.  x  RR 
(  =  ipy)  and  the  Celerity 
with  whicb  it  moves  by  *  f 
(he  Fluxion  of  the  Superficies  RAR,  ox  the  Space  that 
10  would 
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xjwtld  hi  uniformly  generated  in  the  time  of  defcribing 
*,  will  therefore  be  truly  reprefented  by  2pyz. 

Hence,  if  tv  be  taken  to  reprefent  the  whole  Surface 
RAR,  generated  from  the  beginning  (according  to  the 
Method  obferved  in  the  three  laft  Sedions)  we  {hall 

•  Art  135.  have  w  =  %pyx  =  2py  V  xx^ry>  *  5   whence  w  itfelf 
may  be  found, 

EXAMPLE    I. 

160.  Lit  it  hi  propofid  to  determim  thi  comxx  S*pir- 

ficits  of  a  Con$  ABC. 

Then,  the  Semi-diameter  of  the  Bafe  (BD,  or  CD) 
being  put  p=  b,  the  flaming  Line,  or  Hypothenufe, 
AC  =  c%  and  FH  (parallel  to  DC)  =  y  &c.  iye  fliall, 
from  the  Similarity  of  the  Triangles  ADC  and  Hmb9 

fArt..S9.  have  *  :  c ::  >  («*j  :  i  (HA;  =  C-f:  Whence  *  (a#i  t) 

ipcyy  pcy% 

;=  -Zj*-  1   wd   confequently   w  =  *-r-.  This,  when 

y  zz  b*  becomes  =  peb  =  p 
x  DC  x  AC  ;=  the  con- 
vex Superficies  of  the  whole 
Cone  ABC  :  Which  there- 
fore is  equal  to  a  Reftangle 
under  half  the  Circumference 
of  the  Bafe  and  the  flanting 


V 


*  *  •    •  *  * 
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E  X  AM  PLE    II. 

161.  Let  the  Sdid,  whofe  Surface  you  would  find, 

U  a  Sphere  AEBH.    . 

Tn  which  Cafe,  putting  the  Radius  OH=*f  AF zzx9 
Hm  =  *,  &c  we  fhall  (by  rcafon  of  the  fraiilar  Tri- 
angles OHF  and  Hmb  •)  have  y  (FH)  :  a  (OH)  ::  «Ait. 

x(Hm)  :  i(H«  =  -  •    Therefore   w  .(aftjwj.ss 

2pax ;  and  confequently 
the  Superficies  (w)  itfeff 
=  a/4Mf  =  AF  x  Psriph* 
AEBH,  Which,  if  the 
whole  Sphere  be  taken, 
will  become  AB  x  Pe- 
riph.  AEBH  =:  four  times 
the  Area  BEAHOi 

Hence  the  Superficies 
of  a  Sphere  is  equal  to 
four  times  the  Area  of 
its  greateft  Circle  :    And 

the  convex  Superficies  of  any  Segment  thereof,  is  to  that 
of  the  WkoU^  as  the  Axis  (or  Tbicknefs)  of  the  Seg- 
ment to  the  Diameter  of  the  Sphere. 

EXAMPLE    m. 

162*  Wherein  let  the  parabolic  Conoid  be  propofed. 

The  Equation    of    the.  generating  Parabola   being 

7  %yy 

axzzy\  or  *  =  —  ,  we  have  x  =:  — •    and  therefore 
'a  a 

f  

*  (  5?  *$  +  *H)  =  V     ?  +  ££='** +  4C*  tArt.,35. 

Hence  «>  (*pyi}.  =  ~  x  ax  +  +&'*   whereof  the 

u  . 

Fluent 


\ 


N. 
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Fluent  u  ?******  1  which  cwraSed  (by  fup* 


■*— mm 


3 

if 


Art 79-    pofingj^  S  O  •)  givC3 i,*«*  +  4«4    —  tL%  for thcSu* 

00  6 

jetficies  Aught* 

EXAMPLE    IV. 

lb$.  Lit  it  hi  required  to  ittermm  the  Super/Ida 

of  a  Sphtmd* 

Let  ACFHG  rcprcfcnt  one  half  of  die  proposed 
Spheroid,  generated  by  the  Rotation  of  the  Scmi-dlipfu 
FAG,  about  its  Axis  AH ;  put  AH=*,  FH  (or  HG) 
zzcy  BH=*,  BC=y,  FC=a,  and  the  Superficies  ge- 
nerated by  FC  (or  GD)  =  w :  Then,  from  the  Na- 


*wor  the  EHipfo,  weluvey:&4»vV~**;wfaeii<* 


cxx 

mm 


fAitijj.^  a  —  tfy'-ii^-,*  «uri  cooXequeritJy*  (j=^**+^*+) 


in  finding  the  Superficks  of 'Solids.  i$l 

«-     /~~%       ******     =  *\/K—?*~ic  *  **  ~ 

"*  **     *%  +  #*x**— x%  '    aVaa—xx 

— 7==p     =     (by    putting    (the    ExecntricityJ 

v  a  mmmm  x 

v^  ~fb     * 

vV  —  **  =  *)  =       „  >'  :    Therefore,   in 

this  Cafe,  <*  f2#*;  *=  ~  V^  jj  — "  **  j   wfc6Tc 
Fluent,   in  an  Infinite  Series,  is  yc*  X 

.^^_J^L-j£^.    Aut  the  Tame 
2.3a4       2.4.  s*8        a+'Sy1 

Fluent  roay  be /#/y^wiy^  v^ycafily^exhibitad  by  means 

of  the  Area  of  a  Circle :    For,  if  fromthe  Canter  H, 

wUb*:Rldfus*Qita!r&  -TT,  aCincleiSER  be xhferibed, 

andtbeOrdinateBC  be;pr<^aeed  tto  mterfed  it  in  £, 

it  feerifcltt  <hatBE=  V'  |£  —  **.   and  that  the 
FliTxioti  ttf  the  Area  ESHB  will  be  texprtfled  by  * 

V^g-  -  ** ;  which  being  to^xy'  jp*% 
Hie  Ffaxioh  before foimd,*  in  thetronftatft  Ratio  6f  1  to 

~r,  their  Fluents  muft  therefore  be  in  the  fame  Ra- 
vi 

tio ;  and  fo  the  latter,  exprfeffing'the  Superficies  CFGD, 
*M  tdafc^uently  be  ==  3^  *  BESFH  =  2?  K  jfi 
x  BESFH. 

m 

This  Solution,  it  may  be  obfenred,  obtains  en!y  in 
Cafe  of  an  *6Zrar£  Spheroid,  generated  by  the  Rotation 
of  the  Ellipfis  about  its  greater  Axis  5  tor,  in  an  oblate 

Spheroid, 
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Spheroid,  generated  about  the  lefler  Axis,  the  Value  ofir 

X^ax  —  c1)    will  be    impoffible;    fince,  in  this  Cafe 
HF  is  greater  than  HA«     But,  if  we,  heref  put  b  = 


a% 


VV  —  a\  and  4=  -t->  *e  Value  of  <w  (found  above) 
will  become  =  2Li?  yf    ^  +  **-  ^-  v'5r+*r 

= -j-  x   *  V  <ix  +  **:     Whofe    Fluent    may    be 

brought   out  by   help  of  a   Table  of  Logarithms  : 
For,    let    the   variable   Part  x  ^  d*  +  **    be   tranf- 

-      A  .    (xxT+S      *%*  +  *%*     *****  +  ** 

\  d*xx  -j*  *  *x  id%xx 

=  )      y  ,a  »  '      -  +  w't't  ■    '  4t  fo  that  the  Nu- 
K*V  +  #♦       Yd  x  +  *♦ 

*</***  +  x*x 
.  meratorof  the  firft  Teim  ^  %  v«      .  (now  in  a  given 

Ratio  to  the  Fluxion  of  the  Quantity  under  the  radical 

•  Ait.  77.  Sign)  may  be  had  by  the  common  Rule  *  j    by  which 

means  we  get  \  v*  Px *  H-  x+9  for  the  true  Fluent  of  the 

faid  Term  $   to  which  adding  the  Fluent  of  the  other 

id*xx  jd*x 

Tcrm  vr#+*'  '•TO  (givcn  by  ** 

126.)  there  arifes  i  *•</*  +  w%  +  ki%  X hyp.  Log. 
*  +  vV  +  *\  for  the  Fluent  of  *  *V*  +  ** :    And 

fArt.7S.   **•>  correaed  f  and   multiplied   by  -|-,   gives  ^ 

Vd%  +  #*  +  ^  X  nyp«  Log.         ■  ■      ,  for  the 

Superficies  in  this  Cafe,  where  the  propofed  Spheroid  is 
an  tblate  One. 
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E  X,A  M  P  LE    V. 

164.    Lit  the  Solid,   who  ft  Superficies  is  fought  s  be  the 

hyperbolical  Conoid. 

Let  the  femi-tranfverfe  Axis,  of  the  generating  Hy- 
perbola, =*,  the  femi-conjugate  =r,  and  the  Diftance 
of  any  Ordinate  from  the  Center  thereof  =  x\  then 
from    the  Nature  of  the  Curve  you  will  have  yzz 

c     . %  cxx 

f  Y  x%  -*  a%  1  whence  )  =  —7===  i  = 
o  u        a  v  x  x  — *  a a 

xVTT2±£-t,   and  *  (a^J=  2fi»  x 
*V  xx  —  aa  ** 

Vaa+ccxxx-*d*}  which  Iaft  Value,  if  d*  be  put  sr 
m%  ,    ' a  y   will  be  more  cofflmodioufly   exprefled   by 

%Pcx    / 

-Zjr  Yx%  —  d%  :  whereof  the  Fluent,  by  proceeding 
as  in  the  lattef  Part  of  the  foregoing  Example,  will 
come  out  =  - —  pcd    x    hyp.  tog. 

*  +  vV  —  d ' :    Which  torrefied  (by  taking  *:=?; 

7 


becomes  ?j  V  xx  —  dd  —  fr%  —  /*f  x  %.  £*?. 


*  +  ^x*  —dix 

. f —  t  the  true  Meafure  of  the  required  Su« 
Q  +  f?         perficies. 


a 


EXAMPLE      VI. 

165.  I*  1/  */  Jr#^W  to  find  thi  Superficies  of  the 
Solid  called  a  Groin.     ( Vid.  Art.  1 55.) 

Let  bedef  be  any  Sedion  of  the  Solid  parallel  to  the 
Bafe  thereof,  and  let  x  denote  its  Diftance  from  the 

O  Vertex 


1^4  $%*  ty*  fifltLVXlVBS 


Vertex  A,  alfo  puf?z  equal  to  the/correjj>ond!ng  Arch 
An  of  the  fcmi-circular  Sedion  N»A  &c.  whofe  Radius 
ABior  BN  kt.bedenoted  by  a. 


69? 


It  appears  from  Art,  161.  tnat  *  =  -7= — ; 

v  lax  —  xx 

Art.i59-  Which  Value,  multiplied  by  (2  V  lax  —  xx)  that  of 
^  .(.=  2^  gives  %ax  *  for  the  Fluxion  of  one  of  the  four 
equal  convex  Superficies  by  which  the  Solid  is  bounded. 
Ifttyce  the  whole  -Superficies  (bxcltidiog  tfaeBafe)  comes 
out  =  So*  :  Which  these/ore  is  exa&ly  equal  to  twice 
tJwBafc 

If  the  Solid  be  fuppofed  a  Groin  of  any  other  Kind, 
fiich,  that  its  two -equal  Seditas*  ffirough  th#  Middle  o* 
the  oppofite  Sides,  are  other  Curves.,  than  Circles,  the 
Suiftrficifts  cnayyWhe  fca*  i**the  fame  manner  *  and 
will  be  always  in  proportion  to  the  Superficies  arifing 
from  .the  Revolution  of  either  of  the.fajd  eqjial  Curves 
about  its  -A*is,  as  a  Square  is  tor  it*,  inferibed  Circle. 
Thus,  the  Superficies  of  a  parabolic  Conoid  being  2 

t  x*a  +  4Jy)/  _  -p~  (by.  Art.   16%.  )   the  convex 

ta  o  , 

Superficies  of   the  Groin,  fuppofing   the    generating 
Curve  A//N   to  Be   a  Parabola,  will  therefore  be  = 

-S- 1^  J/7* 


6« 


N 


£  X- 


inJm&Hgt&t  Supfrficies  of  Solids. 
fe  X  A  U  ?  L  E    VII. 

< 

166.  Wheritn  let  it  be  required  to  find  the  cwvex  Super* 
fide*  of  a  conical  Ungula  ECF6  ;  formed  by  a  Plana 
DFE  paffing  tnroagh  the  feafe  of  the  Cone* 

Let  a  right-angled  Triangle  AOM  (wnofe  Bafe  OM 
is  th*  Radius  of  thfc  Cirdfc  BDCE)  b«  fopjtofed  td  r*» 
volve  about  the  Axis  AO  ;  whilft  a.  Right-line  NP» 
draWn  perpendicular  to  OM  froth  the  intferfeftfcmW 
AM  tt\d  the  Arch  EFD,  tract*  out,  ilpfoh  the  Bafe  of 
the  Gonft,  the  Curve-line  EPGDf. 

IfKdfpOANaiid 
mpOAii  bfc  confi- 
ded alar  twtt  Po- 
fitioiis  erf  thfc  ge- 
nerating Trtarfgle 
irftfcftriitety  near  to 
each  others  it  h 
etkteftt  that  fte 
Space  MAw,  ge- 
nerated by  AM, 
will  be  to  the 
Space  MOjb,  ge- 
nerated by  OMr 
as  AM  t*  OM, 
or  OB.  Whence, 
MN  and  MP  bei 
ing  proportional 
Patfs  of  AM  attic)  __ 

OML  (becaufe  NP  ry  rcfrallel  to  AO)  it  is  likewife 
plain  that  tBe  Spaces  MN»ri>  nitd  MPjW,  geneMtcd  by 
thofe  Parts,  will'be  to?  ctoth  other  in  the  fame  Ratio  of 
AM  to  OB.  And  fince  this  every  where  holds,  it 
follows  that  the  whole  Space  (ENM)  ^.generated  bv 
MN,  will  be  to  that  (EPM)  generated  by  PM,  as  AM 
to  OB :  And  fo  the  whole  required  Superficies  (generated 

by  AM)  is  truly  reprcfented  by  xvy  Area  EPGDCE. 

O  2  But 


*95 


196,  The  UJi  of  FLVxiom 

But  now,  to  find  this  Area,  EPGDCE,  it  is  ob* 
fervable  that  the  Area  of  the  Plane  DFE  (being  the 
Segment  of  a  Conic- fe&ion)  is  given,  by  Art,  115.  149 
or  130.  And  it  is  very  eafy  to  apprehend  and  de- 
mcnttrate  that  the  Area  fo  given  will  be  to  that  of 
EGDH,  as  the  Radius  to  the  Co-fine  of  the  Angle  of 
the  Inclination  of  the  faid  Plane  to  the  Bafe,  or.  as  HF 

to  HG.    Therefore,  feeing  EGDH  is  =  g^x  EFD, 
we  have  EPGDCE  (  =  ECDHE  —  EGDH )  =s 

ECDHE  —  gj  x  EFD  j   and  confequently  ^x 

EPGCDE  =   gf  x  ECDHE  -  ^£*»  x 

EFD  =  the  convex  Superficies  that  was  to  be  found* 

If  the  Point  H  be  fuppofed  to  coincide  with  B, 
ECDHE  will  become  the  wholt  Circle  CB;  and  EDF 
will  become  a  whole  Eljipfis,  whofe  greater  Axis  is  BF, 

•  Art.  41.  and  its  lefler  Axis  =  31/OBxOG.  *    Therefore,  the 
f  Ait.  114.  Area  of  the  former  Figure  will  be  expreffed  by_£xBO*f, 

and  that  of  the  latter  by  p  x  \  BF  x  •Ob  x  OG  j 
and  fo  the  convex  Superficies  of  the  Part  BFC  will  be 

AM  ^4      AM  x  BG  ,  or, 

(=*QB  X'*BO  -QBlTBF  x^x^BFx 

VOB  x  OG)=j>  x  AMxOB— jxAMx  iBGx 

~ :   Which  being  deduaed  from  f^xAMx 
OB  B  Ir 

OB)  the  Superficies  of  the  whole  Cone  BAC,  there 

y~ ,  for  the  Superficies  of 
OB 

the  oblique  Cone  BAF  >  which  from  hence  is  alfo  given. 


y 
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in  finding  the  Superficies  of  Solids. 
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Scholium. 

167.  In  moll  of  the  Examples,  delivered  in 
the  four  laft  Sections,  the  Part  of  the  propofe* 
Figure  next  the  Vertex, 
whether,  a  Curve,  Solid, 
or  Superficies,  is  firft 
found  p  from  whence,  by 
taking  the  Altitude  (x) 
of  that  Part  equal  to  (a) 
the  Altitude  given,  the 
Content  of  the  Whole  is 
deduced  :♦  But,  if  the 
Content  of  the  lower  Seg- 
ment (BCED)   of  any 


Figure  (ABC)  arifingby 
taking  away  a  Part(  ADE) 


next  the  Vertex,  be  required ;  then  the  Difference  be* 
tween  the  Whole  and  the  Part  taken  away  (found  as 
before  explained)  will  be  the  Quantity  fought. 

Thus,  for  Example,  let  ABC  be  the  common  Pa- 
rafofo,  and  let  it  be  propofed  to  find  the  Content  of  the 
Part,  BCED,  included  between  any  two  Ordinate! 
6C  (t)  and  DE  (c)  at  a  given  Diftance  BD  (d)  from 
each  other :    Then,  the  Equation  of  the  Curve  being 

«  =/s  wc  havc  *  =?»  ™d  therefore  y&  *  =  ^  •aimxs. 


a 


2y* 
whofc  Fluent  ~  is  a  general  Expreffion  for  the  Area 

comprehended  between  the  Vertex  and  the  Ordinate  y  ; 
Whence,  expounding/,  by  b  and  c  lucceiBvely,  we  get 

and  — -  for  the  conefponding  Values  of  ABC  and 

%b* 2c9         ' 

APE ;  whofe  Difference  »  ■      ■    ■  is  the  required  Aw* 

^^  t^ 

JJCED :  But,  to  exprefs  the  fame  independent  of  *,  it 
*ill  b^>  by  the  Property  of  the  Curve,  t% :  <% ;:  A3 :  AD ; 

O  j  whence, 


3* 


I<$  fie  ¥fe  of  Flpxioms 

whence,  by  Divifion,  F:  b%~cz: :  AB  :  BD  (d)  and 
confequently        ,     ss  -7-g  =  * ;  which  firft  Value  being 

Wfpce  inftead  of  «,  there  rcfults  BCED  =  J?.  T.^  ?,., 
■   arf      y  +  fo  -f  ca 

After  the  ftme  Manner,  the  Segments  of  other  Fi- 
gures $nay  be  found  ;  but  in  n\any  Cafes  they  will  b« 
mere '  readily  had  from  a  diredt  Inveftigation,  without 
Cither  finding  the  Whole  or  the  Part  taken  away. 

Tf  hus,  in  the  Cafe  above,  if  the  Ejccrfs  of  any  Or* 
dinpte  RP  abpvc  DE  (c )  be  denoted  by  w,  we  flud) 
have,  by  the  Property  of  the  Curve,  b%  —  f  (BC*— r 

DE*)  :7+S|*  —  <*  (RP*—  DE1)  : :  DB  (d)  :  DP  =; 

f'.g-p,  '**  nob.  «» « sjy?*) 

Wujtipjie4  V  '  +  w   ( =?  PR )  SIves  '  x 
f^^yy^*'*,  for  the  Fusion  of  the  Are* 
J5PRE  :     Whereof  the    Fluent    (  which  is  idw    X 
'.!.  *  f|jM  *"-)  will,  when  w  =  *-^'  (pr  RP=BC) 

*■■ ^-_V»    , "^ 

a//     b.1  +  b<  +  <*  .    ,     -  *        .  . 
pr  its  Equsd,  -  x  — b,c  '  5  '*<  >»'  *  %*"• 

-  ^/«,  for  mother  Example,  let  CED*  be  confi- 
dered  as  the  lower  Fxuftruui  of  ah  Hemifphere,  whofe 
Center  is  the  Px>w  R :  Then,  BP  beine  bm%  ienpfefl 
by  5,  we  (hall  have  f  (  =  BR*  -  BP )  =  F  -  iv\ 
♦  Art.  u*  and  confequently  //*•  =  />  x  *^^w*W>  wMe 
5  1  •     •   ■  •  "       Flu«it 


fee  truly  expounded  by  n 1±-    ^    ir-r 


in  Jmdmg  the  Superficies  qf  Solids. 


Fluent  ^xfty^iV^^P^I1- wA  =  $pw  x 
iT  +  y— -w»CS  }^X2^  +/  =  ^  x  BP   X 

*BC*  +  PR*)  *  Ac  true  Content  of  the  Part  CEO* ; 
wfcidh  wiri  aHb  ibold  i*hai  the  Ftgnreit  a  Spheroid  -  * 
This  laft  Method?  of  fining  the  Content  of  a  Por- 
tion at  a  Figure,  retire  from  the  Vertex,  wiH  kept 
Sprvirr,  when  the  general  Value,  for  the  Whole*  can* 
not  be  exprefied  without  an  infinite  Series  $  becaufe 
fuch  a  Series,  in  that  Cafe,  not  converging,  becomes 
ufctofr  *. 

.  By  dividing  ffce  whole  jm>pofcd  Figure,  AHWt  into 
a  Number  trf-fiich  -Portions,  HV,  GT,  FS,  £^c.  die 
Content  thereof  may  he  obtained*  when  to  find  it  at 
once,  by  a  Series,  efcmiffencmg  from  the  Vertex,  would 
be  altogether  impracticable. 


T    V 


W 


19? 


•Art. 
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B    CMD     E     If     Q 

But,  to  render  fuch  an  Operation  as  (faprt  and  eafy 
as  may  be,  it  wih'be  proper  to  find  each  frart  (OQj  &c.j 
of  the  Figure,  by  means  "of  a  Strids  f  rocee#ing  bqth 
Ways,  from  the  middle  Ordinate  (MN)  between  tfo 
two  correfpondinft  Extremes  (CR  and  OR). 

Thus,  let  the  value  of  MN  (found  by  tte  Property  «f 

the  Curve)  be  denoted  by  * ;  and  let  the  Value  of  Dft  9 

in  a  Scries,  be  itpttftnfed  by  * +**+«r*+4rs+#*4+ 

fx*+&c.  where  xtiMD-,  then  the  Area  MDRN  will 

be  reprtfcmed  Vy  Ae  Fluent  of*  x  «+**+«r*-Hfe,«f 

Q  4  fcf* 


«» 


su 


The  Ufe  of  Fluxions 


bx       ex*        dx* 
$c.  or  by  x  X  a  -^  -  +  --  +  --_  .f  fcr, .    ^ 

by  writing— *•  inftcad  of  *,  the  Ordinate  CQ^will  be  ex* 
preffed  by  « —  hx  +  cx*~dx*  &c.  and  the  Area  MCQJ*# 

v  **      ***       2?       «J* 
ty  **«  — y +  —  ~~  +  ~^  &v.  whcncc  ^ 


**J 


Area  CDRC^is  =  a*  x  a  +  —  +  —  +  £L  +  tfr, 

3        5         7 
Therefore,    if   DE,  EF,  FG,   and  GH  be  fuppofed, 
each,  r=  BC  (2x)  and  the  Areas  DS,  £T,  &c.  (found 

j- -, — 

*s  above)  be  denoted  by  ix  x  a  -f  *<Z-  +  —  fcfr.  and 

-  3         5 

*        .1 

2x  X  a  +  —  +  —  &c.  refpe&ively,    it  follows   that 

3     '*-  5 

the  Area  CR  +  DS  +  ET  will  he  reprefented  by  txx 
a  +  a  +  a  t$c.  -jr  \  x*  X  c  -f  c  +  c  &V.  +  *  #*  x 


K*^ 


** 


A      CM dot  H 


An  Example  will  {hew 
the  Ufe  of  this  laft  Expref- 
fion  :  Let  CHWQ^  be  a 
Portion  of  a  Quadrant 
H^W  pf  a  Circle,  whofc 
Bafe  HC  {conceived  to  be 
divided  iiito  four  equal 
Piirts)  is  equal  half  the  Ra- 
dius AH,  reprefented  by 
Unify.     Then,  puttipg  CM 

(=DM=^D*i==*H  =  }.) 
==*,HM(  =;|):=£,  and 


H«  (  =  t'J  ~  f,  wa  have,  by  the  Property  of  the"  Cir- 
cle,  a  (MN)  =  VHN»-HM*=;  *I~=7S   wf 

DR 


in  finding  the  Superficies  of  Solids.  jor 

DR  <=  VHR*—  HD*)  =  y/i  —  p^  = 
Vi—  f  +  2px~xz  5=    l/f+'tpx  —  x**   which, 

=  «  +  £  -» -L  +  ^  x  **  y*.    Therefore,  in  tbi» 

Cafe,*=£   ,=r~-4-fj,    »<•      Which     V*. 
lueof  *,  by  writing  i-*i*  for  its  Equal  p\  will  be 

jtduced  to ^=.    From  whence  it  is  alfo  evident 

tjot  . 

that*  = L-  (fuppofing  a  (mn)    =     V i  —  q *) 


2«* 


Gonfcqjxently  2*  x  *+  *  +  a  &c  +  f  *  *  <  +  *  +  f 


/       // 


/  / 


3  '       ^.£4.^*4    X    4 


1  J  2 

1 s     4-    * ^  - v    1       1        mi  m 

'       T   ax  63       >g^    *  64  x  8  x  3 


6+_  ^   64  *+  64 

__  3a    _  3  X  SSjf 5S  3  X  63  V63    T 

•«  -f  ^63  As  v^ 

1  '       ■  1 1      ■  ii  _  ■  .n        •— .  1  -f  — • 

32  t  3*55*55  3*63x63    "* 

0*487  JO—**  Area,  CHWQ^  that  was  to  be  found. 

This  Example,  chofen  as  an  Illustration  of  the  fore- 
going Method,  may  indeed  be  wrought  the  common 
Way  i  wher^c  the  very  far^e  Condufion  is  brought  out 


Xqz  Z%*  Ufi  effluxions 

(Fide  Art.  1^4..}  But  that  Method  is  alfo  applicable  to 
any  other  Cafe,  whether  tb*  Pact  propofcjl  be  near  to 
the  Vertex,  or  remote  from  it ;  and  whether  the  Figure 
fcfclf  fee  a  Curve,  Solid  or  Superficies ;  fine*  the  Mea- 
sure thereof  may,  always,  be  exprefied  by  the  Area  of 
•t  Curve. 

There  is  another  Way,  well  known  to  Mathemati- 
cians, whereby  this  Area  of  a  Curve  may  be  deter- 
mined, by  means  of  a  Number  of  equidfftant  Ordi- 
nates;  which  Method,  derived  from  *that  of  Differences^ 
may,  alfe,  be  ufed  to  good  Furpofe,  in  Cafes  like  tfcofe 
above  fpepfie8 :  But,  it  haying  been  treated  of  by  feveral 
others,  and  akfo  ki  my  DiJJertertiens,  the  Reader  will  ex* 
cuic  mc*  *f  Ao  further  Notice  is  taken  of  it  here. 


SECTION    XL 

Of  the  Vfe  ef  Fluxions  in  finding  the 
Centers  of  Gravity  ?trcu£m%  and  OfoH^ 

lotion  of  Bodies. 

»   • 

168.  rr\  H  E  Center  of  Grayily  is  that  Point  of  a 

JL     Body,  by  which,  if  it  were  fufpended,  it 
Woujd  re£  in  Equilibria  ja  any  Pofition, 

Lemma. 

169.  La  f9  q+  r9  s9  &c*  he  any  Nwnber  of  given  Weights? 
hanging  Qt  fin  inflexible  Line  (or  Rod)  AM  fufpended 
in  Ifyftttibfiei  in  em  Imnmnted  Pofitiin^  e*  she  P-oiut 
Oi  to  determine  the  Pofition  of  theft  Point. 

Since  (by  Mechanics)  the  Force  of  any  Weight  (p) 
to  raife  the  oppofce  End  (M)  of  the  Balance,  ia  as  that 
Weight  drawn  into  its  Diftance  (BO)  from  the  Ful- 
crum, 


in  findmgtbt  Ceafpy  tf °Gtw&)t»  &c.  ^pj 

crura,    yq  ffptyt  from. the  Equality  of  tbefe  Forces, 
fcve  fit  OP  +  q  x  OO+rx  QJDtex  x  0£*xxO^ 


at.     F      B  O      P    C     B    ,  A 

a  *  fc"|i|j,ftt     " — } — T r— I 1 — r-^T !/V 


tkftt  w,^  a<  AO-rAB+g  x  AO— AC +rx AO^A()= 

*  X  AE-i-A04  <  X  AF— AO,  and  confequcntly  AO= 

*  XAB  +  yxAC-frxAP-f-  >kAE  +  r*AF 

Twq>  which  it  appeara,  that,  if  each  W4$t  U  muki- 
pljfd  iff  its  pi/lance  from  the  EM  (or  any  pven  Pqpfi) 
eftbfi  Atflsy  the  Sum  ofqtt  tht  Projuffs  4iv$i  by  the  £#* 
t£aljitki  Weighty  wll  giyt  the  Dificme  tf  the  CaiUr  ef 
Gravity  from  thqt  E*4(or  Point.) 

Nafa  TTh$  Pwdti#*  here  iqeniiansd  are,  uiUaJly, 
<ali'd  thz  F**au  of  tb^ir  rclpaftive  \V$igju$ r.  not  m 
refpe&  to  their  A&ion  at  the  Center  O  (vyl^ipji  j*  ^« 
©re^fei  by  a  Afferent  Q^ajotjty)  >ut  with  regard  to  ttje 
EfFe&s  they  have  in  the  Conclufipn,  or  the  Val^e  of 
AO  j  which  appear  to  be  in  that  Ratio, 

PROPOSITION     J, 

170.  To  btermine  tbi  Center  of  Gravity  of  q  £/«*, 
Pkm>  Siperfifits,  or  SgKd  (admitting  the  three  foraw 
capable  pF  being  affiled  by  Gravity.) 

Let  AMBC  be  the  proppfed  Figure,  ajjd  G  Ujc 
Center  of  Gravjry  thereof ;  thro*  which,  parallel  to 
theHorizpn,  lc*  the  Line  EF  be  drawn,  interfering 
AC,  at  Right-angles,  in  O  5  alfo  let  AK  ayid  NM  be 
perpendicular  to  AC,  and  parajlel  to  EF. 

« 

171,  Cafi? 


*04  &*  We  °f  Fluxions  ' 

171.  Cafe  1.    If 

the  Figure  AMBC 

be  a  Plane  %   let  it 

be  fuppofed  to  reft 

in   Equilibria  upon 

the  Line  EF  $  and 

then,   if  the  Line 

MM  be  confider'd 

as   a   Weight,    its 

Force     (defined  a* 

beve)   witl   be  ex- 

preffed     by     MN 

drawn  into  its  Oiftance  (AN)  from  the  End  of  the  Axis 

AC ;  that  is  by  yx  (fuppofing,  as  ufual,  AN=jr  and 

MN=yJ    This,  therefore,  multiply'd  by  the  Fluxion 

of  AN,  gives  yxx  for  the  Fluxion  of  the  Force  of  the 

Plane  AMNj  whofe  Fluent,  when  *=AC,  exprefles 

the  Force  of  the  whole  Plane,  or  the  Sum  of  all  the 

Produ&s  of  the  Ordinates  (or  Weights)   by  their  r$* 

fpe&ive  Diftances  from  AF£ :   Which  Fluent  being* 

therefore,  divided  by  the  Area  ABC,  or  the  Fluent  of 

yx  (according  to  the  foregoing  Lemma)  the  Quotient 

^~)  will  give  (AO)  the  Diftance  of  the  Center 

of  Gravity  from  the  Line  A&« 

17a.  Cafe  2.  If  the  Figure  be  a  Solid  \  let  MN  be  a 
Se&on  thereof  by  a  Pkne  perpendicular  to  the  Ho- 
rizon y  then,  the  Area  of  that  Sedion  being  denoted  by 
Ay  the  Force  thereof  (confidered  as  above)  will  be  ex- 
prcflcd  by  Ax,  and  the  Fluxion  of  the  Force  of  the  Solid 
AMN  by  Axx ;  whofe  Fluent,  divided  by  the  Content 
of  the  Body,  or  the  Fluent  of  Axy  gives  AO,  in  this 
Cafe.  But,  i£  the  Solid  be  the  half  for  the  whole)  of 
that  ariflng  from  the  Rotation  of  a  Curve  AMB  aboijt 
Its  Axis  AC  ;  then  (putting  p  for  the  Area  of  the  Circle 
whofe  Radius  is  Unity)  A  will  become  =  fyy%  *  $  aqd 
r  .1     a  r*  -    ***■  *  Pf**  _  Flu,  f  xx 

confequently  AO  =    Flu^pf-  =^rj- 

173.  Cafe 


d 


'Art.  145 


in  finding  the  Centers  of  Gravity,  &c.         305 

173.  Cafe  3.  Jf  the  Figure  propofed  be  the  Curve-line 
AMB ;  then,  the  Force  of  a  Particle  at  M  being  exprefled 
by  AN  or  MQ/xJ  we  (hall  (putting  AM  =  %)  have 

^2  =  AO.  • 

174.  Cafe  4.  But  if  the  Figure  given  be  the  Steperfidee 
generated  by  tie  Rotation  of  AMB  about  AC. 

Then,  the  Periphery  of  the  Circle  generated  by  the 

Point  M  being  =  2py,  it  follows  that    p  '  2fy **   = 

0        *J  Flu.  %pyx, 

EXAMPLE L 

175.  Let  the  Figure  propofed be  the  ifofieks  Triangle  ABC* 

It  is  evident  the  Center 
of  Gravity  (O)  will  be 
fome  where  in  the  Per- 
pendicular AQ,:  And, 
SfAQ=*»  BC=J,  AN 
==*,  and  MM=yj  then 

y  being  =  — ,  we  fhall 

a 

have,  by  Cafe  1,  AO  (= 

Flu.yxx\     _     Fiu.:x%x 

flu.yx)     ■"     /?«..** 

=  75=1—  =  7  AQ^  when  x  =  AQj  and  confe- 


AO 

quently    OQ^  =5  — -• 

In  the  very  fame  manner,  the  Center  of  Gravity  of 
any  other  (plane)  Triangle  will  appear  to  be  at  f  ot  the 
Altitude  of  the  Triangle. 

EX- 


aofr 


7k  tfji  tfTbttttitii 


tXA  MPL  £    If. 
I76.  Let  the  figure  prepafed  be  a  Parabola  if  any  Kindt 


»  « 


wheieof  the  Equation  is-jr  ss , 

* 


"+*■ 

*      * 


t*        FJu*y#x      Fki. 
******    vL     -—^-     n 


JI+2 


*      X      = 


the  DifUnde  of  the  Center  of  Gravity  from  the  Vertex 
of  the  Curve. 

EXAMPLE    in. 

177.  Let  BAC  be  a  Segment  of  a  Circle. 

-Then,  if  tbe  ftadius  thereof  be  put  si  >,  we  Aafl 
bavejr  (NM)  =  Var*— xx:  Wri*icfe  4*  Fluent  of 
jxx  (xxy/vx  —  xx)  will,  by  Jh.  1*3,  ie  f<W4»d  =*  *» 

3™— **l  +r x Area ANMi  wWth  AWfcdl*  ANM, 

3 

BHcsr 'NML.,4gAO*.  T^s,  therefore,  when 

a  BAC  i*  a  SemT-circIei 

M       b**mes  -  "»  * 

f,  rfearly. 

y         But,  wMR  refteft  to 

__        tfie  Center  of  Girivify 

B  Q  C       tf  the   Arch   BAC; 

we   have,    Flu.   *£,   ( by  Cafe  3. }    ±*   Fit  Oft  of 

_  _  .  r  x  MN  : 

AO  ikr*  =  r  —  -  aM  ■.  1 


tf2t*4~*XX 


EX- 
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EXAMPLE    IV. 

178.  Let  ABC  (fee  the  preceding  Figure)  reprefeat  a 
Segment  of  a  Sphere,  or  Spheroid. 

In  which  Cafe,  denoting  the  Axis  of  the  Sphere,  or 
Spheroid,  by  0,  and  the  other  Axis  of  the  generating 

Curve,  when  anEllipfis,  by  b,  we  havcj*= —  x**— xx% 
and   therefore    S'ffi*  ss     jg^*  —  xxxxx 

^-i^_i^  -   **-i»~6,-4,     ~A°* 

If  the  Solid  be  an  hyperbolical  Conoid,  the  Difiaaca 
(AOJ  of  its  Center  of  fifatify  from  the  Vertex,  wilt 
alfo  be  exhibited  by  the  Expreffion  tere  brought  out, 
when  the  negative  Stgnrarr  changed  tpyofuiveonfs. 

179.  In  thofe  Cafes  where  the  Figure  cannot  be  divide* 
irtto  twb  Part*,  equal  and  tike  to  each  erthdr  (as  a  Curve 
is  by  its  Axis,  &c.)  the  Pofkion  of  two  Lines  EO,  e$ 
0ie  the  enfuing  Figure)  mult  be  dkfentoilfd,  m  *bo*r\  - 
m  whofeliuccfe&iofi  (GJ  the  Center  of  Gravity  will 
be  found. 

tXAMBLE    V.        ( 
Zrf  ABC  be  a  Semi-parabola  of  any  Kind -,  whereof  the 

Equation  isjr  =.-jj— j- 

1  It  appeal*,  <V<m  £*«  *.  that  (AO)  the  DlftMce  4f 

EGO  from  the  Vertex^  is  exprefled  by  2X^    X   AC: 

But  to  find  the  Pofuion  of  oQe  (perpendicular  to  EO) 
fct  Mh  be  parallel  to  eo,  or  AC  j  then,  AN  befog  »  *• 

ami 


«»       •   « 


20& 


the  XJ/e  of  Fluxions 


and  NM  (y)  =  +* — *  if  AC  be  denoted  by  l%  Wi 


Aall  have  M»  =  J—*,  and  Mw  x  NM  Xj  2=*  —  *  x 


«-*-! 

4 


a*  —  x.  a*. 

— -»    for  the 

an  —  a 


Fluxion  of  the  Sum  of  the  Forces  in  this  Cafe  (JUL 
-A*,  j 7 1*)  whofe  Fluent 


\       an— a 
2JM 


•in+i 


bO. 


a«+iXfl 


as 


WAT 


'*  X  ^H-2* 

by  the  Area  ABC  (= 


a  2»+I    "~  2   ~   2»+I 

or  ■ ,    when  *  s    J)   divided 

4*+* 

BC  x  AC\      .        »+i 
-1    gives 


«+i      /.    °        4»+2 
BC  for'  the  a ue  Value  of  C*,  or  OG.    Which,   in 
cafe   of  the   common  Parabola,  where  *  =  |,  and 

where  AO  (^  x  AC)  ^'fAC,  will  become  =  ICB< 

\«+2 

Before  I  leave  this  Subjeft  it  may  not  be  improper 
to  take  notice,  that,  whatever  Line  you  found  your 
Calculations  upon,  by  fuppofing  the  Figure  to  reft,  in 

Equilibria 
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Equilibria,  uoon  that  Line,  the  very  fame  Point,  for  the 
Place  of  the  Center  of  Gravity,  will  be  determined. 

180.  Thus,  let 
O  be  the  Point  in 
the  Axis  AC,  of 
a  given  Curve 
BAD,  deters 
mined,  as  above, 
by  fuppofing  the 
Figure  to  reft 
upon  EF  per- 
pendicular to 
AC  ;  and  let 
RS  be  any  o- 
ther  Line  paffing 

through  the  Point  O  ;  then  I  fay  the  Sum  of  the  Me- 
mtnta  of  the  Particles  on  each  Side  of  RS  will,  alfo,be 
equal.  For,  if  from  two  Points,  in  any  Ordinate  MQ^, 
equally  di  ft  ant  from  the  middle  Point  N,  two  Perpendicu- 
lars mr  and  ns  be  let  fall  upon  RS,  the  Efficacy  of  thofe 
two  Points,  in  refpecttoRS,  will  bereprefented  bymr+ns9 
or  its  Equal  2NH  (fuppofing  NH  a  lib  perpendicular  to 
RS.)  Whence  the  Efficacy  of  all  the  Particles  in  MO, 
will  be  exprefied  by  their  Number  multiplied  by  NH, 
or  bv  MQxNH  :  Which  is  to  their  Efficacy  (MQ^x 
ON)  when  referred  to  the  Line  EF,  in  the  conftant 
Ratio  of  NH  to  ON,  or  of  the  Sine  of  the  Angle 
RON  to  Radius.  Whence  it  is  evident  that  the  Force 
of  all  the  Ordinates  (or  the  whole  Curve)  in  the  former 
Cafe,  muft  be  to  that  in  the  latter,  in  the  fame  Ratio: 
But  the  faid  Force,  in  the  one  Cafe,  is  equal  to  nothing 
by  Hypothefis,  therefore  it  muft  be  likewife  fo  in  the 
other :  And  confequently  the  Sum  of  the  Momenta  of 
the  Particles,  on  each  Side  of  RS,  equal  to  each  other. 

Much  after  the  fame  manner  the  thing  may  be  proved, 
in  a  Solid  :  Whence  it  will  appear  that  there  is  actually 
fuch  a  (fixed)  Point  in  a  Body  as  the  Center  of  Gravity 
is  defined  to  be :  Which,  however  evident  from  mecha- 
nical Conflderat ion«r  is  not  fo  eajV  to  demonftrate,  gro- 
nutricalh*  from  the  Refolution  of  Forces* 

'  P  PRO- 


aio 
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PROPOSITION    H. 

181.  To  determine  the  Center  ofPercuffion  of  a  Body. 

The  Center  of  Percuffion  is  that  Point,  in  the  Axis  of 
Sufpenfion  of  a  vibrating  for  revolving)  Body,  at  which 
it  may  be  ftopt,  by  an  immoveable  Obftaae,  fo  as  to 
reft  thereon  in  Equilibria  as  it  were,  without  a&ing  upon 
the  Center  of  Sufpenfion. 

Let  O  be  the 
Point  of  Sufpen- 
fion, G  the  Center 
of  Gravity,  and 
SLM  a  Section  of 
the  Body,  by  the 
Plane  wherein  the 
Axis  of  Sufpenfion 
OGS  performs  its 
Motion ;  to  which  Sedion  let  all  the  Particles  of  the 
Body  be  conceived  to  be  transferred  in  fuch  Parts  thereof 
where  they  would  be  projected  into  (ertbographically) 
by  Lines  parallel  to  the  Axis  of  Motion  ;  which  Suppo- 
fition  will  neither  affect  the  Place  of  the  Center  of  Gra- 
vity nor  the  angular  Motion  of  the  Body. 

Since  the  angular  Velocity  of  any  Particle  P  is  as  the 
Diftance,  or  Radius,  OP,  its  Force  in  the  Direction, 
PB,  perpendicular  to  OP,  will  beexpreflcd.by  Px  OP. 
Therefore  the  Efficacy  of  that  Force  upon  the  Axis,  at 
B,  in  the  perpendicular  Direction  BN  f  fuppofing  the 
Axis  ftopt  at  C  the  Center  of  Percuffion)  will  be  P  x 

OP 
OPx  rrg,  whofe  Power  to  turn  the  Body  about  the 

OP 


Point  C  is  therefore  as  PxOP  x 


51 


x  BC  =  Px 


OP*  x  BC      _      OP'xOC  — OB    tt    OP*xOC 

— bs-  = p  x  — m — sPx   oa  ' 

—  PxOP1;  which,  if  PQ>e  made  PcqKadioUar  tot 

OS, 

5 
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OP* 

OS,  wUl  at  laft  (becaufe  ^g-  =  OQJ  be  reduced  tq 

PxOQxOC— PxOP*.    By  the  very  tunc  Argument, 

the  Force  of  any  other  Particle  r  will  be  denoted  by 

(  PxOQ^OC-PxOP^esf^  fife  But,  as  all  tbefe 
Forces  muft  deftroy  one  another  (by  the  Nature  of  the 
Problem)  the  Sum  of  all  the  Quantities  P  XOQ.X  OC, 

P  x  OQ^x  OC,  &c.  muft  therefore  be  sc  the  Sum  of  all 
the  Quantities  P  x  OP,  P  x  OP*  &c.  and  caafequently 

^  _  PxOPa  +  PxQ^+  &.  &Cm  u 

»  Ut  =:   ■    i  ■■      ■  ■  ;  ■      ,     ■    ■' .    But  (by  the 

.    PxOCL+PxOC^+ejfr.  lie. 
preceding  Propofition)  the  Sum  of  all  the  Quantities 


PxOQL+PxOQ.+  &£.  is  equal  to  OG  x  by  the  Cou- 
tent  of  the  Body.     Therefore  OC    is  likewife  ss 

Tbi  farm  otbtrxuife.. 
Since  the  Force  of  the  Particle  P,  in  the  perpeodioular 

OP* 

Dire&ion  NB,  is  defined  by  P  x  ^g->  or  its  Equal, 

PxOQ^  the  Sum  of  all  the  Quantities  F*OQ^  £cO<^ 
&c.  tsTt.  wiH  exprefs  the  Force  which,  ading  at  C  per- 
pendicular to  OS,  is  fufficient  to  flop  the  Body,  without 
Sj*£  .Cwter  of  Sufoeofion  O  being  any  w*y  affe#e4: 
This  Sum,  thcieJone,  drawn  into   OC  (  =s  OC  X 

LXP%+  *  * 0<^  +  * *« »•;  *  *  ***  *a»v  «? 

ttaeftid  Force  to  turn  the  Body  about  the  Point  O.  But 
AST*  pf  **  P*rti«,«  P»  "»  ^  9»i»a»oa  BN  being 


OP* 

gs>  lis  Efficacy 


P  *  Point 


%\%  Vbe  Ufe  vfFtvxioss 

Point  (the  contrary  way)  is  a*  P  x  OP*  j  and  conic** 
quently  the  Efficacy  of  all  the  Particles  as  the  Sum  of 


i        i 


all  the  Quantities  PxOP%  PxOB*  fafc.  far*.    Therefore 
(A&ion  and  Re-a&ion  being  equal)  we  have  OC  X 

PxOd+PxOQ.+  &c  =  PxOP*+PxOPa+  lie.  the 
fame  as  before. 

For  the  Center  of  Ofcillation,  it  will  be  requifite  to 
prexnife  the  following 

Lemma. 

182.  Suppofe  two  exceeding  fmall  Weights  C  and  P, 
a  Sling  on  each  other  by  means  of  an  inflexible  Line  (or 
Wire  PC)  to  vibrate  in  a  vertical  Plane  ROPCM, 
about  the  Center  O  ;  it  is  required  to  determine  how  much 
the  Motion  of  the  one  is  afftfted  by  the  other. 

R    H      Q  O  Let  CH  and  PQ  be  per- 

\      !      •*        ^<s-  pendicular  to  the  horizontal 

\     \\$<$^/      1  ^ine  OR  '  alfb  ,et  PB  and 

\  j  /Sxf-.  *  and  OC  refpe&ively. 

\^  *  ^..J  If  the  Force  of  Gravity 

CV  !  be  denoted  by  Unity,  the 

\V  Forces  ading  in  the  Di- 

S    ' '^; j  M      redlions  CS  and  P B,  where- 
by the  Weights,   in  their 
Defccnt,  are  accelerated,  will,  according  to  the  Refo- 

OH         OQ^ 
lution  of  Forces,   be  reprefented   by  -^  and  ^jp. 

Moreover,  fince  the  Velocities  are  always  in  the  Ratio 

of  the  Radii  OC  and  OP,  if  the  forefaid  Forces  were 

OH 
to  be  in  chat  Ratio,  or  that  of  P  was  to  become  ^ 

X  rjg-,  inftead  of  ^    I  fay,  in  that  Cafe,  it  if 

'  plain  the  Weights  would  continue  their  Motion  with- 

out 
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out  affe&ing  each  other,  or  a&ing  at  all  on  the  Line 
of  Communication  PC  (or  PB).    Whence,  the  Excefs 

r   OQ.  t       OH       OP        A  v     ^ 
of  j=-~-  above  ^g  x  tttt  mutt  he  the  accelerative 

Force  whereby  the  Weight  P  ads  upon  the  Line  (of 
Wire)  OC,  in  the  Diredjon  PB ;  which  multiply^  by 

OQ      OHx<5P 
the  Weight  P  gives  P  x  fix~ qq* —  for  the  ab- 

folute  Force  in  that  Direction :  Which  therefore,  in  the 

^  tt       OQ      OHxOP 

perpendicular  Dire&ion  NB,  is  P  X  qjj-  -*.  ■■  qqx — 

OP 
X  qb  i   whereof  the  Part  afiing  upon  C,   hcing  to 

the  Whole  as  OB  to  OC,  is  truFy  defined  by  P  x 
OQ.      OHxOP* 

OC  ~     0c1    •   •£     u 

If  P  be  fuppofed  to  afl  upon  C  by  means  of  PC  (in* 
dead  of  PB)  the  Conclufion  will  be  no  way  different: 
For,  let  F  (to  fhorten  the  Operation)  be  put  to  denote 

OQ"     OH  x  OP\ 
the  Force.  (P  K  £v?p q™ — 1  in  the  Direction 

PB,   found  above,  then  the  A&on  thereof  upon  PC 
(according  to  the  Principles  of  Mechanics)  will  be  ex^» 

prefled  by  F  x  c    /  ^    j  which  therefore  ia  the  Di* 

redion  SC,  perpendicular  to  OC,  is  F  x  a  ■  -  x^m  x 

S. PCO        S.  PCO    _  £PCO ._         OP 

Ibtim  ~  Co-/. CPB  ""  &QPC  "FX  Oc"»     * 
ytrjfanu  at  htfort. 


P3  PHO- 
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PROPOSITION    III. 

183.  To  determine  the  Center  of  Of  dilation  of  a  Body. 

The  Center  of  Ofcilktion  is  that  Point,  in  the  Axis 
(or  Line)  of  Sufpenfion  of  a  vibrating  Body,  into  which 
if  the  whole  Body  was  contracted,  the  angular  Velocity 
and  the  Time  of  Vibration  would  remain  unaltered. 


Let  LMS  be  a  Sedion  of  the  Body  by  a  Plane,  per- 
pendicular to  the  Horizon  and  the  Axis  of  Motion, 
paffing  thro'  the  Center  of  Gravity  G  and  the  Point  of 
Sufpenfion  O ;  and  fuppofe  ail  the  Particles  of  the  Body 
to  be  transferred  to  this  Softie*,  in  fuch  Places  of  it,  as 
they  would  be  projected  into  (vftbograpbicatty)  by  Per- 
pendiculars falling  thereon.  (Which Supposition  will  ho 
way  affeA  the  Conclufkm,  the  angular  Motion  conti- 
nuing the  fame. )  Moreover  let  C  1>e  Ae  Center  ef  Ofcil- 
lation,  or  that  Point  in  the  Axis  OS  where  a  Particle 
of  Matter  (or  a  fmaQ  Weight)  may  be  placed  fo  as  to 
be  neither  accelerated  nor  retarded  by  the  Aftion  4>f  the 
other  Particles  of  Matter  fituate  in  the  Plane.  Then* 
if,  from  C  and  any  other  Point  P  in  the  l?lane  LMS, 
two  Perpendiculars  CH  and  PQ_be  let  fall  upon  the  ho- 
rizontal Line  OR,  the  Fosce  of  a  Particle  (or  Weight} 
at  P  to  accelerate  the  Weight  at  C,  will  (according 
to  the  foregoing   Lemma )    be   reprefentcd   by  P  x 
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OQ_      OH  X  3F.     v^jcj,    foppofing  GN   per. 

OC~"^C*  » 

pendieular  to   OR,    will  alio   be  expreffed  by  P  X 

22.      V™  x  S2Z,    or.il.    Equal    P    x 
OC  "~  OG  x  OC1*  ^ 

OP  x  OGJ^OxCu- ON  X  OP>     In  the  very  fcme 

manner  the  Force  of  any  other  Particle  P  will  be  re- 

'     OQ_  x  OG  x  QC  —  ON  x  OP* 
prefented  by  P  x     >* U&TO^ "^ 

•      Therefore    the  Forces    of    all   the    Particles  <te* 
ftroying  each  otfce*  (by  Hfttthtjk)  tho  Sum  of  all 

the  Quantities  Px  OG  x  OQ+X OC  —  W  x  Qg1 

+  P  x  OG  x  OQx QC <~ON  x  OP*  &c.-&t.  muft  bs 
equal  to  nothing:   Whence  P  x  OG  X  OQ.X  OC  •+■ 

p  x  OG  x  OQ.X  oc  &<-  ^-=PxONx  OP*  + 
^  xON  xOP*  y«.  «*<•  and  confe.quently  OC  =  qq  x 

PxOP»+PxOP*+^y  But  fM«.  171.  and  172.)  the 


1    _  ' 


Sum  of  all  the  Quantities  PxOQ.+PxOQJsr<.  is  equal 
to  the  Content  of  the  Body  multiplied,  by  the  Diftance 
(ON)  of  the  Center  of  Gravity  G  from  the  Line  Lla 

(perpendicular  to  QC)  1  irbeace  OC  ia  alfo  =  qq  x 

P  x  OT+f xQfr  fefrtff.  _  B  x  QPM-  P*  x  Orttc&t* 

ON  x  Body  -  CXxx&«) 

Which  Expreffion  continuing  the  feme  in  all  Ioclfna* 
r  p  4  aons 


zi6  <Tbi  Ufe  of  Fluxions 

tions  of  the  Axis  OS,  tbe  Point  C,  thus  determined  is 
a  Axed  Point,  agreeable  to  the  Definition  ;  and  appears 
to  be  the  fame  with  the  Center  of  Percuffion ;  fee 
Art.  181. 

Corollary. 

'■  184.  If  Pt>,  PD-^f.  be  perpendicular  to  OS,  the  Nu- 
merator of  the  Fraction  found  above,  will  become  P  X 

OGl+GP*— 2OGXGD  +  PxOG»+GP*+  aOG  x 

GD  +  &c.  &c.  (fwce  OP»  =OGx+GP»— aOGx 
GD&e.)  Which,  becaufe  all  the  Quantities  Px— 2OG 

v  xGD+ P  x  2OG  x GP  &c  or  Px— GD +P  x GD  &c.  • 
(by  the  Nature  of  the  Center  of  Gravity)  deftroy  one 

another,   will  be  iarefy  =  P  x  OG»+GP»  +  Px 

■ T  / 

OG*+GP*  +  U(.  t*c.  =  P+P+  &Tr.  x  OG»  +  P  x 

GP*+PxGP»  +  Cafr.  =  Map  x  OG*  +  PxGP*  + 

PxGPx  +  Wf.    Whence  it  is  evident  that  OC  is,  alfo, 

_  Mafs  x  OG»,  +  P  x  GP»+P  xGP  +  &t.  &e.\ 
C~  "       Alafs  x  Ott  ) 

nr>    PxGPt+PxQP*  +  tft.        .       .         . 

=OG+ — awxog ;*  »*  «■**«* 

_    PxGP,+PxGP*+«,f.»f. 

CG="" Ma/,  x  6G '* 

.  Whence  it  appears  that,  if  a  Body  U  turn* J  about  its 

Center  of  Gravity,  in  a  Direction,  perpendicular  to  tbe 

A*u  of  the  Motion,  tbf  Place  of  the  Center  of  Ofcillation 

will  remain  unaltered i  becaufe  the  Quantities  PxGP*, 
1        t 
P  x  GP*  are  no  way  affected  by  fuch  a  Motion  tf  the, 

Body. 

It 
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It  Mo  appears  that  the  Dijiance  of  the  Center  of  Gra- 
vity from  that  ofOfcillattm  (if  the  Plane  of  the  Bodv's 
Motion  remains  unaltered)  will  be  reciprocally  as  the  Di- 
fiance  of  the  former  from  the  Point  of  Sufyenfion.     There- 
fore* if  that  Diflanu  he  found  when  the  Point  of  Sufpen- 
fan  is  in  the  Vertex*  or  fi  foftud,  that  the  Operation  may 
become  the  mojl  fimile,  the  Value  thereof  in  any  other  pro- 
pofea  Pofuion  of  that  Point  will  likewife  be  given,  by  on* 
ftngle  Proportion. 

185.  But  now,  "to  (hew  how  thefe  Conclusions  may 
be  reduced  to  Pra&ice,  we  muft  firft  of  all  obferve,  that 
the  ProduSl  of  any  Particle  of  the  Body  by  the  Square  of 
its  Dijiance  from  the  Axis  of  Motion  is  (here)  called  tie 
Force  thereof  (its  Efficacy  to  turn  the  Body  about  the 
tfaid  Axis  being  in  that  Ratio.)  According  to  which, 
and  the  firft  general  Valae  of  OC,  it  appears  that,  if ' 
the  Sum  of  all  the  Forces  be  divided  by  the  Product  of  the 
Body  into  the  Dijiance  of  the  Center  of  Gravity  from  the 
Point  of  Sufpenfmy  the  Quotient  thence  ariftng  will  give 
the  Di/tanee  of  the  Center  ofPercuffion,  or  Of  dilation  from 
tie  laid  Point  of  Sufpenfm. 

The  Manner  of  computing  the  Divifor  has  been  al- 
ready explained ;  it  remains  therefore  to  fhew  how  the 
Sum  of  all  the  Forces  in  the  Numerator  may  be  col- 
lected :  Which  will  admit  of  feveral  Cafes.  Wherein, 
to  avoid  a  Multiplicity  of  Words*  I  fliall  always  cxpreis 
the  Diftance  of  the  Center  of  Gravity  from  the  Point 
of  Sufpenfion  by  g9  and  the  Diftance  of  the  Center  of 
Percufflon,  or  Ofcillation,  from  the  fame  Point,  by  C. 

186.  Cafe  I.   Let  OS  be  a  Line  fufpended  est  one 

of  its  Extremes. 

Then,  if  the  Part  OP  (coniidered  as  variable)  be  de- 
noted by  *,  the  Force  of  x  Particles,  at  P,  will  {at 
above)  be  defined  by  x  x  x% :  Whofe  Fluent  (*'  x3) 
therefore  express  the  Force  of  all  the  Particles  in  OP 
(or  the  Sum  of  all  the  Produfts,  under  each  Partick, 
and  the  Square  of  its  Diftance  from  O  the  Point  of 
Sufpenfion.  This  Quantity  therefore  (when  x  be- 
comes 
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j  O        conies  =  OS)  being  divided  for  OS  X  f  OS 

(according  ta  the  foregoing  Kale  or  Ob* 

/*OS3      \ 
.  P        fervation)     we    get    {tq$%  -)  1  OS 

for  the  Value  of  C9  the  true  Diftance  of 
q  the  Center  of  Ofcillation  (or  Percufllon) 

from  the  Point  of  Sufpeniion. 

-   C 


*  187*  Cafe  2*  Let  AB  be  a  Lint,  vibrating  in  a  vertical 
Pkmey  having  its  two  Extremis  A  and  B  equally  dijiani 
from  the  Point  of  Suffenfion  O. 

If  OG  (perpendi- 
cular to  AB)  be  put 
=:* ,  and  GP  =  *,  the 
Force  of  x  Particles 
at  P,  will  be  denoted 

by  *  x«a+**  =  x  x; 


O 

3, 


!  -A 


tAjfc  185, 


« 

* 

/ 


i 

! 

\ 


A 


/ 





B 


■ 

i 


OP**:  Whofe  Flu- 
ent, divided  by  tut 
(or  PGxOG)  gives 

'*  +  $**] 

9K         / 


(- 


*   + 

c 

—  =  OG  +  =£r,  =  Cy  when  x  becomes  =  GB. 
3«  yJKs 

188.  Cafe  3.  Ut  APSQ.  b*  «  C«r<*,  w'*r«/«i|f  «  « 
wrtical  Pbne.  1^  PQ>  any  Diameter  thereof }  then 
OP*  +  OQ!  being  *  *OG*  +  aPG\  the  Sum  of  the 
Forces  of  two  Particles  at  P  and  Qj  (putting  OG 
r=  «.  and  AG  =  r)  will  be  =  «*+r*  X  a;  whence  it  is 
evident  that  the  Sum  of  the  Forces  of  all  the  Particles, 
in  the  whole  Periphery,  will  be  cxprefled  by  thttr  Num- 
hr  xZ+T",  or  by«*+r*  x  Peripb.  APSQ.:  Which, 
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if  p  be* put  —  3*141  fcfo  will 
be  =  a%+r%  X  2pr  =  l^tV 
+  2pr\  Hence  the  Force  of 
the  Circle  hfelf  is  alfo  given, 
being  =  Fluent  of  agaV+afr4 
X>  =  /*V+^r*=«a+ir* 
x  Crrc/r  APSQ.  Now,  if  the 
two  Expreffions  thus  found 
be  divided  by  a  X  Ptripb. 
APSQ,  and  a  x  C/rJ*  APSQ. 
refpefttvely  .  *,  we  fliall  have  g  •  Aims* 

a   +   —  and  a  +    — ,   for  the  two  correfponding 

Values  of  C 

189.  Cafe  4.    Let  AHBE  */  a  Cirde  having  its  Plant 
(always)  perpendicular  to  the  Axis  cfSufpenfm  OG. 

Let  AGB  be  that 
Piameter  of  the  Cir-  R  — j^ —  <g 

ole  which  h  parallel 
.to  the  Axis  of  Mo- 
tion ^S;  and  let  EP 
be  any  Chord  parallel 
to  AB  and  RS  $  whofe 
Djfbmce,  GP,  from 
the  Center  of  the 
Circle,  let  be  denoted 
by  *  5  putting  OG 
=:  «,  and  AG  =  r  : 

Then,  by  the  fcatiiie  of  the  Circle,  EF  =  a/r*— &  i 
wfaoft  Diftance  OP,  from  the  Axis  of  Motion  RS,  is 

>  jdfo  gi? en  =  vV-f  x\     Hence  it   appears   that  the 
Force  of  all  the  Particles  in  the  Line  EF  {defined  he 

ArU  *8  j.)  will  be  feprefcnted  by  a*+x*  x  &  r*  —  x\ 
Therefore  x  X  a*+**  x  *^ra— **  is  the  Fluxion  of 
the  Force  of  the  Plane  ABFE ;  whofe  Fluent  (when 

x—r) 


4* 
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x  =  r)  is  =  **  -f  i  r*  x  ^  AEFBG\  which,  if  j 
be  put  for  the  Area  of  the  Circle  whofe  Radius  is  Unity, 

will  be  =  ax+±r%  X  ipr*\  whereof  the  Double  (pa%r% 
+  ip*)  is  thc  Forcc  of  thc  whole  Circle  AEFH: 
whofe  Fluxion  zparr  -f-  pr*r  (fuppofingr  variable)  being 

divided  by  r  ,  we  like  wife  get  2ptfr+fr*  (  =  a*  +  ir* 
X  Peripb.  AEFH)  for  the  Force  of  the  Periphery 
AEFH.  But  the  Center  of  Gravity,  whether  we  re- 
gard the  Circle  itfelf  or  its  Periphery,  is  in  the  Center 
of  the  Circle;  therefore  the  Diftance  of  the  Center  of 
Ofcillation  from  the  Point  of  Sufpenfiort,  will  in  thefe 

r*  r* 

two  Cafes  be  exhibited  by  a  +  —   and  a  +  —  rje- 

J  4a  2a 

fpe&ively. 

If  the  Circle,  inftead  of  being  perpendicular  to  GO, 

either  coincides,  or  makes  a  given  Angle  with  it,  the 

Value  of  C  will  come  out  exa&ly  the  fame ;  provided 

the  Diameter  AB  ftill  continues  parallel  to  the  Axis  of 

Motion  RS:  This  appears  from  Art.  184.  and  may  be, 

otherwife,  very  eafily  demonftrated, 

190.  Cafe  5.  Let  thi  Figure  prepofed  be  a  Curve  AEF, 
moving  (flat-way s9  as  it  were)  Jo  that  the  Plane  de- 
ferred by  the  Axis  O  AS  may  be  perpendicular  U  that 
ef  tin  Curve. 

Here,  putting  AP  =  x9  PN=/» 
AN=»,  OA  =  *\  OG=f,  and 
AG=:a,  the  Force  cf  the  Par- 
ticles in  MN  will  t*  defined  by 
iy  X  *+*!*•       Therefore    the 

Fluent  of  tyxxi+x]%  will  be 
as  the  whole  Force  of  the  Plane 
NAM  (or  AEF,  when  x  =; 
AS  )    and  coofequently   C  zz 

Flu.  d+x\%  Xyx  w, .  .     -   _ 

J  ■  Which,  there- 
by*. rf+#   Xyx 

fore, 
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fore,  when  the  Point  of  Sufpenfion  is  in  the  Vertex  A» 
will  become  C  =  p^J^*  L«t  this  Value  be  de- 
noted by  vj;  then,  the  Diftance  of  the  Centers  of  Gra- 
vity and  Ofciilatioii  being  v— a9  we  have  (by  Art.  184.) 

g  :  a  ::  v—a :  (*  x  v~*)  the  Diftance  of  the  fame 

© 

Centers,  when  the  Point  of  Sufpenfion  is  at  O,  and  con- 

fequently  C,  in  that  Cafe,  =  g  +   ***-« .     Which 

£ 
Form  will  be  found  more  commodious  than  the  fore- 
going in  moft  Cafes. 

After  the  fame  Manner  the  Value  of  C9  with  refpe& 

of  the  Arch  AEF,  will  appear  to  be  =  PIu'  ^+fj*  x  * 

Fiu.d+x  X  k 

—  -  _•    6  X  v— a     t        r-                Flu.  #** 
=  g  +  Li.  ._  ,    fcppofing  v  r=   -=- p. 

g  flu.  xz  .    • 

It  may  not  be  improper  to  give  an  Example  or  two 
of  the  Ufe  of  the  foregoing  Theorems. 

191.  Let  therefore  EAF  be,  firft,  coofider'd  as  an 
ifofceles  Triangle :  In  which  Cafe  AP  (x)  and  PN  (y) 

Lam 

being  in  a  conftant  Ratio,  we  have  y  s  —   (fuppofing 

SF=*and  AS=,.)    Hence C(=  F^^Jjyx\ 

M*'d+xxyx/ 
=  Flu,  rxx+^x+x**   ='t£4j&+*£» 

Flu.  Jxx+x%x  W+-y*  = 

6d*  +  %dx  +  3**   ^ 

g^+4JJ    *    :  Or  (according  to  the  fecond  Form) 

hM^v(^3^)  =  f  •   «■  '  h   known  to 
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•Art.175.be  =:   — *,  we  have  £?(=£  +  *      v      *J   —  g  + 

•J  A  * 


X% 


ixM v „, a  X  v  — a 

7 

■ 

jJ}  >  where  £  (  zzd+e)  =  d  ■+  \  ». 

Again,  becaufe  z  and  *  are  in  a  conftant  Ratio,  we 

»■ »     it  . 

alfohave      ft"-<i+x\  **  /7«.  </+*!*  x  *    _ 

— £p-^ — t  whence  the-  Outer  of  Ofcillatiott  of 

the  Lines  EH  and  AF  is  given. 
x     192.  For  a  fecond  Example,  let  EAF  be  fuppofed  a 

Parabola  of  any  Kind,  whofe  Equation  isy  =       x     : 
Then  (according  to  Form  2.)  we  (hall  fir&have  v  (=r 

a=5^>- 'iv^  s -TfT!  Whcnce* 

f  Art.  i7«. « ««ng  =    H+2    t.  we  alfo  get  C  ( = /  + j 

»+  f  X  X* .  jir+i  x  * 

=  ^+  -==n — === — 5  where  £  =  <*  +  -Z-. — . 
«+al   x»+3Xf  «+a 

But,  wkh  refped  to  the  Arch  of  the  Curve,  v  (= 
-  ■*  **A  .    _  Flu.  x^c 


*L**\  :.  -  Fk.  +i*t—+mx\     .      From 


which  Value  (found  by  infinite  Series,  and  even  with* 

1  Art.  138. out  ifl  fomc  ^a^*  W  ™*  of  ^  w*  ^^  **  6ivef1,         -  X 
193,  Cafe.   6.  Let  the  proofed  Figure  be  a  Curve  vi* 

brating  (idge-waytX  jo  that  the  Motion  of  tie  Axis  may 

he  in  the  Plane  of  the  Curve. 

Then  (by  Cafe  2.)  the  Force  of  all  the  Particles  in 

Ae  Line  PN  (fee  the  preceding  Figure)  being  defined 

by  OP2x  PN+  i  PN%or</+#laxj+*/  (tttaininethe 
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*  Pitt.  d-\"  x\   yc  fx  -J-  i  y^x 

Notation  above)  we  have  C  n  — '— — f== ;-*—  - 

Flu.  i+xjLjx 

Which,  when  the  Point  of  Sufpenfion  is  in  the  Vertex 

Phi.  yx*x  -f  T  y*x      _        , .      ,  , 
A,  will  become y: ■       ' :    "*   ™s    (when 

found)  be  denoted  by  v;    then,  it  appears  from  the 
preceding  Cafe,  that  the  general  Value  of  C  will,  alfoy 

be  reprefented  by  g  +  ^— . 

In    the    fame  manner    the    Value    «f    C,    with 
jefpefl  to  the  Arch  EAF,  will  t>e    expounded   by 

Fhi.d+xyLK.  i 

Pht.x%+fxi 

194.  Example.  Let  the  Equation  of  the  given  Curve  be  • 

i?«.  <*-y*»+ i^-3Vx    r+Tx  « . ^ 

\e        x       -X [m  +  a  _*  .4.  2  x  #  ,  »+*x*M*x*m** 

— —■  ■■■"   L      "  ,4,.     J'"-,   —  ■  ■     —  t "' 

3»+'x/tJ *  +  3  3*3*  +  *        'H -    ;   i 

=  ;^x*+  —s=x^:     From  which  the 

3X3»+'      * 
Value  of  C  is  alfo  given  $  and  from  whence  it  appears, 
ftat  if  *  be  expounded   by  0,    v  will  become  :r 
2*     2/      a      **+v*  t        „ 

T  +  "a*  =  T  *  ~ — j   in  which  Cafe  the  Figure       ;r 

will  degeaerat^to  aTRc6bmgle  :  But,  if  71  be  inter- 
preted by  1,  die  Figuve  £  AF  will  then  be  an  ifofcelea 

Triangle, 
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Trumgle,  andfcirr^f+f-  :    Laftly,   if  *  be  taken 

^  4       4* 
=:  *,  the  Curve  will  be  the  common  Parabola,  and  t/= 

—  +  — 
7         3 

J95.  Cafe  7.  Let  the  Figuri  AEFH  be  a  Solid  generated 
by  the  Rotation  of  a  Curve  EAF  about  its  Axis  AS  j 
having  its  Safe  HH  parallel  to  the  Axis  of  Motion 
BOC. 


It  appears,  from  Cafe  4* 
that  the  Force  of  ail  the 
Particles  in  the  circular 
Se&ion  hh  (parallel  to  HH) 
will  be  exprefled  by 
OPx  fjPN^X  Circle  hh% 
orOPaxPNa+jPN*Xp 
(p  being  as  3.1415  &Tr.) 
which,  in  algebraic  Terms, 

i%  d  +  x\%  */  +  J/x^. 
Hence     we    have    C    s 


•Art.  185, 


Flu.  d  +  x\*xy*+ly+ypxM_    &«  d+x}\y*x+jy*x 


Flu.  d  +  XKy%x 


Flu.  a  +  x  x  py*» 
Which,  therefore,   when  the  point  ©f  Sufpenfion  is  in 

the  Vertex  A,  becomes  ^9  ?&*****  -  v  4 

rat.  -  **•  • 


y*xx 


and 


aX  v  —  0 


i 


,  as  in  the  preceding 


cbnfequently  C  =5  g  -J- 

Cafes. 

But,  with  regard  to  the  Superficies  of  the  Solid ;    it 
4a  found,  in  Cafe  4.  that  the  Force  of  the  Particles  in 

the  Periphery  MAN*  is  exprefled  by  OP*  +  $  PN*  x 
Periph.  Mb  Nb  =  /T*lm  X  2ft  +  #*. 

5  Hence 
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Hence  the  Fluent  ofd+xf  x  zpy+py3  x  *,  divided 
by  that  of  dTx  X  2/»*  (  =  FIu'  dT^\  X  V*  +  **) 

//*.  </+*  X  2J*  ' 

will  give  the  true  Value  of  C  with  refpeft  to  the  curve 
Surface  EbAbF.  Which,  putting  v  =  Fbim*7*k+?k% 


a  X  v —  a 

1 

i 


is  likewife  expreffed  by  g  -f 

196.  Ex.  1.  Ltf/EAF  £;  confidered  as  a  Cone  \  then, 
putting  AS  =/,  SF  =  *  and  AF  =  r,  we  have  y  =   ^?, 

»  =  g ;  and  therefore  C  (*  A;  ffi*^+*^) 


f 


M«-  d+ 


x  Xy*x 

ic^Fi^        '  whcn  *  -  /•    But' 

with  refpedk  to  the  convex  Superficies,  C  will  be  found  =: 

197.  Ex.  a*  £*  EAF  &JV.  fo  confidered  as  a  Sphere 
whofe  Center  is  S,  and  Radius  AS=r;  in  which  Cafe 

/being  =  2r,-*%  we  haveW  =  ^A^+^\ 

v  Flu.y^xx        / 


^^      —  -  -  - 


ir  —  ix 


-    ***'  ****** + rx*xr-jx*x 

~        TETItjFx^^        = 

whence  C  is  alfo  given.     But,   wfcen  x  =  2r  (or  the 
whole  Sphere  is  taken)  v  =  ^:  Therefore  a  being  =rr, 

and  £_zL?^  in  *"  ^a^c>  wc  havc  C   (  =  £  + 
ax  v  —  * 


v  —  *\    _        .     r  x  2r  2r* 

0. 


198. 
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a      s 


198.  Cafe  8.  Let  the  Fi- 
gure prbpofed  bk  a  S$lia\  as 
m  the  frecedit%  €ufi%  but  let 
its  Axis  AG  be ^  here*  pa- 
rallel to  the  Axis   of  MhU$n 

ORS. 

Then,  if  RP  (OG)  be 

put  =  g,  3,H59  £'•  =  P> 
Af  2=  x  &Tf .  the  Force  xfi 
the  Particles  in  the  Circle 
NM  (parallel  to  EF)   will 

bfc  exhibited  by  f  +  */ 
X#%  or  #*/+;/>/  (Ti* 
Cafi  3.)  Hence  we  hatfe  C= 

+ArU145 fisolid       '      -  fie  Au^  +   ~ 

Flu,  j  fx 

'  J  X  /?*.  jr*ar  * 

Moreover,  with  refpea  to  the  Superficies ;  the  Force 

of  the  Particles  in  the  Periphery  of  the  faid  Circle  MN 

jArt.i«5.  being  %pg%y  +  *py%  t»   we  have,  in  this  Cafe,  C  = 

Flu,  ipfr  +  zpy'x*  _  Ah-  *ft*J*  *  *#'*  -  .  + 

La4U — ^ —      runsrrzi       —  *  T 


£  X  Superficies* 
Flu.  /* 


1 X  #&.  ifyi 


£  x  Flu.yx 

»    199.  Ex.  I.    irf  EAF  fe  *  &£w«rf    */"  *  Sphtre, 

wboft  Radius  is  r;  then/ being =ar*— *%we  fliall  have 

Flu.  t/*V  J^tf-  2rW  —  2r*3*  +  \*+* 

.  yr**— *rx%+^x*_^  t  ^or*~  i5r*  +  3y*Xy 

=  £  H ■"■    . £+rf  ===== fc-" 

jxr  —  |x  30r  — lo*Xl 

Which,  when  .*  is  expounded,  either,  by  r  or  ar,  be- 
ar* 
comes  =  g  +  — ,  for  the  true  Value  of  C,    when 

51  .1 

cither 
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either  the  Hemifohere,  or  whole  Sphere,  is  taken.   But, 
with  rtfpeft  to  the  Center  of  Ofcillation  of  the  Super- 

ficies  thereof,  .we  have  *  in  this  Cafe  =s     -  •  Art.  141. 

yirx — xx 

=  «->:    And  therefore  g+    ^  J    -.      s»    g    + 
y  gxrlu.yx  • 

tlu.ixx —  xxxri       "        r*— J**  . 

1    ,rx/fr.r*  =  *  +  — ~  :    Which»   when 

*  =  r,  or  x  =  2r,  becomes  £  +  — .  — JTr   ' 

3g 
*00.  Ex*  2.  Ijtthi  $olid  EAF  j*  «  Paraboloid,  wbofi 


u 


gimrattng  Curve  is  dtjmed  by  the  Equation  y  ==    ■ —  . 

Then  c=,  +  £££»,  +  ^^L^iTl 

*  '  £  X  jHh.  *    *XC 

-  *  +  = £n  =  f  +      ^      '  .  Where, 

if  »  be  taken  ss  o,  the  Figure  will  become  a  Cylinder, 
*nd  C  zzg  +    *- :  But  if  n  be  expounded  by  x,  the 

Figure  will  be  a  Cone,  and  C  =  g  +  32L.    Laftly,  if 

«  be  taken  =  4,  the  Figure  will  be  the'  Solid  generated 

from  the  common  Parabola  and  C—v  +  — . 

3* 


0,3  SEC- 


228 


Tie  Ufe  of  Fluxions 


SECTION     XII. 

Of  the  Ufe  of  Fluxions  in  determining 
the  Motion  of  Bodies  ajfefied  by  centripetal 
Forces. 


•  Art.  Xk 


PROPOSITION     I. 

lbt.  r  |  >  HE  MtioHyOr  Velocity \  acquired  by  a  Body 
J^      freely  defending  from  Reft,  by  the  Force  of 
an  uniform  Gravity^   is  proportional  to  the   Time  of  its 
Defcent;  and  the  Space  gone  over9  its  the  Square  of  that ' 
Time. 

The  firft  Part  of  the  Propofition  is  almoft  felf-evi- 
dcnt :  For,  finccany  Motion  is  proportional  to  the  Force 
by  which  it  is  generated,  that  generated  by  the  Force 
of  an  uniform  Gravity  muft  be  as  the  Time  of  Defcent ; 
bccaufe  the  whole  Effect  of  fuch  a  Force,  acting  equally 
every  Inftant)  is  as  that  Time. 


A 
■  c 


..    -  e 


I 


r 


IB 


Let,  now,  the  Velocity  acquired 
during  a  Defcent  of  one  Second  of 
Time,  be  fuch  as  would  carry  the  Body 
uniformly  over  any  Diftance  h  in  one 
Second  ;  and  let  AB  (x)  denote  the  Di- 
ftance  defcended  in  any  propofed  Time 
/ ;    which  Time  let  be  denoted  by  PQ ; 

making  Bb=zx and  Qj  =  /.•    Then   it 
will  be,  as  I  c  t  ::  b  :  (bt)  the  Diftance 


// 


that  would  be  uniformly  defcribed  in  i. 


// 


•« 


with  the  Velocity  at  B  :    Alfo  i 

the  faid  Diftance  (bt)  to  bit  =  x  ♦. 
By  taking  the  Fluent  whereof  we  get 

\btx 
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{£/*=*.'    Therefore  the  Diftance  defcended  {\bt%)  is 
as  the  Square  of  the  Time.  j^.  £.  2?. 

Otherwife,  without  Fluxions. 
Conceive  the  Time  (  PQJ  of  falling  thro'  AB  to  be 
divided  into  an  indefinite  Number  of  very  fmall  equal 
Particles,  reprefentetf,  each,  by  m ;  and  let  the  Diftance 
defcended  in  the  firft  of  them  be  Ac,  in  the  fecond  cd> 
in  the  third  <L\  &£.  &fc.  Then,  the  Velocity  being  al- 
ways as  the  Time  from  the  Beginning  of  the  Defcent, 
it  will  in  the  Middle  of  the  firft  of  the  faid  Particles  be 
defined  by  \m\  in  the  Middle  of  the  fecond  by  I  \m\ 
in  the  Middle  of  the  third  by  2  \  my  &c.  &c.  But, 
fince  the  Velocity  at  the  Middle  of  any  Particle  of 
Time,  is  a  iVJean  between  thofe  at  the  two  Extremes, 
or  betwixt  any  other  two  equally  remote  from  it,  the 
correfponding  Particle  of  the  Diftance  AB  may,  there- 
fore, be  confide  red  as  defcribed  by  that  mean  Velocity. 
And  fo,  the  Spaces  jtc9  cd,  de,  efy  &c*  defcribed  in  equal 
Times,  being  refpedtively  as  the  faid  mean  Celerities  |  m, 
limf  2\mf  3 Jot,  &c.  it  follows,  by  Addition,  that 
the  Diftances,  Ac9  A//,  A*,  A/*,  &c.  gone  over  from 

.    n    .     .                                 ,           m     4JT1    qm    i6mf 
the  Beginning,  are  to  one  another  as  — ,  — ,  — ,  -, 

Z  *■  it  St 

fefc.  or  i;  4,  9,  16,  25,  fcfe.  that  is,  as  the  Squares  of 
the  Times.  ^,  E.  jj. 

Corollary    i. 

262.  Since  the  Diftance  that  might  be  uniformly  run 
over  in  one  Second,  with  the  Velocity  at  B,  is  ex- 
preffed  by  £/,  the  Diftance  that  might  be  defcribed  with 
the  fame  Velocity  in  the  Time  /  will  therefore  be  ex- 
preffed  by  bt  X  /,  or  bt*:  Whence  it1  appears,  that  the 
Space  AB  (i&*)  thro'  which  the' Body  falls  in  any 
given  Time  f,  is  juft  the  half  of  that  which  would  be 
uniformly  defcribed  with  the  Celerity  at  B,  in  the  fame 
Time. 

Therefore,  fince  it  is  found  from  Experiment,  that  a 
Body  near  the  Earth's  Surface  (where  the  Gravity  may 

0.3  be 
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be  taken  as  uniform)  defcends  about  161V  Feet  in  the 
frit  Second,  it  follows  that  the  Value  of  b  (is  in  this 
Cafe)=2X  16^=327 :  And  confequently  the  Number 
of  Feet  defcended  in  /  Seconds,  equal  to  i6r*Xt*. 

Corollary  2. 

203.  It  is  evident,  whatever  Force  the  Body  de* 
feends  by,  the  Value  of  *  will  always  be  as  that  Force  j 
fcnee  a  double  Force,  in  the  fame  time,  generates  a 
double  Velocity;  a  treble  Force,  a  treble  Velocity,  lie. 
Therefore,  feeing  our  Equation  \  &*==*,  alfo  gives  /= 

V77,  ™d  *  =  TTxt  ^  follows, 

1.  That  the  Diftance  defcended  is,  umverfafly,  as 
the  Force  and  the  Square  of  the  Time  conjunaiy. 

2.  That  the  Time  is  always  as  the  Square-root  of «« 
Diftance  applied  to  the  Force. 

7.  And  that  the  Force  is  as  the  Diftance  apply  d  to 

the  Square  of  the  Time What  is  above  demonftrated 

with  refpea  to  the  Times,  holds  alfo  hi  Ac  Velocities, 
when  the  accelerating  Forces  are  equal. 


PROPOSITION    II. 

A 


204*  7*  determine  the  Velocity, 
and  Time  ef  Defend,  ef  a  Body 
j£     along  an  inclined  Plane  AC 

From  any  Point  F,  in  AC, 
draw  FE  perpendicular  to  the  ver- 
B  tical  Line  AD,  and  make  FB  and 
CD  perpendicular  toAC,  meeting 
AD  in  B  and  D.  Becaufe  (by 
the  Principles  of  Mechanics)  the 
Force  of  Gravity  in  the  Direction 
CF,  whereby  the  Body  is  made  to 
defcend  along  the  Plane,  is  to  the 
abfolute  Force  thereof,  as  AF  to 

AB, 


vi 
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AB,  or  as  AC  to  AD;  and  fine*  (by  Cafe  i.  Art.  203J 
the  Diftances  descended  in  equal  Times  are  as  the 
Forces,  it  follows  that  the  Time  of  Defcent  thro'  AF 
will  be  equal  to  the  Time  of  the  perpendicular  Defcent 
thro9  AB :  And  confequently  the  Time  of  Defcent  thro9 
AC  equal  to  that  thro'  AD ;  which  is  given  by  Prop.  1. 
Moreover,  becaufe  the  Velocities  at  F  and  B,  acquired 
in  equal  Times,  are  as  the  Forces,  or  as  AF  to  AB  % 
and    it   appears  ^  from   Prop*    1.    that    the   Velocity 

at  E   is  to  that   at  B,   as   v'AE    :      •AB^   or   as 

•AExAl  (=AF)  :  /AB  x  AB  (=  AB)  it  ft*, 
lows,  by  Equality,  that  the  Celerity  at  F  is  equal  to 
that  at  £  $  which  is  therefore  given,  by  the  preceding 
Propofition.  Q  £.  i. 

Corollary. 
205.  Hence  the  Time  of  Defcent  along  die  Chord 
AC  of  a  Semi-circle  ACD  is  equal  to  the  Time  of  De- 
fcent along  tty  vertical  Diameter  AD :  And,  if  the  Chord 
DGbeof  the  fame  Length  with  AC  (its  Inclination  to 
the  Horizon  being  alfo  the  fame)  the  Time  of  Defcent 
along  it  will  alfo  be  equal  to  that  along  the  vertical 
Piameter, 

PROPQSITIQN 


?3* 


HI, 


206.  If,  from  two  Points 
A  and  Up  equally  remote 
from  the  Center  of  Attrac- 
tion C,  two  Bodies  move* 
with  equal  Celerities,  the 
one  along  the  Right-line 
AC,  the  other  in  a  Curve- 
line  DBCL,  their  Celerities 
at  all  other  equal  Diftances 
from  the  Center,  will  he 
equal* 

For,  let  CB  and  CE  be 
any  two  fuch  Diftances; 
let  the  Axcb  BE  fre  de- 
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fcribed,  from  the  Center  C,  and  alfo  eb9  indefinitely 
near  to  it,  cutting  CB  in  n :  Let  the  centripetal  Force 
at  the  Diftance  of  CB,  or  CE>  be  reprefented  by/,  and 
the  Velocity  at  B,  by  v. 

By  the  Refolution  of  Forces,  the  Efficacy  of  the 
Force  (/)  in  the  Direction  B£,  whereby  the  Velocity 

B* 

of  the  Body  is  accelerated,  will  berr  x  /:   Alfo  the 

Time  of  moving  over  Bb  (being  as  the  Diftance  apply'd 

B£ 
to  the  Velocity)  is  reprefented  by  —  ;    Thprcfore  the 

Increafe  of  Velocity,  in  moving  thro'  B*,  being  as  the 

Force  and  Time  conjunctly,  will  be  defined  by  g^  x/ 

B*  ^      ,  B« 

X  — ,  or  its  Equal  —    X  /.     In  the  fame  Manner. 

the  Velocity  at  E  being  denoted  by  w,  the  Time  of 

E* 

falling  thro*  E*  will  be  reprefented  by  — ,  and  the  Ve- 

E* 
locity  generated  in  that  Time  by  — x/:  Which  is  to  that 

(B» 
—  Xf)  acquired  in  falling  thro*  the  Arch   Bb9   as 

_  t0  — #  Therefore,  feeing  the  correfponding  Incre- 
ments of  Velocity  are  always,  reciprocally,  as  the  Ve- 
locities themfelves,  it  is  man  if  eft,  if  thofe  Velocities  are 
equal,  in  any  two  correfponding  Pofitions  of  the  Bodies, 
they  will  be  (o  in  all  others,  being  always  increafed 
alike.  But  they  are  equal  at  A  and  D  by  ouppofition : 
Therefore,  fcV.  $>.  E.  D. 

PROPOSITION    IV. 

207.  To  find  the  Ratio  of  the  Vtlocities,  and  Times  of 
Defcent*  of  Bodies,  in  Curves  ;  t he  Force  of  Gravity 
being  considered  as  uniform. 

Let  ARD  reprefent  a  Curve  of  any  Kind,    along 
which  a  Body  defcends,  by  the  Force  of  its  own  Gra- 
vity 
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yitjr  from  A  ;  let  AC,  RB,  &c.  be  parallel,  and  CD 
perpendicular,  to  the  Horizon  ;  moreover,  let  R»  touch 
the  Curve  at  R  ;    and  let  CB  ==  »,  AR  ==  w,  and 

Since  the  Points  B 
and  R  (as  well  as  C 
and  A)  may  be  looked 
upon  as  equally  re* 
mote  from  the  Earth's 
Center  (to  which  the 
Gravitation  tends),  the 
Velocity  acquired  in 
defcendmg  thro'  the 
Arch  AR  will  (by  the 
hjl  Propofition  )  be 
equal  to  that  acquired  by  falling  freely  through  the 
Right-line  GB  i   which  laft  Velocity  (by  Prop,  i.)  is 

always  as  i/CB  (or  «*).  Therefore  the  Celerity, 
whether  the  Body  moves  in  a  Right-line,  or  a  Curve* 
is  always  in  the  fubduplicate  Ratio  of  the  perpendicular 
Defcent ;  and  fo,  the  Time  in  which  R*  (<&)  would  be 
uniformly  defcribed,  with  that  Celerity,  will  be  univer- 

fally  as  -j ;  whofc  Fluent  is  as  the  Time  of  falling 
'  through  AR.    .  jg.  £.  /. 

EXAMPLE. 

208.  Let  the  Curve  ARD  be  any  Portion  of  the 
common  Cycloid  ;  whereof  the  Vertex  is  D  and  Axis 
DC  ;  and  whofe  Narure  (putting  DC  =  r,  and  the  Ray 
of  Curvature  at  D  =;  a)  is  defined  by  the  Equation  2* 
X  DB  =  DR\    Here,  we  have  DR  (=ViTxv/D5) 
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•Art.135, 


=  Via  X  f  —  u 


whofe    Fluxion   —  V 


7A     X 


3^> 


1 ,  with  a  contrary  Sign,  is  the  Value  of  R»  or  w; 


and 
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w 


Whofe  Fluent, 


therefore  — \  53  /*a*x     _ 

at  thS  loweft  Point  D,  where  u  becomes  =  c9  vill  (by 
Art.  14a.)  be  equal  to  \/*a  multiplied  by  y  *    •    -°   i'J 

half  the  Meafure  of  the  Periphery  of  die  Circle  whofe 
Diameter  *is  Unity*  Which  Fluent  (and  confequently 
thf  Time  of  Defcent)  will  therefore  continue  (he  fame, 
Jet  the  Arch  DA  be  what  it  will.  ' 

PROPOSITION    V. 

200*  7i  dttermim  the  Paths  ef  Prejefliles  near  the 
Earth 's  Surface  1  (neglefiing  the  Rtfi/lancc  of  the 
Atmfpkere.) 

^  Let  a  Body  be  pro* 
C  jc&ed  from  the  Point 
A,  in  the  Direction . 
of  die  Line  AC,  with 
a  Velocity  fufficicnt 
to  carry  it  uniformly 
over  the  Diftance  d 
in  the  Time  / ;  and 
let  the  Space  through 
which  it  would  freely 
defcend,  by  its  own 
Gravity,  in  that  time, 
be  denoted  by  h  \  alfo 
let  the  §ine  of  the 
Angle  of  Elevation 
BAC  (to  the  Radiua 
A.  PH.  J)  H  JB  r)  be  put  =  s9  its 
Co-fine  =  c,  and  the  Diftance  of  the  Point,  A  from  the 
Ordinate  Hm  (confidered  as  moving  parallel  to  itfeff 
stfong  with  the  Body)  =  x  -,  then,  by  Trig.  HG  [pcr^ 

sx  rx 

pcndicular  to  AB)  will  be  =  — »  and  AG  ss  — • 


Becaufe  the  Proje&ile  is  turned  afide,  continually^ 
tilincar  Path,  by  the  Earth's  Attradion,  it 

mult 


from  a  reftilinear 


■ 
j 


-J 
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#  > 

mttft  defcribe  a  Curve-line  AjnEmB,  to  which  AC  is  a 
Tangent  at  the  Point  A :  But  that  Attra&on,  a&ng 
always  in  a  Direction  (Hot)  perpendicular  to  the  Ho* 
rizon,  can  Have  no  Effect  ijpon  that  Part  of  the  Velocity 
with  which  the  Body  approaches  the  Line  BC,  parallel 
to  Hot ;  therefore  the  Right-line  HG  (in  which  the 
Body  is  always  found)  wtilcontimte  to  move  uniformly 
towards  BC,  the  feme  as  if  Gravity  was  not  to  a£k$ 
and  the  Diftance  G«  defqended  from  die  Tangent  AC, 
by  means  of  the  Attiadion,  will  be  the  very  fame  as  if 
the  Body  was  to  defcend  from  Reft  along  the  LineGH. 
This  being  premifed,   it  i*  evident,  that  as  d  :  AG 

(~y  : :  * :   [-7  x  /  )  the  Time  of  defcribing  Am  j 

and,  as  /* :  -9j%  x  /*  : :  *  :  f  tj%)  the  Space  (G«) 

through  which  a  Body  would  freely  defcend  ia  that  Time 
(by  Prtp.  1.) 

TT  sx       krxx%  c$d%x  —  br%x%   # 

Hence  y  —  -^r,  or  ^ »   w  a   general 

Value  for  the  Ordinate  Hot;  By  putting  which  s:  t, 

tsd% 
we  get  x  zz  -rr%  =  AB  =  the  Amplitude  of  the  Pro- 
jection.   But,  by  putting  its  Fluxion  equal  to  nothing, 

€sd% 
we  have  *  ==  -p-  >  which  fubJtituted  for  x  in  the  Va- 

sxd% 
lue  of  Hm,  gives  -^i  for  tir  AJtittde  D£  of  the  Pro- 
jaftioa.  $.  E.  L 

Corollary. 

2io.  If  another  Body  be  projefled,  with  the  fame 
Celerity,  in  the  vertical  Direction  AS ;  then,  s 


=  r,  the  Altitude  of  that  Proje&ion  \~p)  will  be- 


I 
I 
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d% 


come  — 7  =  AS  ;  which  call  A,  and  let  this  Value  lie 

4* 
fubftituted  in  thofc  pf  AB  and  DE,  and  they  will  be- 
came •—-  and    -^  refpe&ively. 

¥  * 

Hence,  if  from  the  Point  Q^  where  the  Line  of  Di- 
rection AC  cuts  a  Semi-circle  defcribed  upon  AS,  the 
Lines  SQ^and  QP  be  drawn,  the  latter  perpendicular  to 
AB,  the^  Triangles  ASQ.  and  AQP  being  fimilar,  we 
fhall  have 

r:s::h  (AS):  -  =  AQ_ 

r.s  : :  7  ( AQ.)  :  ^  =  PQ.=  DE 

PROPOSITION    VI. 

211.  To  determine  the  Ratio  of  the  Forces,  whereby  Bodies  9 
tending  to  the  Centers  of  given  Circles,  are  made  to  re- 
volve in  the  Peripheries  thereof. 


Let  ABH  and  abb  be  any  two   propofed  Circles, 
whereof  let  AB  and  ab  be  fimilar  Arcsj  in  which,  let 

the 
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the  Velocities  of  the  revolving  Bodies  be  refpeclively  as 
Fto  v  ;  make  DBK  and  dbk  parallel  to  the  Radii  AC 
and  ac%  putting  AC  ==  Ry  ac~r9  and  the  Ratio  of  the 
centripetal  Force  in  ABH  to  that  in  abb,  as  Ftof. 

It  is  plain,  becaufe  the  Angles  ABD  and  abd  are 
equal,  that  the  Velocities  at  B  and  b9  in  the  Direction* 
BK  and  b&9  with  which  the  Bodies  recede  from  the 
Tangents  AD  and  a4>  are  to  each  other  as  the  abfolute 
Celerities  V  and  v  *.  But  thofc  Velocities,  being  the  #  An'  & 
Effefls  of  the  centripetal  Forces  a£ting  in  correfponding, 
fimilar,  Directions  during  the  Times. of  defcribing  AB 
and  ab9  will  therefore  be  as  the  Forces  themfelves  when 
the  Times  are  equal  ;  but  when  unequal,  as  the  Forces 
and  Times  conjunctly.     Therefore,  the  Times  being 

universally  as   -jf  to  — ,  or  as  -p  to  —   (  becaufe  the 

Arcs  AB  and  ah  are  fimilar)  we  have,  as  F  x  -r?  :  /  X 

f 

—  : :  V 1  v\  whence  (multiplying  the  Antecedents  by 

V  v\ 

■=■  and  the  Confequents  by  — 1  it  will  be,  as  F:fi: 

Vx     v* 

jt  :  — '.  Therefore  the  Forces  are  as  the  Squares  of  the 

Velocities  direSiy,  and  as  the  Radii  inverfely. 

Otberwife. 

Let  the  indefinitely  little  Arch  AB  be  the  Diftance 
that  the  Body  moves  over  in  a  given,  or  conftant  Par- 
ticle of  Time  ;  and  let  the  centripetal  Force  at  B  be 
meafured  by  twice  the  Subtenfe  or  Space  AE  through 
which  the  Body  is  drawn  from  the  Tangent  AD  in  that 
Time  |. 

Then, 

t  Tbe  Velocity  wbicb  any  Force,  uniformly  continued,  is  ca- 
pable  of generating,  in  a  given  Boay,  in  a  given  fime,  is  tbe 
proper  Meafure  of  tbe  Iutenfity  of  that  Force9.  But  this  Fe- 
licity is  itjelf  meafured  by  tbe  Space  tbe  Body  would  move  unU  #  Art.ao> 

formly 
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Then,  by  the  Nature  of  the  Circle,  AB*  s=  AH  x 

AB* 
AE  2:  AC  X  aAE,  and  confequently  aAE  =  --*•  * 

Therefore,  the  Force  is  as  the  Square  of  the  Velocity  ap- 
plied to  the  Radius  of  the  Circle  (as  before). 

Corollary    I. 

21a.  Becaufe,  F  :/  ::  jr  :  — ,  it  follows  that 

P:v  ::  VrF :  V'T/T »nd 

J?       •     •»       •    •        MOT         •        _ 

J?  •  7* 

Corollary    II. 

113.  If  the  Ratio  of  the  periodic  Times  be  denoted 
by  that  of  P  to  J  j  then  the  Ratio  of  the  Velocities  V*  v 

being  as  -5  to—,  we  flail  have,  by  Equality  v  £F: 

V77 :  s  -5  s   "T  *  whence  alfo 
J       P       p 

F:f::  yz :-»»  and 

R:r::FP%:fp%. 

/irm/r  *wr  i«  *  #  w»  Time ;  w^iVA  fy<w  //  always  the  doubU 
of  that  through  which  the  Body  would  freely  defcend,from  Reft, 
.  a«  *~  i*  the  fame  time*.    Therefore  aAE  is  the  prefer  Meafure  of 

AxU  10%t  tht  centripetal  Force,  according  as  w  have  ajumed  it 

It  is  true,  when  the  Forces  to  he  compared  are  all  computed 
he  the  fame  Maimer,  from  the  Nafcent,  or  indefinitely  fmall 
Suhtenfes  of  contemporaneous  Arcs*  it  matters  not  whether 
we  confider  thofe  Subtenfes,  or  their  Doubles,  as  the  Meajure* 
of  the  Fortes,  the  Ratio  being  the  fame  in  both  Cafes.  Bui 
when  the  Forces  fo  found  are  to  be  compared  with  others  de- 
rived from  a  ftuxional  Calcnlus,  it  is  ahfilutety  necefary  to 

take  the  double  Snhtenfe  for  the  Meajure  of  the  Force.  - 

This  Note  is  inferted,  that  the  Learner  may  avoid  the  Errors* 
which  feme  very  confider  able  Mathematician*  have  fallen  into 
by  not  properly  attending  to  this  Particular. 
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CWO&LARY     IIL 

114.  If  the  Meafure  of  the  Force,  or  the  Velocity 
Ait  might  be  uniformly  generated  In  a  given  Time  (i ) 

be  expounded  by  any  Power  /  of  the  Radius  AC  (a)  ; 
then  the  Diftatice  through  which  a  Body  would  freely 
defcend  in  the  fame  Time,  by  that  Force,  uniformly 

continued,  will  be  *x|rtrefled  by  I  a  *.     Therefore,  •a*,  ^ 
the  Distances  defcended,  by  means  of  the  fame  Force, 
uniformly    continued,    being  as  the  Squares    of   the 
Times  f,  it  is  evident,  if  thfc  Time  of  moving  through  t  Aitaox 
AB  be  denoted  by  /,  that  the  Diftanee  AS  dtfceaded 

ih  that  Time,  will  be  denoted  by  ~  x  {  a*  :    And  fa 

^e  fhall  have  AB  (  /2AE  x  AtJ)  =ix  «~  i 

1 
which  being ,  the  Diftance  defcrlbed  by  the  revolviii* 
Body  in  the  Time/,  it  follow*  that  the  Space  goneovet 

in  the  given  Time  (1)  will  be  a  *  :  Which,  these- 
fore,  is  the  true  Meafure  of  the  Celerity  in  this  Cafe* 
The  fatne  conclufion  might  have  been  derived  in  much 
fewer  Words  from  CmL  1.  but,  as  a  thorough  under- 
landing  hereof  is  abfolutely  neceflary  in  what  follow* 

~?.  r*  '  have  c^»voured  to  make  it  as  plain  aa 
poffible.  r 

Co&OLtAftY      IV. 

215.  Hence  the  Time  of  Revolution  is  alfo  derived  1 

H-i  ^0 

for  it  will  be  as  »  *  :  ^,4,5,  Vtm  x  M  (thc  whdfe 
Perioherv}  •  •  1  •  3->4  &*•  x  %a 


4  a 


ta  *  ,  the  true  Meafure  of  the  periodic  Time. 

Co- 
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Corollary    V. 

216.  Therefore,  if  n  be  expounded  by  I,  o,  —  I, 
—  2  and  —  3  fuccefllvely,    then   the  Velocity   cor- 

refponding  will  be  as  a%  aT9  1,  a     %  and  a~l  5     and 

the  Time  of  Revolution,  as  i,  a  ,  a,  a  and  **  re- 

fpe&ively. 

SCHOLIU  M. 

217.  From  the  preceding  Propofition,  and  its  fub- 
fequent  Corollaries,  the  Velocity  and  periodic  Time  of 
a  Body  revolving  in  a  Circle  at  any  given  Diftan'ce  from 
the  Earth's  Center,  by  means  of  its  own  Gravity,  may 
be  deduced:  For  let  a  be  put  for  the  Space  thro'  which 
a  heavy  Body,  at  the  Surface  of  the  Earth,  defcends  in 
the  firu  Second  of  Time,  then  id  will  be  the  Mea- 
fure  of  the  Force  of  Gravity  at  the  Surface :  And  there- 
fore, the  Radius  of  the  Earth  being  denoted  by  r,  the 
Velocity,  per  Second,  in  a  Cycle  at  its  Surface,  will  be. 

|/2rSi  and  the  Time  of  Revolution  =  ■*-■ — T,    ^ 

Sir 

=  3.14159  &c.  X  \f  -t  (Seconds)-,  which  two  Ex- 

preffions,  becaufe  r  is  =  21000000  Feet  and  d=zi6^ 
will  therefore  be, nearly  equal  to  26000  Feet  and  5075 
Seconds,  refpe&ively.  Let  R  be  now  put  for  the  Radius 
of  any  other  Circle  defcribed  by  a  Projectile  about  the 
Earth  s  Center:  Then,  becaufe  the  Force  of  Gravitation 
above*  the  Surface  is  known  to  vary  according  to  the 
Square  of  the  Diftance  inverfely,  we  have  (by  Cafe  4. 

Carol  5  J  r~ *  :  R    *  ::  (26000  )  the  Velocity  (per 

Second)  at  die  Surface,  to  26000  x  \/  S9  the  Ve- 

it 

locity 
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\        \ 

locity  in  the  Circle  whofe  Radius  is  R :  And  r     :   R 
S.\ 
•  -:  (S°7S  '  the  periodic  Time  at  the  Surface :  to  5075  * 

\f   -- ,   the  Time   of  Revolution  in  the  Circle  «R. 

r 
Which,  if  R  be  aflumed  equal  to  {dor)  the  Diftance  of 

s.  D 

the  Moon  from  the  Earth,  will  give  2360000,  or  27 . 3 
nearly,  for  the  periodic  Time  at  that  Diftante. 

In  like  fort  the  Ratio  of  the  Forces  of  Gravitation 
of  the  Moon,  towards  the  Sun  and  £arth,  may  be  com- 
puted. For,  the  centrifugal  Forces  in  Circles,  being 
univerfally  as   the  Radii  apply'd  to  the  Squares  of  the 

Times  of  Revolution,  it  will  be  as    ( = )    the 

Semi-diameter  of  the  Magnus  Orbis  divided  by  the  Square 
of  one  Year  (the  periodic  Time  of  the  Earth  and  Moon 
about  the  Sun)  is  to  (240000x178)  the  Diftance  of 

1 

the  Moon  'from  the  Earth  divided  by  — r,  the  Square 

of  the  periodic  Time  of  the  Moon  about  the  Earth,  fo 
is  ..1*9  to  1  nearly ;  and  fo  is  the  Gravitation  of  the 
.  Moon  towards  the  Sun  to  her  Gravitation  towards  the 
Earth. 

Alfo,  after  the  fame  Manner,  the  centrifugal  Force  of 
a  Body  at  the  Equator,  artfing  from  the  Earth's  Rota- 
tion, is  derived*  For  fince  it  is  found  above,  that  5075 
Seconds  is  the  Time  of  Revolution,  when  the  centrifugal 
Force  would  become  equal  to  the  Gravity,  and  it  ap- 
pears (by  Cafe  2.  CoroL  2  J  that  the  Forces,  in  Circles 
having  the  fame  Radii,  are  inverfely  as  the  Squares  of 

the  periodic  Times,  we  therefore  have,  as  8bi6o|     (the 

H     M 

Square  of  the  Number  of  Seconds  in   (23  56)    one 

whole  Rotation  of  the  Earth)  to  5075!*  (the  Square  of 
the  Number  of  Seconds  above  given)  fo  is  the  Force  of 

R  Gravity 


H2 
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Gravity  (which  wc  will  denote  by  Unity)  to  -~ ,  the 

centrifugal  Force  of  a  Body  at  the  Equator  arifingfrom 
the  Earth's  Rotation. 

But,  to  determine,  in  a  more  general  Manner,  die 
Ratio  of  the  Force  of  a  Body  revolving  in  any  given 
Circle,  to  its  Gravity,  we  have  already  given  3.14  &V.  x 

\/2j  for  the  Time  of  Revolution  at  the  Surface  of 
d 

the  Earth,  when  the  Gravity  and  centrifugal  Force,  are 

equal :  Therefore,  if  the  Time  of  Revolution  in  any 

Circle  whofe  Radius  is  *,  be  denoted  by  U  it  follows, 

from  Corol.  2.  laft  Prop,  that, 


&ufr   tsTc*   X 


zr 


a 


::  the  Gravity  of  the  Body  :  to  its  centrifugal  Torce 
in   that   Circle;    which,    therefore,   is  as   Unity  to 

*hP  tf<-  *,  m ,  Qr  M  ,  t0  I-228  x   *   vcry  nev. 

at  l 

ly  •  where  a  denotes  the  Number  of  Feet  in  the  Ra- 
dius of  the  propofed  Circle,  and  /  the  Number  of  Se-« 
conds  in  one  intire  Revolution.  So  that,  if  the  Length 
of  a  Sling,  by  which  a  Stone  is  whirled  about,  be  two 
Feet,  and  the  Time  of  Revolution  ,  of  a  Second,  the 
Force  by  which  the  Stone  endeavours  to  fly  off,  will 
be  to  its  Weight  as  9.824  to  Unity. 

From  this  general  Proportion,  the  centrifugal  roree 
and  periodic  Time  of  a  Pendulum  defcribing  a  conical 
Surface  may  Kkewife  be  deduced. 

For  let  SR,  the  Length 
of  the  Pendulum,  be  de- 
noted by  g\  the  Altitude 
CS  of  the  Cpne,  by  c  s  the 
Semi-diameter  CR  of  the 
Bafebytf;  and  the  Time 
of  Revolution  by  t :  Then, 
the  Force  of  Gravity  being 

re- 
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reprefented  by  Unity,  the  Force  with  which  the  re- 
volving Body  at  R,  the  End  of  the  Pendulum,  tends 
to   recede  from   the  Center    C,   will   be  defined  by 

**■  4  ^ ~,  as  has  bceh  already  £hewn.  There- 
fore, becaufe  the  Body  is  retained  in  the  Circle  RR  by 
the  A&ion  of  three  different  Powers,  /•  e.  the  centri- 
fugal Force  ^  %     Jp    '""  "/  m  *c  Bireftion  CR, 

the  Force  of  Gravity  (1)  in  a  Direction  parallel  to  SCt 
and  the  Force  of.  the  Thread  or  Wire  RS,  compounded 
of  the  former  two ;  it  follows,  from  the  Principle^  of 
Mechanics,  that  as  SC  (r)  to  CR  (g)9  fo  is  the.  Weight 
6f  the  Body  at  R,  to  .the  Force  with  which  it  a£fc  upon 

the  Thread  or  Wire  RS ;    and  as  1 ;  *14    '*'    x  % 

.  4? 

:s  CS  (0  :  CR  (*) :  Whence  dt%  =  3.  14&C.X*  X  2r, 

and  /  =  3.  14  &c.  X  x/j  =1,108/7  nearly.   Be- 

daufe  ds\  qr  its  Equal  3. 14  &M*  x  2c,  expreffes  the 
Space  a  heavy  Body  will  defcend,  by  its  own  Gravity, 

in  the  Time  /  *,  and  fince  1*  :  3*  H  **'•]*  ::  ic  :  »Artioa. 
3. 14  &c.\%  X  2r  (=<&*)  it  therefore  appears  that,  as 
the  Square  of  the  Piameter  of  any  Circle,  is  to  the 
Souare  of  its  Periphery,  fo  is  twice  the  perpendicular 
Altitude  of  the  Cone,  to  Che  Diftance  a  heavy  Body  will 
freely  defcend  in  the  Time  of  one  whole  Gyration  of 
the  Pendulum,  let  the  fiafe  of  die  Cone  and  the  Length 
of  the  Pendulum  be  what  they  wilj. 

PROPOSITION     VII. 

218.  To  determine  the  Ratio  of  the  Velocities  of  Bodies  de- 
fcendingy  or  afcending^  in  Right-lines^  when  aceekrated*  or 
retarded^  by  Forces^  varying  according  to  a  given  Law. 

Suppofe  a  Body  to  move  in  the  Right-line  CH,  and 
let  the  Force  whereby  it  is  urged  towards  C,  or  H, 

R  2  be 


* 
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be  as  any  variable  Quantity  F :  Moreover,  let  the  Ve- 
locity of  the  Body  be  reprefented  by  v ;  putting  its 
Diftance  CD,  from  the  Point  C=*,  and  D<t=x. 

'  H         Then,    fince  the  Time  wherein  the  Space 
Dd  (x)  would  be  uniformly  defcribed,  with 

the  Velocity  at  D,  is  known  to  be  as  — ,      the 

,  D      Velocity  that  would  be  uniformly  generated,  or 
'd    ,  deftroyed,  in  that  Time  by  the  Force  F  (be- 
ing as  the  Time  and  Force  conjundly)  will 

Fx 
confequently  be  as  —  :  Which  therefore  muft 

be  equal  to,  +  <v9  the  uniform  Increafe  or 
I)ecreafe  of  Celerity  in  that  Time.;  and  confequently 
-f-  w  =  Fx.  From  whence,  when  the  Value  of  F 
is  given  in  Terms  of  *,  or  v9  the  Value  of  v  will  like* 
wife  be  known.  Q.  E.  L 

Corollary    I. 

219.  Hence,  the  Law  of  the  Velocity  being  given, 
that  of  the  Force  is  deduced :  For,  fince  ft  =  +  w, 

it  is  evident  that  F  —  +  -r-» 

Corollary    II. 

220.  Hence,  alfo,  the  Ratio  of  the  Velocity  at  D 
to  that  whereby  a  Body  might  revolve  in  the  Periphery 
of  a  Circle  about  the  Center  C,  at  the  Diftance  of  CD, 
will  be  known :  For,  if  this  laft  Velocity  be  denoted  by 


w% 


•Ait.  sis.  w> tbc  Value  of  F  will  be  rightly  expreffed  by  —  *  : 


tv  X 


Whence,  by  Subftitution,  we  have  +  w  =  — ,     or 


I- 
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•  ■  -     •       • 

±vz  x  —  =  w*  x  —  :  Whence  «r* :  tt*  :  +  —  :  — % 

» 
and  confequeritly  w :  v :: 


as  well  as  above,  the  Sign  of  v  muft  be  taken  +  or  — 
according  as  the  Body  is  urged  from,  or  towards  the 
Center  C. 

PROPOSITION    VIII. 

• 

221.  Suppoftng  a  Body,  let  go  from  a  given  Point  A  with 
a  given  Celerity  (c)  along  a  Right-line  CH,  to  bf 
urged,  either  way,  in  that  Line,  by  a  Force  varying  as 
any  Power  (n)  of  the  J)iJlancefrom  a  given  Point  C  ; 
to  find,  not  only,  the  Relation  of  the  Velocities,  and  Spaces 
gone  over,  hutalfo  the  Times  of  Afcent  and  Defcent. 

The  ConftruAion  of  the  preceding  Problem  being  re* 

_  mm 

tained,  F  will  here  be  expounded  by  x  f  and  we  (hall 
therefore  have  -jrvv  (zzFx)  =:**$  arid  confequently, 

by  taking  the  Fluent  thereof,  +  —  z= ;    but  to 

2       »+i 

corre&  the  Fluent  thus  found,  let  x  be  taken  =  CA 

(which  we  will  call  a )  then  v  being  =  c,  the  Fluent  in 

that  Circumftance  will  become  -f =  - —  :  There- 

v%  _    c% 
fore  the  Fluent  dujy    corrected   is    +    "~  -f-  —  = 

"~  a      *,orz/*c/j  **= ~-f — : Whence vwill  •  Ait.7s. 


come  out  =  V    f  +  ±J± JL11 — .  Where  the 

n+i 

Signs  of  v  and  *        muft  be  alike,  when  both  Quan- 
tities increafe,  or  decreaf?,  at  the  fame  time;  thit  is, 

&  3  when 
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Art.  210.  when  the  Force,  from  C,  is  a  repulfive  one  *  ;  but,  un- 
like, when  one  increafes  while  the  other  decreases,  or 
the  Force,  tending  to  C,  is  an  attractive  one.  In  the  for- 


mer Cafe  we  therefore  have 

»+ 1 


^  /    .       ia      — ix 

and,  in  the  latter,  v  =  v    c x  + -7- • 

The  Value  of  trbeing  thus  obtained,  let  the  required 
Time  of  moving  over  the  Space  AD  be  now  denoted 

by  Tj  then,  fince  T  is.univcrfally  =  -,wchavcT 

»,   or  f  ss 
la 


2X 


according  to  the  two  forefaid 


n  +  I 
Cafes  refpe&ively :  From  whence,  by  finding  the  Fluent, 
the  Time  itfelf  will  be  known.  *>.  E.  h 

Corollary. 

222.  If  the  Body  proceeds  from  Reft  at  A,  €  will  be 

1 

=  Oj  and  wefhallbave  t=— f +"'    X*     »   or 

r  2ji?       — 2a 

T=  


Scholium. 

223.  Although,  the  Fluents  of  the  Expreffions  givea 
above  cannot  be  exhibited,  in  a  genera]  Manner,  nei- 
ther, in  finite  Terms,  nor  by  means  of  circular  Arcs 
and    Logarithms  1   yet,  in  lome  of  the  moft  ufeful 

Cafes 
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Cafes  that  occur  in  Nature,  they  may  be  obtained  with 
great  Facility.    *  ■" 


Thus,  if  in 


I  +  n 


H-i 


(expreffing  the  Flux- 


ion  of  the  Time  of  Defcent  along  AD)  *  be  expounded 

by  i,  o,  —  2,  and  —  3  fucceffively,  the  Fluxion  itfelf 

«■  « 

x  x 

will     become    equal     to      .  j ,     ■        ■     ■    =, 

^i!2L2,  and  74=*f~  refpeaivcly  :  Whence,  if 
V  ax  —  xx  * 

ARF  be  a  Quadrant  of  a  Circle  whofe  Center  is  C,  and 
ASC  a  Semi-circle  whofe  Diameter  is  AC,  and  DSR 
be  perpendicular  to  AC ;  then  it  will  appear, 

i°.  That,  when  «=  I ,      j\  * 


4± 


and  T  =  -7= 

the  Velocity  (  V^W*) 
at  D  will  be  repre- 
Anted  by  DR,  and  the 

Fluent  fought  by  xg*. 


a°.  That,  when  »=o,  and  *f  =■ 


247 


Ait. 


14* 


fa*  —  2x   . 

Velocity  at  D,  and  the  Time  of  Defcent  thro*  AD,  will 
fcacb  be  defined  by  V%  AD. 


30.  That,  when  n  =  —  a,  and  T  = 


_   •  * 


a  x  xx 


Velocity  (I*"-**)  will  be 


1/  *#  —  x* 
DS 


as 


the   .  —VTrj  w«  w  «  CDVJI& 

vxi  the  Time  of  Defcent  thro'  AD, »  ViACxAS+DS. 

R4  4*. 
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'•  axx 

40.  And  that,  when  n  =  —  3,  and  T  =  —=====» 

DR 

the  Velocity  will  be  as  TTr-Trr;,  and  the  Time  as 

ACxDR. 

Hence  the  Time  of  the  whole  Defcent  thro'  the  Ra- 

AF  - 

dius  AC,  appears  to  be  as  rrg»  V^2AC,  V  £  AC  x  AF, 

or  AC*.    But  the  Time  .of  one  whole  Revolution  in' 

aAF 
►  Art .a  1 5.  the  Periphery  ARF  &c.  was  found  to-be  as    ■     9  .  t*  j 

AC~^~ 
which  in  the  four  Cafes  above  fpecified  is  ^tt>-,       — , 

4AF  x  VAC",  and  4 AF  X  AC :  Therefore,  if  the  Time 
of  moving  over  the  Quadrant  Ar7  be  denoted  by  ^,  it 
follows  that  the  Time  of  Defcent  thro9  the  Radius  AQ, 

will  be  truly  defined  by  ^,,  £  x  ACA^  2,  $  x  V^T, 


AF 


AC 


or  j|>  x  -r-p  according  to  the  foreXaid  Cafes  refpe&ively* 

Lemma. 

£24*  The  Areas  which  a  revolving  Body  deferihes,  fy 
Rays  drawn  to  the  Center  of  Force9  are  proportional 
to  the  Times  of  their  Defcription, 

For,  let  a  Body^ 
in  any  given  Time; 
defcribe  the  Right- 
line  AB,  with  an 
uninterrupted  uni- 
form Motion ;  but 
upon  its  Arrival  at 
B  let  it  be  impelled 

towards  the  Center  S,  fo  that,  inftcad  of  proceeding 

along 
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along  ABC,  it  may,  after  the  Impulfe,  defcribe  the 
Right- line  B/. 

Becaufe  the  Force,  ading  in  the  Line  SB,  can  nei- 
ther add  to,  nor  take  from,  the  Celerity  which  the  Body 
has  in  a  Direction  perpendicular  to  that  Line,  the  Di- 
stance of  the  Body  from  the  faid  tine,  at  the  end  of  a 
given  Time,  will  therefore  be  the  vtry  fame  as  if  no 
Force  had  afted ;  and  confequeptly  the  Are?  B*S  equ^Ji 
to  the  Area  BCS,  which  would  have  been  defcribed  in 
the  fame  time,  had  the  Body  proceeded  uniformly  along 
BC  ;  becaufe  Triangles,  having  the  fame  Bafe  and  Al- 
titude, are  equal* 

Therefore  feeing  no  Impulfe,  however  great,  can  af- 
fed:  the  Quantity  of  the  Area  defcribed  about  the  Center 
S,  in  a  given  Time,  and  becaufe  the  Areas  ASB,  BSC, 
defcribed  about  that  Point,  when  no  Force  ads,  are  as 
the  Bafes  AB,  BC,  or  the  Times  of  their  Qefcription, 
(he  Proportion  is  manifeft. 

Corollary. 

225.  Hence  the  Ve- 
locity of  a  revolving 
Body,  at  any  Point  Q^ 
or  R,  isinverfely  as  the 
Perpendicular  SP  or 
ST,  falling  from  the 
Center  of  Force  upor| 
the  Tangent  at  that 
Point. 

For,  let  two  other 
Bodies  m  and  »  be  fup- 
pofed  to  move  uniform- 
ly from  Q.and  R,  along       »p  L\_  ""^^  & 

the  Tangents  QP   gnd  v 

RT,  with  Velocities  re- 
spectively equal  to  thofe  of  the  revolving  Body  at  Qand 
R ;  then  the  Dtftances  Qm  and  R»,  gone  over  in  the 
fame  Time,  will  be  to  each  other  as  thofe  Velocities  5 
pnd  the  Areas.  QJ>«  and  RS*  will  be  equal,  being  equaj 

to 
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to  thofe  defcribed  by  the  revolving  Body  in  the  fame 
» Art.xi3,  time  • :  Whence  Qji  x  SP  being  =:  R*  x  ST,  it  fellows 

that  Q*i :  R* ; :  ST  :  SP  : :  ^  :  ^. 

PROPOSITION      IX. 

ai6.  7i  determine  the  Law  of  the  centripetal  Force, 
tending  to^  a  given  Point  C,  whereby  a  Body  may  de~ 
Jcribe  a  given  Curve  AQH. 


Let  QP  be  a  Tangent  to  the  Curve  at  any  Point  Qj 
upon  which,  from  the  Center  C,  let  fall  the  Perpendi- 
cular CP;  putCQjsi,  CP  =  «;  and  let  the  Velocity 
of  the  Projedtle  at  Q.be  denoted  by  v. 

Therefore,  fince  v*  is  always  as  -5  (by  the  CoroL  to 
Lemma)  it  is  evident,  by  taking  the  Fluxions  of  both 
Quantities,  that  w  will  alfo  be  as  --y :  But  the  cen- 
tripetal Force,  whether  the  Body  moves  in  a  Right-line 

or 
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or  a  Curve,  is  always  as r  (by  Art.  219.  and  206.) 

Therefore  the  centripetal  Force  is  likewifc  as  -^-r*J^.£./. 

The  fame  othtrwifi, 

227.  Let  the  Ray  of  Curvature  QO  be  denoted  by 
R :  Then*  becaufe  the  centripetal  Forces  in  Circles  are 
known  to  be  as  the  Squares  of  the  Velocities  dire&fy  and 
the  Radii  inverfely  *,  it  follows  that  the  Force,  tending  *  Art.ua. 
to  the  Point  O,  whereby  the  Body  might  be  retained  in 
its  Orbit  at  Q^  or  in  the  Circle  whofe  Radius  is  QO, 

1        1 
wHI  be  denned  by  -tx|:  Whence  (by  the  Refolution 

of  Forces)  it  will  be  CP  (u)  :  CQ.^;  ::  ~    (the 

s 
Force  in  the  Dire&ion  QP)  :  -™,  the  Force  in  the 


s  s 


Direaion  QC:    Which,  becaufe  R  =:  -?•  f  will  alfo  t  Ait.  73. 
be  expreffed  by  -j-:  •    £>.  E.  L 

Another  Way* 

22$.  Let  nq  be  the  indefinitely  fmall  Part  of  the 
Right- line  Cq%  intercepted  by  the  Curve  and  the  Tan- 
gent Qjji  expreffing  the  Effed  of  the  centripetal  Force 
in  the  Time  of  defcribing  the  Area  QC11.    Now  thefe 
Effc&s,  or  %the  Diftances  defcended  by  means  of  Forces 
uniformly  continued,  are  known  to  be  in  the  duplicate 
Ratio  of  the  Times  J,  or  of  the  Areas  denoting  thofe  *  ^ 
Times  § :  Therefore,  the  centripetal  Force  at  Q„,  or  the  \  j^ 
Diftance  defcended  by  means  thereof  in  a  given  Time,  *     '21* 
will  be  as  nq  applied  to  the  fecond  Power  of  the  Area 

QCy ,  or  as  ^pr^rp.    This  Expreffion  is  the  fame 

with 


2$Z  '  %be  Ufe  ofFLVXlOHs 

with  that  given  by  Sir  Jfaac  Newton^  in  his  Prlruipiar 
Book  i.  Prop.  6.  But,  to  adapt  it  to  a  fluxiona!  &/- 
cuius ;  Jet  QE  be  an  Ordinate  to  the  principal  Axis  AG ; 
and  let  (as  ufual)  AE  =  x,  EQ^= j,  AQ^=  s,  Ee  (or 
Qt)  =  *>  Of  =  *  ;  fuppofing  07.  (parallel  to  EQJ  to 
interfeft  the  Curve  and  the  Tangent  in  m  and  q. 

Since  Qj  is  conceived  indefinitely  fipall  (or  in  its 

nafoent  State)  the  Triangle  nmq  may  be  taken  as  re£U- 

♦  Art.  x36.  iincai  • .  aifo  thc  Angle  n  =  CQP  and  the  Angle  m  = 

Qjp:   Whence,  it  will  be  (by  Trigonometry)  as  & 

CP     Of 
CQP  (n)  :  5.  Qjt  («)  ::mq:nq;  thatis, **  £q  :  7J* 

CQ_  xQ/x«tf     ___ 
; :  ot j  :  »f  ==      CP  x  Q* — :    Wfaich  fuW*ituted  above 

?IVCS      CP8    CT""5"  Meafure  of  the  centripetal 

Force  at  Q^:  But  tnq  (fuppofing  x  to  flow  uniformly)  is 
known  to  be  as  — j :  Therefore  the  Force  at  Q^,  is  as 

CQxQ/x-jf        .  '         f  —  sxj 

'  CfoxQg* — '  or  Its    qu     IF?  *    wlicre  thp  Dim 

vifor  (V*1)  is  as  the  Cube  of  (QCa)  the  Fluxion  of 
the  Area  AQC. 

The  very  fame  Theorem  may  likewife  be  deduced 
from  that  given  by  our  fecond  Method :  For,  fince  (R) 


£' 


f  Ait.68.  the  Ray  of  Curvature  at  QJs  uruverfally  *  =;  *^r..%  the 

s 

Value  °f  :jTi>  (there  found)  will  here,  by  SubfHtution, 

_      •  •• 

become    n:  ■  »:«••  • 

u*zr 

This  Expreflion,  tho'  in  appearance  tefs  fimple  than 
,  firft  found)  is,  for  the  general  parta  rnoje  comma- 
dious  In  Pra&ice. 

r,        •  •       CO- 


u 
u*  s 
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CoROLtARY      I. 

229.  tf  tte  Pohit  C  be  fa  remote  that  all  Right-lirtes 

drawn  from  thence  to  the  Carve  may  be  connder'd  as 

parallel  to  each  other,  the  Force  will  then  (making  Qr 

..  •  •• 

perpendicular  to  Cf)  be  as  ^  -,   or   barely  as 

Cf  x  Qrl 
• .« 

==£>  fince  s  (Cf)  in  this  Cafe  may  bereje&ed. 

Qrl 

From  this  Expreffion,  which  is  general,  in  all  Cafes 
where  the  Force  ads  in  the  Dire&ion  of  parallel  Lines, 
it  appears  that  the  Force,  which  always  a&ing  in  the 
Dire&ion  of  the  Ordinate  QE,  would  retain  the  Body 

in  its  Orbit,  is  every  where  as  -71-  5  becaufe  QChere 
coincides  with  QE,  and  Qf  becomes  ^  x. 

Corollary    II. 

230.  Becaufe  the  Force,  tending  to  the  Point  C>  is 

J  the  Force  to  any 
other  Point  c,  will,  by  the  lame  Argument,  be  as 
-Tij  qq*  Hence  the  Forces,  to  different  Centers 
C  and  c  (about  which  equal  Areas  are  defcribed  in  the 

fame  time)  are  to  each  other  in  the  Ratio  of  f~     to 

**) 

^—  inverfely. 

Corollary    HI. 

231.  Moreover,  the  Ratio  of  the  Velocity  at  Q  to 
the  Velocity  whereby  the  Body  might  revolve  in  a  Cirde 
about  the  Center  at  C,  at  the  Diftance  CQ,  is  eafily  de- 
duced from  hence :  For,  fince  the  Celerity  at  QJs  that 

whereby 


t$l  Tfo  XJfe  of  Fluxions 

whereby  the  Body  might  revolve  ia  a  Circle  about  the 
Center  O,  and  the  Forces  tending  to  the  Centers  O  and 
C  are  to  each  other  as  u  (CP)  and  *j(CQJ;  at  there- 
fore follows,  if  the  Ratio  fought  be  affumed  as  v  to  w9 


v%      w% 


**  oo :  oc ::  u :  s  t1* ArU  2l2^   Whcncc  alfo 

v*  :  «/*  ::  «xQO  (uR)  :  s  x  QC  (f)  and  confequently 


Sua   y/L.\/i 


(becaufe  R  =;  -r  J* 

The  lame  Proportion  may  alfo  be  derived  from  CoroU 
a.  Prep.  7.      For  it  is   tnere  proved  that  v  :  w  :: 

\f  i. :  v'   —  ~  *  ^  !t  W^8  fr°m  above,  that  — 


/  * 


JL  =  !L :  Whence  the  whole  is  manifeft. 
v       u 

If  OL  be  made  perpendicular  to  QC,  QL  will  be 
CPxQO\       *R        ,QL        uR  J 

fore  v :  co  ::  QL  :  CQ;  :  Which  is  another  Pro- 
portion, of  the  propofed  Celerities. 

Corollary    IV. 

.  » 

232.  Laftly,  the  Law  of  centripetal  Force  being  gi- 
ven, the  Nature  of  the  Traje&ory  AQ^may  from  hence 
be  found  ;  for  fince  the  Force  (F)  is  univerfally  defined 

by  A>  it  is  evident  that  ~Z±  wiU  be  =  the  Fluent 

of  Ft  1  which,  When  P  is  given  in  Terms  of  /,  will 
become  known  ;  and  then,  the  Relation  between  u  and 
j  being  given,  the  Curve  itfelf  is  known* 
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EXAMPLE    I. 

333.  Let  the  given  Curve  AQH  be  the  logarithmic 
Spiral,  and  C  the  Center  thereof:  Then  u  (Cr)  being 


in  this  Cafe  =  &•,  wc  have  j-  +  (=  K  x  J^)  ;££ 


and 


y/bL  x  A)  =  Unity-  Hence 

it  appears  that  the  Force  is  in- 
verfely  as  the  Cube  of  the  Di- 
ftance;  and  the  Velocity,  every 
where,  equal  to  that  whereby  the 
Body  might  revolve  in  a  Circle  at 
the  fame  Diftance. 

EXAMPLE    IL 

234.  Ut  it  be  required  to  find  the  Law  of  the  centripetal 
Force,  whereby  a  Body*  tending  to  the  Focus  C,  if  mad* 
to  revolve  in  the  Periphery  of  an  EUipfis  AQDB. 

From  the  other 
Focus  F  draw  FK 
parallel  to  CP  meet- 
ing the  Tangent  PQ. 

at  Right-angles)  in 

Z>  join  F,  Qj  put- 
ting  the   tranfverfe       / 
Axis  AB  ==  a,  the     " 

Semi-conjugate  OD  =  {b,  and  the  Parameter    (— \ 

z=p:  Then,  CQ.  and  CP  being  denoted  as  above*,  #Art.*3* 
we  have  FQ,(=:AB~CQ)  =*— $l  whence,  by  rea- 
fon  of  the  fimilar  Triangles  CQP  and  FQK,  it  will  be 
10  |: 


•**i 

k 


ft*6  22*  We  °f  Fluxions 


a^-i-X  u 


,:„::*-*:FK:  =  ^=^A    But  FK   X  CP  i* 

=  OD*  (by  the  Nature  of  the  Curve.)    Hence  we  get 

j     -  x  u* .  i        40         4- 

— : =:  ibz;  and   Confequently  j:  =  ^  —  |r J 

whereof  the  Fluxion  being  —  2" :  =  —  i?( ,  we  obtain 
•  Ait  »»7.  JL  •  =  1*  x  4  -  ±  and  \/^L  +  =  v/S^ 

=  V^    Hence,  it.  appears  that  the  centripetal 

^    AO 
Force  is,  in  this  Cafe,  as  the  Square  of  the  Pittance  in- 
verfely  }  and  the  Velocity  at  Q,  is  to  that  whereby  the 
Body  might  defcribc  a  Circle  at  the  Diftance  CQ.,  every 

where,  in  the  Ratio  of  FQ*  to  AO*. 

If  the  Curve  had  been  an  Hyperbola  $  then    -j-    x 

a%  (inftead  of  ^^  x  u1)  would  have  been  =  J  4*  ; 

and  fo  if—  =  *f  x  *4  =  — t»  the  very  fame  as  before, 
But,  had  it  been  a  Parabola,  the  Equation  would  have 

the  Force  M  at  -^-.    But,  the  Meafure  of  the  Ve- 
locity (>/?  =  >/=£Z2?)  in  this  Cafe  becoming 

'    harelv  =  /a,  »t  follows  that  the  Velocity  in  a  Parabola 

•  11 L7  wherebv  the  Body  might  defcribe  a  Circle  at  the 

•  femeDiftanS  K  the  Centef,  in  the  conftant  Ratio  of 

y/z  to  Unity.  '        ' 
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EXAMPLE    III. 

235.  Let  it  be  required  to  find  the  Law  of  the  centripetal 
Force*  by  which  a  Body*  tending  to  any  given  Point  C, 
in  the  Axis,  is  made  to  defcribe  a  conic  Section  AQH. 


Put  the  femi-tranfverfe  Axis  (OA )  =  a*  the  fern?* 
conjugate  =  £,  and  the  given  Diftance  of  the  Point 
C  from  the  Vertex  A'  =*:  Putalfo  the  Abfctfla  AE* 
—  x9  the  Ordinate  EQ.= y,  and  CQ.z=  *  (as  before). 

The  Area  of  the  Triangle  ECQ^being  (=jECxEQ) 

cv  ~~  x?v  cy  mmmm  xy  — ™  yx 

rz  \  its  Fluxion  is  therefore  = ■ 3 

2  2 

which  added  to  yx9  the  Fluxion  of  the  Area  AEQ^ 
cy  +  yx  —  xy 


gives  — 


for  the  Fluxion  of  the  whole  Area 


ACQ^defcribed  about  the  Center  of*  Force.     Whence 
(by  Art.  228.)  the  required  centripetal  Force  at  Q_wiil 

—  sx  y 

=rr     Which  ExprefEon  is  genera!, 


be  as 


cy  +yx — xy\ 

let  the  Curve  be  of  what  Kind  it  will.     But  in  the 


Cafe  above,  y  being  =  —  ^2ax  ±  *\  we  have  y  = 
bxxa  +  x      m  _     —  abxx  % 

a  Siax  ±  xx  7ax  ±  x%l* 

S 


258  the  Ujfe  of Futxioni 

***<*+** +<?%  and  therefore,  by  fubftituting  dicfe 
*  v%ax  +  * 

—  sxy  ars 

Values,  we    get     ;  t     :    — ^  —        '  ■    ,        *— s 

Which,  becaufe  p-    is   conftant,     will    alfo    be    as- 

.     'u.     From  Whence  it  follows, 

ca+ax+cx\       __ 

ip.  If  f  be  =  -f-  ay  or  the  Center  of  Force  be  in 
the  Center  of  the  Seftion,  the  Force  itfelf  will  be  barely 

as  ( i *) tlie  Diftance. 

2°.  If  it  be  in  the  Focus,  then  ac  -f-  ax  +  cx  be- 
coming =  CQ_x  a9  the  Force  will  be  inverfely  as  the 
Square  of  the  Pittance. 

3».  If  the  given  Point  be  in  the  Vertex  A,  the  Fore* 

will  be  as  4:  Which  therefore  in  the  Circle  (where  *== 

—  )  will  be  as  A »  or  the  fifth  Power  oF  the  Diftane* 
20/  y 

reciprocally. 

4°.  Laftly,  if  the  Point  C  be  at  an.  indefinite  Diftance 
-  from  the  Vertex,  or  the  Force  be  fuppofed  to  aft  iii 
the  Dire&ion  of  Lines  parallel  to  the  Axis  AO  j  theft* 
the  Force  will  be  as  the  Cube  of  OE  inverfely. 

PROPOSITION    X. 

*3<>.  To  determine  the   Ratio  of  the  Velocities  of  Bodies 
revolving   in  different  Orbits,  about  the  fame,  or  dif- 
ferent, Centers ;   the  Orbits  themfehes^  and  the  Forces 
whereby  they  art  defcribed,  being  given* 

■ 

Let  AQH  be  any  Orbit,  defcribed  about  the  Center 
of  Force  C,  and  let  the  Force  itfelf  at  the  principal  Ver- 
tex A  be  denoted  by  F-9  alfo  let  r  ftand  for  the  Semi* 
parameter,  or  the  Ray  of  Curvature  at  the  Vertex,  and 

let 


I 

■ 

1 
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let  CP  be  perpendicular  to  the  Tangent  Qp, 
P 


Then,  the  Celerity  at  A  beingi  always^  as  >/rF 

(hy  Art.    212.)    we  have  CP  :  CA  ::  y/rF  (the  Ve- 

C  A  yi  V '  rF 
Ipcity  af  A)  to       q£      ',  the  Velocity  at  Q_(ty  Arts 

225,)  Which  anfwers  in  all  Cafes*  let  the  Values  of  AC* 
t  and  F  be  what  they  will.  Q  -#•  !• 

Corollary   L 
$37.  U  the  centripetal  Force  be  as  thd  Square  of  the 

Diflaaae  iwetfeljfo  qx  F  be  expounded  by    £qS  >    tne 

AC  S^T* 

Velocity  at  Q.  will  become  gp    x    \A  £gs>    or 

^pr*  Whence   the   Velocities,   in   different  Orbits* 

about  the  fame  Center,  are  in  the  fubduplicate  Ratio  of 
the  Parameters,  and  the  inverfe  Ratio  of  the  Perpen- 
diculars from  the  Center  of  Force  to  the  Tangents, 
conjunctly. 

Corollary    II. 

238.  Hence,  if  the  Celerity  at  Q,  be  denoted  by  Qjf, 

«n4  Cy  be  drawn ;  then*  <Q^  being  as  ttb,    it    follows 

that  Vr"  is  as  CP  xQjjy  or  as  the  Triangle  QCq:  There- 

S  2  fore 


26<5,  Tie  Vfe  of  Fluxions 

fore  the  Areas  deferibed  about  a  common  Center  oi 
Force  in  a  given  Time,  are  in  the  fubduplicate  Ratio  of 
the  Parameters. 

Corollary    III. 

239.  Laftly,  fince  the  Area  of  the  Curve  AQHB  &c. 
Art.  *34.  whenanEllipfe*,  is  known  to  be  as  (AO  X  OD)  AO  X 

yVx  AO  (fuppofing  O  to  be  the  Center)  if  the  fame 

be  apply'd  to  1/r,  exprcfEng  the  Area  deferibed  in  a 
given  Part  of  Time  (by  the  laft  CoroL)  we  (hall  thence 

have  AO  x  v'AO,  or  AO*  for  the  Meafure  of  the 
Time  of  one  whole  Revolution.  From  whence  it  ap- 
pears, that  the  periodic  Times,  let  the  Species  of  the 
Ellipfes  be  what  they  will,  are  in  thefefqufplrcate  Ratid 
•  of  their  principal  Axes. 

PROPOSITION     XL 

240.  The  centripetal  Force^  tending  to  a  given  Point  Cf 
being  as  the  Square  of  the  Diftances  reciprocal^  and 
the  Direction  and  Velocity  of  a  Boty  at  any  Point  Q_ 
being  given;  to  determine  the  Path  in  which  the  Body 
vwvesy  and  the  periodic  Time,  in  cafe  it  returns. 


It  k  evident  from  Art.  234.  and  235.  that  the  Tra- 
jectory AQB  is  a  conic  Se&ionj  whereof  the  Point  C  is 

one  of  the  Fed. 

Let 
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Let  F  be  the  other  Focus,  and  upon. the  Tangent 
PQK  let  fall  the  Perpendiculars  CP  and  FK,  and  let 
CQ.andFQ.be  drawn:  Alfo  put  the  femi-tranfverfe 
Axis  AO  =  *,  the  given  focal  Diftance  CQ_=  </,  and 
the  Sine  of  the  Angle  of  Direftion  CQP  (to  the  Ra- 
dius  1)  =*;  and  let  the  given  Velocity  at  Q,beto 
that  whereby  the  Body  might  revolve  in  a  Circle  about 
the  Center  C,  at  that  Diftance,  in  any  given  Ratio  of  n 

to  Unity:    Tfcen  it  will  be  »  :  i  ::  FQj:  AO*  (by 
Art.  234.)  therefore  n%  :  I*  :  FQ.  (a«J— d)  :  AO  («)  . 

whence  AO  la)  is  given  = ».     Moreover,    fince 

CP  =  «xCQ^andFK=mxFQ.,  wehaveODa(  = 

CPxFK=;»*xCQxFQ=:^-^i  whence  the  fe- 

^"  2— n 

mi-conjugate  Axis  (OD)  is  given  likewife. 

Laftly,  it  will  be  (by  Art.  239.)  as  CT*  :  AO*  :: 
(P)  the  periodic  Time  in  any  given  Circle,  whofe  Radius 


X  P)  the  required  Time  of  one  Revo- 
>CT* 

lution  when  the  Orbit  is  an  Ellipfts ;  that  is,  whenaMslefs 

2d 
than  2 :  For,  if  n%  be  =  2,  the  Curve  (as  its  Axis 5 

becomes  infinite)  will  degenerate  to  a  Parabola ;  and,  if 
n*  be  greater  than  2,  the  Axis  being  negative,  it  is  then 
an  Hyperbola ;  whofe  two  principal  Diameters  are  equal 
xd         ,      1.mnd 

Corollary. 

141.  Seeing  neither  the  Value  of  AO,  nor  that  of 

the  periodic  Time,  is  affeaed  with  w,  it  follows  that 

the  principal  Axis,  and  the  periodic  Time,  will  remain 

*        ^  S3  »- 


i6t 


72k  Uje  gfFi/uxidNS 


invariable,  if  the  Velocity  at  Q_be  the  firihe*  let  the 
Direction  aft  that  Point  be  what  it  trill. 

The  fame  Solution  may  likewife  be  brought  .out,  ftodi 
Art.  238.  by  'firft  finding  the  frhicipdl  Parameter :  Fife, 
it  is  evident  that  the  Area  defcrrbed  by  the  Body  about 
the  Center  C,  in  any  given  Time,  is  to  the  'Area  de- 
{bribed,  in  the  fame  Time,  by  ahother  Body  revolving 
in  a  Circle  at  the  Pittance  CQ^  as  noi  to  Unity :  Hence, 
p  Art.  238.  it  will  be  i**:  nfn* ::  d  :  (m%n%d)  the  Semi-parameter*  : 
#rom  which  .'(proceeding  as  above)  we  gtt  a xm%h*d 

{ =ODa)  =c  nf  x  2cd~a* ;  and  confequetitly  ft  =5 
the  fame  as  before. 


*-«*> 


PROPOSITION    XII. 


242.  The  centripetal  Force  being  as  any  Fewer  (w)  4 
the  Dtftance^  and  the  Direction  and  Velocity  of  a  Body 
at  any  Point  A  being  given>  to  determine  the  Orbit  or 

Trajeflcry. 

From  the  Cen- 
ter of  Force.  C, 
to  any  Point  B  in 
the  required  Tra- 
jeaory  ABU),  let 
CB  be  drawn.; 
join  C,  A,  and 
Jet  Ab  be  -the  gi- 
ven Direction  «f 
the  Body  at  the 
Point  A,  and 
Cb  perpendicular- 
thereto ;  alio  let 
the  Velocity  at 
A  be  to  that 
whereby  a  Body 
might  defcribe  a 
Circle  AEF,  about  the  Center  C,  in  any  given  £atio 
of  />  to  Unity  j  putting  CA=<?,  and  CB=*;  Then 
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bocaufc  this  laft  Velocity  (the  centripetal  Force  being,  as 

**  (or/)  is  rightly  defined  by  a  *    *,  ihe  Velocily*  Art.  114. 
pf    the    Body     at   A    will   be    truly    expreffcd    by 

Moreover,  it  is  proved  in  Art.  221.  and  206.  that  if  the 
Celerity,  at  any  given  Diftance  a  from  the  Center,  be    . 
denoted  by  c9  the  Celerity  at  airy  other  Diftance  x  wiU 


be  truly  reprefented   by 


Whence,    /*  *    being   fubftituted   for   c>   we    have 


,t  ■     iii   1'  r 


»+i 


V'r  +  —  x  *a+I  —  il_  fortheCelerityatB. 

But  now,  to  determine  the.  Curve  itfelf  from  hence, 
let  BP  be  a  Tangent  to  it  at  B,  and  CP  perpendicular 
toBP;  aMbletCB,  produced,  meet  the  Periphery  of 
the  Circle  in  E  ;  putting  the  Arch  AE=«,  the  forefaid 
Velocity  at  B  {-to  Shorten  the  Operation)  =v,  and 
Cbznb :  Then  it  will  be  (by  Art.  225.  j  v  :  c  (the  Ve- 
locity at  A)    ;;   b   :  CP=  -    Whence    BP    (  = 


v 
Moreover  (by  ArU  £$.)  we  have,  as  CB  5  CP  ::  v  : 

(§jr  x  v^  tlu*  Velocity of  thc  Body  *  B  iA  a  Di" 

reftion  perpendicuhrto  CE ;  and  confequently,  as  CB : 

•CP  .    .     CPxCE        . 

CE  ::  gg-  x  v{*efeid  Velocity)  to  -£3—  Xv% 

•angular  Velocity  of  the  Point  E  (revolving  with  the 

si 


Body.)     By  the  fame  >/r//Vfc,  the  Velocity  at  B  in  the 


/ 

I 


/ 
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BP 

Dif eftion  CBE  will  bp  pjt;  x  v :  Therefore,  the  Ve-. 

locity  of  £  being  to  the  Velocity  of  B,  in  the  faid  Di? 

CPxCE        BP    .     _,.     .         r  A1P/   t 
re£ho»>  as   — c§*~~  t0  CB*        Fluxions  of  AE  ( %) 

and  CB  (x)  muft  confequently  be  in  that  Ratio;  that  is^ 
CPxCE  BP      .     .       .  CPxCE       . 

~gB>~:CB::  *  :  *>  *■*««*  =  CB^BP  x  *7 

fo  #  w  obex 


Which  Equation  is  general,  let  the 

Law  of  the  centripetal  Force  be  what  it  will :  But  in 

!    2""      »+.* 
the  Cafe  above propofed,  v*  being  =  p%  +  ^j~  X« 

,_  — —     and    £  =  />a*       5    it    becomes    *     = 
n+t 

=  j  whofc 


a^p* 


v p*  + 


2 


"+3 


„  .  7  x  *z  —  PZF  — = H^ 

n+i  r         7»+i  x  « 


Fluent  is  the  Meafure  of  the  angular  Motion ;  from 
which,  when  found,  the  Orbit  may  be  conftruded : 
Bpcaufe,  when  AE.  or  the  Angle  ACE  is  given,  as 
well  as  CB,  the  Pohtion  of  the  Point  B  is  alfo  given. 
But  this  Value  of  i  is  indeed  too  complex  to  admit  of 
a  Fluent  in  algebraic  Terms,  or  even  by  circular  Arcs 
and  Logarithms,  except  in  certain  particular  Cafes ; 
as  when  the  Exponent  n  is  equal  to  1,  —  2,  —  3,  or 
•—  5  ;  befides  ibme  others  wherein  the  Values  of  p  and 
n  are  related  in  a  particular  Manner.  S^  E.  /• 

Co* 
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CoftOLLARY '    L 

143.  If  the  given  Velocity  at  A  be  fuch  that  p%  + 
-2L  =  0,  or  f>  =  y/^  ~2  (which  is  always  poffible 
when  the  Value  of  *+ 1  is  negative)  our  Equation  will 
become  i  x ***  :  Which,  by  put- 

a 

abx 
ting  «+3=w,  £ff*.  is  reduced  to  *  =  - 


Whereof  the  Fluent  will  be  found  (by  the  fecond  Part 

2*7 

of  this  Work  (equal  to  ±  —  multiply'd  by  the  Dif- 
ference  of  the  two  circular  Arcs,    whofe  Secants  are 

and  —  to  the  Radius  Unity/,    From  this  Va« 


fa* 


lue  of  the  Arch  AE  the  Pofition  of  the  Point  B,  in  the 
Qrbit,  is  given. 
But  if  die  Angle  of  Dire&ion  C  A3  be  a  right  one, 

the  Fluent  will  become  barely =±  —  *  Arch  whofe 


1 

T 


Secant  is  2—  (becaufe  then  b=a,  and  the  Arch,  whofe 


r 


Secant  W  -r,  =  o)  which  therefore  when  *  *    become* 


in- 


/ 
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infinite,  will  be  truly  defined  by  ±  — ■  X  whole  Peri- 

fhety  AF*  fife'.   Wbeaee  it  is  evident  that  the  Body 
jnuft  cither  fly  intirely  off,  -or  fall  to  the  Center  "C,  in 

•i 

a  Number  of  Revolutions  «preffed  by  +  — ;  accord- 
ing as  the  Value  of  m  is  pofitive  or  negative* 
.  Tfeas^  if  n  £:  —  a,  And  m  =  u  the  Body  willily 
intirely  off  in  half  a  Revolution :  And,  if  n  =  —  4, 
and-»i  =  —  1,  it  *m\\  **H  Ho  the  Cerrter  in  half  a  Re- 
volution. 

CoMULARY      IL 

444.  Md»e*ver,  tho'  the  Fluent  expreffing  the  Angle 
m  «he  Center  cannot  be  exhibited  in  a  general  Manner 
met  there  lire  certain  Cafes  of  the  Exponent  («)  wham 
its  refpcdive  Value's  may  be  derived  from  each  other. 

For  lot  pti  above)  »+3  ^e  Pat  —**9  ***  (** 
ihorten  the  Operation)  let  *C A  [a)  be  taken  as  Unity : 
^%en  *nrr  Equation  will    be   transformed  to  *  =t 


m — z»p 

y  _   T^  and  it  w!U  be  farther  transformed  «o <«  = 
—  x 


^"+5=1 


A  2 

Put  r  =;    — ,    and   it    will   become   *    r=     —    * 


»n  1 


**  MM7, 


let 


let  * ''    =  i  +  '-a — ^  ^  (or  x  —  -J — .  1  =  — • 

,  or  q%  == r" — =  J  and  theft  we  4hall 

m   m/i+    .......     -/ 


r—  2.  j* 


-  x  /_i»- 


r*—  2.f  r~2.tf* 


Which  Expreffion  (dxcepifeg  *he  general  Multiplicator 

— J  being  exaftly  of  the  fame  Form  with  the  £rft 

above  given,  muft  therefore  be  the  Fluxion  of  the  Angle 
at  the  Center,  when  the  Index  of  the  Force  is  r — 34 
for  the  very  fame  Reafons  that  the  former  appears  to  bo 
the  Fluxion  thereof  when  the  Index  is  01—3  (or  ».) 

Hence,  if  the  Fluent  of 

■   1  j    or   the 

r  — 2,f*  r— -2.f* 

Angle  at  the  Center,  when  the  Exponent  is  r — 3  (dr 

•i-  «-  3  =  — ~  —  3)  be  denoted  by  w,  the  Value 

of  zy  (the  Meafure  of  the  faid  Angle,  when  the  Ex- 

ponent  is  m  —  3  (or  »)  will  be  truly  defined  by  -*- 

From  which  we  colled  that,  if  the  Indices  of  the 

4 
Force,  in  any  two  Cafes,  be  reprefentcd  by »and         ■ 

—  3,  and  the  refpe&ive  'Diftances  from  the  Center  by 

x  and  *  ,  then  the  Angles  themfelves  correfponding 
to  thofe  Diftances  will  be  every  where  in  the  conftant 
Ratio  of  2  to  *+3*    Therefore,  when  the  Orbit  can 

be 
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be  conftrufied  in  the  one  Cafe,  it  alfo  may  in  the  other. 

provided  the  above  Equation  q%  ( .= n  )  =: 

r  r—p%Xr—2/ 

JLiJL£- ,  for  the  Relation  of  the  Celerities  at  A, 

2+»+i/>* 

does  not  become  impoffible,  as  it  will,  fometimes,  when 

p  is  a  negative  Number. 

Corollary    III. 

245.  If  the  Body  bfi  fuppofed  to  move  in   a  ver- 
tical   Direflion    AH ;      then,    putting   the    Velocity 

p*  +  JL  x  /+'  —VL-1  =  p,  we   get   x 

1 
(CH)  =|/>aX^Ti  +  il*    '    X  a  =  the   Height 

I 

»+r 


to  which  the  Body  will  afcend-:  Hence  i^x»+it+i| 
X  * ^-"fl  ( =  AH)  is  the  Diftance  through  which  it  muft 
fteely  defcend  to  acquire  the  given  Celerity  at  A :  This 
Diftance,  in  cafe  of  an  uniform  Force,  when  *  =  o, 
will  become  =  i  p*a :  And,  when  the  Force  is  in- 
verfely  as  the  Square  of  the  Diftance,  it  will  then  be  =; 

But,  when  p  =  1,  or  the  Velocity  at  A  is  juft  fuffi- 
cient  to  retain  a  Body  in  the  Circle  AEF,  AH  becomes 

=  3 J         x  a  —  a:    Which  in  the  two  Cafes 

2 

aforefaid  will  be  equal  to  \a>  and*  refpe&iycly  j   but, 
infinite,  when  n  is  =  —  3. 


Co- 
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Corollary    IV* 

246.  When  the  Value  of  n  +  1  is  pofitive,-  the  Ve- 
locity at  the  Center,  where  *  =  o,  will  be  barely  =: 

V\  A*  +  —  x  /+I*  but  if  the  Value  of  «  +  I 
be  negative,  the  Velocity  at  the  Center  will  be  infinite; 

Malta  1 

Becaufe,  then  o       is  infinite; 

Corollary    V# 

247.  Moreover,  when  n  -f 1  is  negative  and  x  fn- 

finite,the  Velocity  alfo  becomes  =V^  p%+  — ; — x«      s 

9*4-1 

becaufethen  *        =  o. 

Hence,  if  the  centripetal  Force  be  inverfely  as  fome 
Power  of  the  Diftance  greater  than  the  firft,  the  Body 
may  afcend,  ad  infinitum^  and  have  a  Velocity  always 

greater  than  V^    ^*  H —  x  *       >  which  *  t0* 

—  y  a      2 

/*  a  ,  the  given  Velocity,  at  A,  as  V^  ^  +  J7+"I  to 

p.    And  this  will  a&ually  be  the  Cafe  when  the  Value 

2  2 

•f  p%  +  — T"  ,s  pofitive,  or  ^*  greater  than  — — ^— 1 

but  not  otherwise,  the  fquare  Root  of  a  negative  Quan- 
tity being  impoflible. 

Thus,  if  n  =  —  2,  or  the  Force  be  inverfely  as  the 
Square  of  the  Diftance,  and  p\  at  the  fame  time,  greater 

than  2  I J  the  Body  will  not  only  continue  to 

afcend  in  infinitum^  but  have  a  Velocity  always  greater 

than  that  defined  by  V^*~2,  which  is  its  Limit. 

Co- 
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Corollary    VL 

«4?.  Hence  the  leaft  Celerity  fufficieot  to  caufe  the 
Body  to  afcend  for  ever  in  a  Right-line  is  given.     For, 

putting  \r     p%  +  ——xa"Tl  ^  Q>   we  have  p  = 

<s/  - Therefore  the  leaft  Celerity  by  which 

the  Body  might  afccpd  for  ever,  is  to  that  whereby  it 

may  revolve  in  a  Circle.  AEF,  as  \f      ,  ?  ,  „ ,   to 

—  »—  i 

Unity*    From  which  it  appears  that,  if  the  Force  be 
inversely  as  any  Power  of  the  Diftance  greater  than  the 
third,  a  lefs  Velocity  will  caufe  a  Body,  to  afcend  ad  in- 
finitum  than  would  retain  it  in  a  Circle. 

Scholium. 
249.    From  die  Rati*  of  die   Velocity 

f\/~f  +  -i-  x  /tx_2£_  J  wherewith  the 

Bbdy  arriv*  at  any  Diftance  at  from  the  Center,  to  tlpt 

•  Art.  ia.  which  it  ought  to  have  to  revolve  in  a  Circle 

at  the  fame  Diftance,  it  wi)l  net  be  dttfcult  to  determine 
in  what  Cafes  the  Body  will  be  forced  to  the  Center,  and 
in  what  others  it  will  continue  to  fly  from  it  ad infinitum 
For,  firft,  if  the  Angle  CAA  be  acute,  or  the  Body 
from  A  begins  to  defcend,  it  will  continue  to  do  fo  till 
it  aftually  arrives  at  the  Center,  if  the  former  Velocity, 
during  ths  Defcertf,  be  not  fomewhere  greater  than  the 

latter,  or  the  Quotient  V'  p*  +  —  x-^7     ^ 

greater  than  Unity ;  bccaiife,  if  it  ever  begins  to  afcend, 

it 
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h  muft  hrfve  an  Jffi-,  as  D  (where  a  KighNKne  drnwn 
from  tKe  Center  cuts  the  Orbit  at  Right-angles)  and 
there  the  Celerity  muft  evidently  be  greater  than  that 
fufficient  to  caufe  the  Body  to  revolve  in  a  Circle, 

Secondly,     but  if   the    Quantity 

.  i    i    ■  -i *- 

\A    p*  +  -JL.  x  ?_  —  -JL. ,   in  the  Aceefe  of 

the  Body  towards  the  Center,  increafes  fo  as  to  become 
gieater  than Unity,  or  be. every, where fo^  then  the  Ve- 
locity at  all  inferior  Diftances  being  more  than  fufllcient 
to  retain  a  Body  in  a  Circle  at  any  fuch  Diftance,  the 
P*oje£tiI«  cannot  be  forced  to  the  Center. 

After  the  fame  Agamies,  if  the  Angle  CAb  be  ob- 
tufe,  or  the  Body  from  A  begins  to  afcend,  it  will  con- 
tinue to  do  fofor  ever,  when  the  foresaid  Quantity- j* 
always  greater  than  Unity,  or>  which  is  the  fame,  whe* 
the  Body,  in  its  Recefs  from  the.  Center,  has  in  every 
Place  through  which  it  pafleth,  a  Velocity  greater  than 
fufficient  to  retain  it  in  a  Circle  at  that  Diftance. 

It  therefore  now  remains  to  find  in  what  Laws  of  the 
centripetal  Force  thefe  different  Cafes  obtain :  An4>  firft, 
it  is  eafy  to  perceive  that  when  the  Value  of  n  + 1  is  posi- 
tive, that  of  \/  p*  +  -JL/x  CJ        ^L.  wa|^ 

n  -f  i       j"r  i        n  + 1 


fcy  incwafiog  *,  boas*  eqw)  to  notWug.  Thereto* 
the  Body  cannot  afeend  for  ever  in  this  Cafe :  Neither 
can  k  <fe<ce*d  to  the  Center  (except  ia  a  Rigbt-lin*} 
becaufe  the  forefaid  Quantity,  by  diminifhing  x9  be- 
comes greater  than  Unity  (or  any  otker-  affignahte 
Magnitude.) 

But,  if  the  Value  of  n  be  betwixt  —  if  and  — -  j* 
tins  laid  general  Eatpefion,  taking  x  infinite,  will  alia 

become  infinite,  provided  the  Value  of  p%  +  be 

pofitive  (or  p*  greater  thap  — - \      Therefore  .the 

.   —  fly  i  J 

Body 
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Body,  in  this  Cafe,  may  afcend  ad  infinitum,  but  cannot 
poffibly  fall  to  the  Center  (exccptin  a  Right-line  J  iince, 

\r   — — ■— ,   the  Value  of  the  general  Expreffion, 

when  x  =  o,  is  greater  than  Unity; 

Laftly,  if  n  be  exprefled  by  any  negative  Number 
greater  than  —  3,  or  the  Law  of  the  Force  be  inverfely 
as  any  Power  of  the  Diftance  greater  than  the  third,  th« 

two  extreme  Values  of  V    p%  +  —2--  x*  % 


X- 

will,  7?///,  be  denoted  as  in  the  proceeding  Cafe  j    but 

here  the  latter  of  them,  \f  -IZ- ,  is  lefs  than  Unity: 

«+  1 

Therefore  the  Body  muft,  in  this  Cafe,  either  afcend  for 
ever,  or  be. forced  to  the  Center ;  except  in  one  parti- 
cular Circumftance,  hereafter  to  be  taken  notice-  oL 
Now,  from  thefe  Obfervations  we  gather, 
1°.  That,  when  the  centripetal  Force  is  as  any  Power 
of*  the  Diftance  diredly,  or  lefs  than  the  firft  Power 
thereof  inverfely,  the  Orbit  will  always  have  an  higher 
and  a  lower  Apfe\  beyond  which  the  Body  cannot 
afcend  or  defcend. 

2°.  That,  when  the  centripetal  Force  is  inverfely 
as  any  Power  of  the  Diftance  (whole  or  broken)  be- 
twixt the  firft  and  third,  the  Orbit  will  alfo  have  two 

JpfideS)  if  p  be  lefs  than  \/ — — ;  but  otherwife, 

only  one ;  in  which  laft  Cafe  the  Body,  after  it  has 
paffed  its  Apfe,  will  continue  to  recede  from  the  Center 
in  infinitum* 

30.  That  when  the  Force  is  inverfely  as  any  Power 
greater  than  the  third,  the  Orbit  can,  at  moft,  have  bur 
one  Apfe\  but,  in  fome  Cafes,  it  wilt  have  none  at  all : 
And  it  may  be  worth  while  to  inquire  here,  under  what 
Reftri&ions  of  the  Velocity  (p)  this  will  happen  ;  fince 
thereby,  befides  being  able  to  know  when  the  Body  will 

be 
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be  forced  to  the  Center,  &c.  we  (hall  fall  upon  a  Cir- 
cumftance  fomewhat  remarkable  and  curious. 

Now  it  appears,  that,  if  the  Body  from  A  begins  to 
defcend,  it  muft,  when  it  comes  to  an  Apft  at  D,  have 
a  Velocity  there  greater  than  is  fufficient  to  retain  it 
in  a  Circle;    in   which   Cafe  the  general  Expreffion 

>S    p%  +   -^-  x  .£-—  — -JL  (fo  often  mentioned 
•        n+l      *'  »+l 

above)  muft  accordingly  be  greater  than  Unity.  Let 
it  be  therefore  made  equal  to  Unity,  which  is  the  ut- 
moft  Limit  thereof,  Ipyond  which  the  Orbit  cannot  ad- 
mit of  an  Apft ;  putting  at  the  fame  time  x9  or  its  Divifof 

'  2    : =T k 

A*+  rj-:^**— 1%?— .-=£ — -^  in  the 

genera!  Equation  of  the  Orbit,  equal  to  nothing 
(it  being  always  fo  at  the  Apfidts.)  Then,  from 
thefe  two  Equations,  duly  ordered,  we  fhall  get  x  = 

x 


y 


x*,  and/(  =     -—)    s 

41 


a% 


x  TT-.     Now,  It  is  evident,  If  (he 
3    ■  * 

Value  of  /  be  greater  than  is  given  from  the  laft  Equa- 
tion, the  Orbit  will  have  an  Apfe ;  but  if  lefs,  it  can 
have  none.  In  the  former  Cafe,  the  Body  will  there-* 
fore  fly  quite  off;  and  in  the  latter,*  it  will  be  forced  to 
the  Center.  But  we  are  now,  naturally,  led  to  inquire 
what  will  be  the  Confequence  when  the  Value  of  p  is, 
neither  greater  nor  left,  butexaftly  the  fame  as  given  from 
the  fbrefaid  Equation :  This  is  the  Cafe  above  hinted  at  j 
and  here  the  Body  will  continue  to  defcend  for  ever  in  a 
Spiral,  yet  never  fo  low  as  to  enter  within  the  Circle 


»ti 


whole  Radius  CD  is  s  ?+"+Vl        x  a.  For,  if 

T  the 
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die  contrary  were  poffihlc,  the  Body,  at  its  Arrival  to  th* 
Circumference  of  doc  Circle,. would  (fcecaofe  of  the 
forefaid  Equations)  not  only  have  a  Dire&ion,  but  alfo 
Velocity,  proper  to  retain  it  therein ;  which  cannot  be, 
becaufc  the  Parts  of  the  Orbit  on  either  Side  of  an  Apfe 
are  always  finitar  to  each  other. 

From  the  fame  Equation,  the  Value  of  the  Limit 
will  alfo  be  given  when  the  Angle  of  £)irc£tion  C  A>  it 
obtufe,  or  the  Body  is  proje&ed  upwards  ;   .         • 

For  that  Equation  (as  is  eafy  to  demonftrate*)  ad- 
mits of  two  different  Roots,  or  Values  of  p\  the  one 
gwateTj  the  other  left,  than  Unity  :  Whereof  the  for- 
mer, giving  CD  (x)  left  than  CA,  is  to  be  taken  in 
tWe  preceding  Cafe,  and  the  latter  (making  CD  greater 
than  CA)  in  the  prefent.  And  the  Body  will,  either, 
continue  to  afcend  for  ever,  or  c^me  to  an  Jpfoy  ami 
from  thence  fall  to  the  Center,  according  as  the  given 
Value  of  p  is  greater  or  lefs  than  th*t  here  fpecificd. 
But  if  it  be  neither  greater  nor  lefs,  bat  cxa&ly  the 
fame,  then  the  Body,  tho*  it  will  ftill  continue  to  afcend 
for  ever  in  a  Spiral,  yet  it  can  never  ri(e  fo  high  as 
the  Circumference  of  the  Circle  whofe  Radius  CD  is  i= 

t 

•  *+n+l9fm  \      x  a,  for  Reafons  fimilar  tD^ofe  already 
*  +  3       I 

delivered,  in  re(pe&  to  the  preceding  Cafe. 

*  Matbtmtaieal Difirt.  f.  l&j. 
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SECTION    1. 

SFX*  Manner  <f  inveftigating  the  Fluxions 
$f  Exponential^  with  Thofe  of  the  Sides 
ami  Angles  ofjpberiatl  Triangles.  ■ 

%$Q*f  ■  ^Hl  Method  of  deriving  the  Fluxtoo.  of. 

■        any  P<fwer,\#v,  of  a  flowing  Quantity, 
JL       when  the  Exponent  (v)  is  given  or  in- 
variable, has  been  already  (hewn :  But, 
if  the  Exponent  be  variable,  that  Method  fails;  in  which 

Cafe  the  Quantity  V  is  called  an  Exponential;  whofc 
Fluxion  ii  thus- determined. 

Pitt  sex*,  and  let  the  hyperbolic  Logarithm  of  #  be 

denoted  by  yy  then  that  of  x°(z)  will,  by.  the  Nature 
of  Logarithms,  be  ==  vy\  arid  therefore  its  Fluxion  sr 

ny+vy;  But  the  Fluxion  of  the  Logarithm  pf  %~x* 

T  2  i» 
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1 

•  Ait,  126. «  *Ub  cxpreflcd  by  —  • ;  whence  we  have  —  zzvj+yby 

andconfequcntly  z =ztp  -f  %yb :  Which  Equation,  by  Tub- 

f  Ait.  126.  ftituting—  for  its  Equal  j  f>  becomes  xzzzyu+  —  1= 


*x°  yu+xv  x  —  zzfrb+m*-1*^***  x*tf-  L°Z-  x 


+vx"~~lx. 


Tbi  fame  otberunfe,  without  introducing  the  •  Properties 

of  Logarithms* 

251.  Let  1+*=*,  and  n+wzzv9  fuppofing  n  cort- 
ftaritand  w  yariable:  Then  *    =  i-fa'        zz  i'+v 


«p 


X   I+zi     =  I+»l     X   I  +  W*+   —X  X  **  + 

, ' ; ^         2 

t'Ait.99.  7  *  -7"  x  "T"  x %  +  ®c' *  =  *+**   x 


whofe  Fluxion,    found  the  common  Way,    is   nz   x 


»— 1 


i+zl        X  i+wz'+Jk;1— i«/xz*+dw3  —  iwx  +  ^f</ 

» . 

Xz*&c  +  »'+*!  Xwz+wi+ww-lwXK^itt/'-itti 

X22«+twx^—-«w  +  -3't*;Xa1+Jar*  —  £wx+jic/X3SB*s 
fcfr.  which,  by  fubftituting  *  and  *b  for  their  Equals  z 


n — 1 


and  <w,  becomes  nx  x  |"+  2]  x   i-fo^+jw1 — Jur 


Xsl  +  ^.  +  7^2]    X  *z  +  it\*  +  ii/.£/r— ;*XS*  +  £sV. 

But,  if  w  be,  now,  fuppofed  to  vanifh,  we  fliall  have 

the  true  Value  of  the  Fluxion  when  vszn;  which,  in 

that  Circumftancc,  appears  to  be —a*  x  i+z) 
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4.  T+S{   x  zv— ia^+^oM^-Jz4^^.  —vx  X  x 


+  w    Xa-i%a+ia3-*«4tff. 


.£.  £.  /. 


It  is  plain,  bccaufe  the  Series,  %  —  |z*+.  f  as1  fafc. 
here  brought  out,  is  known  to  exprefs  the  Fluent  of 

— — ,  or  the  hyperbolic  Logarithm  of  1  +  %  •,  that  the  •  Art.  tad, 

two  Conclufions  agree  exadly  with  each  other :  From 
either  of  which  the  following  Rule,  for  the  Fluxions  of 
Exponentials,  is  deduced, 

252.  To  the  Fluxion  found  by  the  common  Rule  (Art.  14.) 
confidering  the  Exponent  as  con  ft  ant,  add  the  Quantity 
arijing  by  multiplying  the  Fluxion  of  the  Exponent,  the 
hyperbolic  Logarithm  of  the  Rooty  and  the  propofed  Quan- 
tity itfelf  continually,  together :  The  Sum  will  be  the  ' 
Fluxion  when  the  Exponent  is  variable. 

Thus,  for  Example, '  let  the  Quantity  propofed  be 


**+z*l ,  then  the  Fluxion  thereof  will  be  %  x  %zk  x 


<F+j?\        +ix7+?)    Xtyp.Log.a*+z\ 

But,  if  the  Root  is  conftaot,  and  only  the  Exponent 
variable,  the  Exponential  will  be  more  fimple ;  and  its 
Fluxion  will  then  be  had  by  barely  multiplying  the  Quan- 
tity itfilfby  the  Produd  under  the  Logarithm  of  the,  Root 
and  the  Fluxion  of  the  Exponent. 

Thus,  the  Fluxion  of  a*  will  be  expreffed  by  a*  x  i 


X  hyp.  Log.  a ;  and  that  of  a%+b*)     by  dl+b*\    /  nx 

x  hyp.  Log-  a*+b%.  Thefe  Kind  of  Exponentials  oftener 
occur,  in  Pra&tce,  than  any  other  3  but,  as  it  is  very 
rare  that  we  meet  with  any,  I  flball  therefore  proceed 
now  to  the  other  Confideration  propofed  in  the  Head  of' 
this  Se&ion  ;  namely,  the  Method  of  determining  the 
Fluxions  of  the  Sides  and  Angles  of  fphcrical  Triangles. 

S*  Thing  very  ufeful  in  pradical  Aftronomy)  which 
1  (hall  deliver  in  the  following  Proportions. 

T3  PRO- 


srfi 
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PROPOSITION    I. 

7 

jtf.  7f  determine  the.  Ratio  of  tb§  Ffyxiaru  of  ih*  frveral 
flarp  of  a  ri^jingUd  jpbmcd  Tfi&git  j  futfojkg 
the  \^thentifa  one  Leg,  or  a&  Angkx  ¥  «Wft  #** 

Jiantf  while  the  other  Parts  vary. 

—-^|^  Let  A,  F,  an4  Q  be  the 

****"         Poles    of   the  three   Gre^tr 
Circles  DEPG,   £BD,  andl. 
ACE ;  whereof  the  Pofttfon 
of  each  is  iuraf  A4  ^  ccg&-. 
tinue  invariably,  while  ano- 
ther Grea^Cwgle  HFCB  is 
conceived    to   reyoAYP  ^feo*it 
the  Pole  F :  Whea^^  if  GH 
be  fuppofed  geroe^djicular  to 
FH,    three    variable    rieht- 
aftel^d     Triangles,     FCxH, 
FCE,    and  ABC,    will    be 
formed j  in  the  firft.  whereof,  the  Hyapl$ftx\ufQ  FQ  wft 
remain  conftant ;  in  the  fecond,  the  Leg  EF  -t  and  in 
the  third,  the  Aggie  A. 

Let  Bb  (q)  be  the  Fluxion  (or  indefinitely  fmall  Iji- 

Art.134.  crement*)  of  the  Bafe  AB,  or  the  Angle'  F;  and  let 

C^  meet  the  Great- Circle  b¥h%  at  Right-angles,  in  djv 

then  it  will  be' (per  Spherics)  as   S/».  F?  (Kad.J. :  Si*9 

~     '•Rod. 


FC  ::  B*(?)  :  CJ=  ^^  x, 


x   f 


_       „    „   ,     ■« , /■CM  B€      <\   CV/BC 
And,  Ji^  Q:  i^-  ::  «  (-^J-  *  j)  •  y-J^ 

x  q  =  the  Fluxion- of  BC. 
Moreover,  S/».  C  :  Rad.  ::  Crf   fi^f*  X  J,}-. 


^^Jt^s.tfwFlivipoaf  AQ. 


.  L^y„ 


of  Sfterk&l  TKaAgei.  z7§ 

La%,  Sim  of  FB  (Rad.) :  Sin.  FH  (BC) ::  B*  (?)  : 

— ^ —  x    q  (^Hm)  ==  the  Fluxion  of  GH,  or  its 
Rad .  *  * 

Complement  C; 

Now,  if  the  feverA  Quantities,'  Iff  thefe  three  Epila- 
tions for  the  Triingle  AfiC,  be  expounded  by  ttfefr  re* 
foedive  Equals  in  the  other  tWo  Tnanglci  C£F  ikd 
FGH,  we  mall  alfo  have 

55^-x  f  =  -  Flax.  CF. 

f^£  *  *  £  -  Flux;  eft. 

^#~.x  f  fc  FluA  C. 

Md 

/;  •/  ™L  x  g  ds  Flu*  Ffr 

Co- tang.  <ifiL      T 

g^jjj  rf  f  =  FIqx.  G. 

Corollary    L 

254.  Hence,  if,  in  any  right-angled  Spherical-Tri- 
angle, the  HypotheMife  be  denote*  by  A,  the  two  Legs 
by  L  and  /,  the  Angles,  refpe&ively,  adjacent  to  them 
by  A  and  *,  we  Atalt,  by  fiiMKf  atrng  ab&ve,  have  three 
Equations  6k  each  of  ttte  thrde  Cafes,  From  the  Com- 
parifori  arkf  ConipcrfitbJ  of  wEicri,  the  t|iree  fqllowirig 
Tables  are  deduced  j  exhibiting^  all  the  different  Varieties 
that  cam  poAtty  happen'/  whether^ an*  Angle,  a  Leg,  Or 
the  Hyporteniift  be  fuppofed1  invariable.  " 

T^  TABfil 


0 


280  Of  the  Fluxions 

TABLE     t 

When  one  Angle  A  is  invariable, 
r  —Xai&'  a     t      Sin.  a      ;      Rad.  „  • 

L=7&*l  =  &+i*b  =  sin7ixa 

Tang,  a  R  Tang,  a 

om.  a  Co-*],  a  Sin.  a 

R  Co-tang.  I        Co-tang.  I 


TABLE    H. 

When  one  Leg  L  is  invariable, 
•      Tang.a       f^Sir^a      j  R. 

A  =  ShTT  x    ~^x/-~cS77x* 

Co-f.b      :         Sin*  a      •         Tang,  a     z 

Tang,  a  K  Tang,  a 

i        Sin.b       \         R.        t  Tang.b     • 

/  =  rp X  if=A     ■     X  A  =-—        «      xa 

TABLE    III. 
When  the  Hyp.  is  invariable, 

•  Ct-f.L  „  }_  Sin.  I  „  ;._   T«y.  /  „  / 

Co-tang.  I  K.  Tang.L 

Where,  and  alfo  in  the  two  preceding  Tables,  the  Leg  L 
is  adjacent  to; the  Angle  A%  and  the  Leg  /  to  die  Angle  a. 

Co- 


r 
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Corollary    IL 

155.  FVorn  the  third  original  Equation,  expreffing 
the  Fluxion  of  the  Angle  C  (Vid.  Art.  253.)  it  appears 
that  the  Superficies  of  any  Spherical-Triangle  ABC,  is 
proportional  to  the  Excefs  of  its  three  Angles  above 
two  Right-Angles.  For  (BGftj  the  Fluxion  of  the 
Triangle  ABC,  is  =  Sine  BC  x  B*,  by  Art.  161.)  which 

Sin.  BC 
being  to,   —JjJZ"  *  Si* thc  F,uxion  of  thc  Angle  C, 

above  fpecified,  in  the  conftant  Ratio  of  Radius  to 
Unity,  the  Fluents  themfelves  (properly  corrected)  muft 
therefore  be  in  that  Ratio ;  that  is,  the  Superficies  of 
the  Triangle  ABC  Will  always  be  proportional  to  the 
Incrcafe  of  the  Angle  C,  from  its  coinciding  with  A9 
or  as  the  Excefs  of  A  and  C  above  two  Right- Angles. 

PROPOSITION    II. 

356.  To  determine  the  Ratio  of  the  Fluxions,  or  the  in- 
definitely finatt  Increments*  of  the  different  Parts  of 
an  oblique  Spherical-Triangle  ABC ;  two  Sides  thereof 
AB,  AC  being  invariable^  in  Length. 


Let  Ce  be  an  indefinitely 
fmall  Part  of  the  Parallel  de- 
fcribed  by  the  Extreme  C  of 
the  given  Side  AC,  in  its 
Motion  about  the  given  Point 
A ;  moreover,  let  Cdbe  Part 
of  another  Parallel,  whofe 
Pole  is  the  given  Point  B ;  let 
the  Great-Circle  Be  meet  Cd 
in  d\  and  let  the  three  Sides, 
AB,  AC,  and  BC,  of  the 
Triangle  be  denoted  by  D9E, 
and  F  refpc&ively. 


&-A. 


Then, 


*S±  tytbe  FloxWns 

Then  (>*r  Spuria)  we  (ball  have 
X  :  S.  £  ::  CAc  (J)  :  Cc  =  ~  x  J} 

And,  R  :  S.  F\ :  CB*(ft :  Cd  is  ^/  x  A. 

Mh.Ri8.JCc  (Ad*>  ::  O  :  F  it  §<$%&? KJj. 
But  5.  C  :  S.  D  ::  5.  B  :  S.  E;  therefore  &  E  X &  C* 
ttS.DxS.B,  and  confcquently  /,  alfo,  sr     ***$'* 

XV, 

Again,  *  :  <&-/  /C*  (TiCB)" : :  &  (^?  x  J  )  : 
&E.xC»'f.C      <       _,-&-#      . 


Whence  B  =  ■    ^y^-<  X  <#. 

La%>  ft*  <&:  (C):R:.Cd  (^  x  ft .:  *£ 


&  y        _ 
Co-t.  G* 

Whence,  by  the  very  fame  Argument  (fubftitutiag 
D  for  Et  and  C  for  B  in  the  two  laft  Equations)  we 

likewife  tetve-  C=^*^ffiug  x^>|3 

cwTc  x  *;  ~  c£Ts  *  c- 

N»w,  from  the  Equation*  thus  fbutfl;  fc  ft"  maMferV 
1°.  A f:  F::R*:S.DxSiB(.:Co-fcc«.I>'.S.B')- 
2»,  A  :  B  ::  R  x  S^F:  S.Ex'Cff,G 
3°.  A  :  G : :  RxS.F.S.  DV  £»■/.  5 
4».  #  :  /* : :  CW.  C-.S.F 
S".  C  :  F'::6o-t.B:S.F 
6°.  *:  Ci:Co-uC'.Co-t,B(.:.T.B:T.C)     QjE.I. 
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257.  Thefe  Proportions,  for  the  Fluxions  of  the  Parts 
of  aSphcrkal'Triaagle,,  are  very  ufeful  in  various  Cafes 
if)  PfMkal  AJhonomy ;  whereof  I  fhall  here  put  down 
one  or  two  Inftance*, 

The  firft  is  %  To  determine  the  annual  Alteration  of 
tfc*  Declination  and  Right- Afoenfion  of  a  fact  Star, 
through  the  Preceffion  of  the  Eqaiaox. 

Here  /mull  denote  the  Pole  of  the  Ecliptic,  B  that 
of  the  Equino&ial,  and  €  the  Place  of  the  Star  j  and 
then  f  by  the  firft  and  fourth  Proportions)  we  have 

Ga-feca.  D  :  Sin.  B  : :  k\F\  and 

S.F:  Co-t.C::  F:  Bj 

That  is,  1  a%  As  the  Co-feeant  of  the  Obliquity  of 
the  Ecliptic  is  to  the  Sine  of  the  Star's  Right-  Afcenfion 
from  the.  folfiiiial  Col*re%fo  is  the  Preceffkn  of  the  Equi- 
nox* or  Alteration  of  Longitude,  to  the  Alteration  of 
DecKnation. 

2°.  As  the  Co-firie  of  the 'Star's  Declination  is  to  the 
Costatgestt  of  it$  Aflgl*  of  Pofition,  fo  is  the  Alteration 
of  ptyrfiwfiAB  (fou&d  a»  above)  to  the  Alteration  of 
Rjg^Aforfoi*  correfpoading. 

The  fecund  Example  is  to  find  how  much  the  An- 
plku4efcan4  the  Tigie  of  the  apparent  Rifing  and  Setting 
of  tit*  Sw,  or  a  Star,  are  aJFe&ed  by  Refraction. 

Pit  tht*  Cafe  A  muft  de- 
note the  Pole  of  the  Equa- 
tor, ^nd  B  the.  Zenith^  and 
the  Site  BC  muft  be  an 
Arch  of  go-  Degrees,  fo 
that  the  Star  C  may  co- 
incide with  the  Horizon 
QC.:  Then,  ftom  the  very 
ft  me  Proportion,  we  have, 

And^R  :CW.  C  ::  FiB 

8U<b  R*i  Co*t.p(T.  $£A)  : :  Sin.  B  (CS)  :  Co-tang. D 
(Tang.^JJ  ^ 

Hence 


aSj 


B   1> 
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Hence  it  apppears, 

i°.  That,  as  the  Co-fine  of  the  true  Amplitude 
(confidcred  independent  of  Refradion)  is  to  the  Tangent 
of  the  Pole's  Elevation,  fo  is  the  given  horizontal  Re- 
fraction to  the  Difference  of  Amplitudes  thence  arifing. 

2°.  And,  that,  as  the  Co-fine  of  the  true  Amplitude 
is  to  the  Secant  of  the  Pole's  Elevation,  fo  is  the  faid 
horizontal  Refra&io*  to  the  Effed  thereof  in  the  Time 
of  Rifing,  or  Setting  of  the  Sun,  or  Star.  ' 

But  this  laft  Proportion  may  be  otherwife  exprefled, 
without  the  Amplitude :  Thus, 
S.  AB  x  S.  AC  x  S.  A:  £*::  the  horizontal  Refraaion, 

to  the  fame  EfFed. 

PROPOSITION    III. 

» 

358.  To  determine  the  fame  as  in  the  preceding  Problem  % 
Snppofing  one  Side  AB  and  one  of  its  adjacent  Angles  > 
B,  to  continue  invariable.  . 

If  from  the  End  of  the 
given  Side,  oppofite  to  the 
given  Angle,  a  Perpendicular 
AD  be  let  fall,  that  Perpen- 
dicular, as  well  as  the  Seg- 
ment BD  cut  off  thereby, 
will  be  a  conftant  Quantity, 
while  the  other  Parts  of  tie 
Triangle  A*D  vary,  by  the 
Motion  of  a  along  the  Arch 

*BD.     Therefore  the  Problem  is  refolved  by  Cafe  2.  of 

right-angled  Triangles.     Fid..  Art.  254. 

259.  It  may  not  be  amifs  to  give  one  Example  of  the 

Ufe  of  this  laft  Propofition :  Which  fhall  be,  in  finding 

the  Parallax  of  a  Planet  in  Longitude  and  Latitude  5  that 

of  Altitude-being  given. 

Here  A  muft  ftand  for  the  Pole  of  the  Ecliptic,  B  . 

the  Zenith,  and  a  the  Planet :    Then,    if  the  Hypo- 

thenufe  ha  be  denoted  by  h9  the  Leg.  Da  by  /,  and  the 

given  Parallax,  in  Altitude,  by  /,  it  will  appear,  from 

the 
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the  Place  above  quoted,  that  7/ (the  Parallax  in  Long.) 

5m.  a        •       Sin.  BaA       •  • 

wUlbc  =  50  *lzz  1JT27  x  41Dd*  <thc 

Parallax  in  Lat.)  =:    *^    x  /  =  —£-} —  X  /. 

If  the  Planet  be  in  (or  very  near)  the  Ecliptic,  and 
4Q.be  fuppofed  a  Portion  of  the  Ecliptic,  meeting  AB» 

Sin  BaA 
at  Right- Angles,  in  Q^,  then  (per  Spherics)       *    £ 

bin.  Aa 

/Co-f.  Ba$\  _  Tang,  ^a  Co-f.BaAi'Sin.Ba$\ 

\   Radius    J  ~  Tang.  Bal  ™°     Rad.     \    Rod.    ) 

Sin.  SB 
s=    o.    g    *    whence,   by  fubftitating  thefe  Values 

above,  we  (hall,  in  this  Cafe,  have  A  =  -,  **  ffi  x 

Tang*  Ba 

•      ,  ,•      Sin,  SB       ,•...-.-, 
/  and  £  =  5^-^  x  /;  that  is,  in  Words, 

As,  the  Tangent  of  the  Planet's  Zenith  Diftance,  is 
to  the  Tangent  of  its  Longitude  from  the  nonagefimal 
Degree  of  the  Ecliptic,  fo  is  the  Parallax  in  Altitude  to 
the  Parallax  in  Longitude. 

And,  as  the  Sine  of  the  Zenith  Diftance  to  the  Co- 
fine  of  the  Altitude  of  the  nonagefimal  Degree,  fo  is 
the  Parallax  in  Altitude  to  the  Parallax  in  Latitude. 

Becaufe  the  Parallax  in  Altitude,  the  horizontal  Pa- 
rallax (M)  being  given,  is  nearly  =     !?*    *  x  if,  if 

• 
this  Value  be  fubftituted  for  /,  in  the  two  laft  Equations, 

/u  11     *1     Sin-%P~™     a  J     Tang.$*xSin.Ba 

we  (ball  get*  =■  p  -r  x-af,  and  A  =  ■  p  *  ^v =— 

6  Rad.  Rad.  x  Tang.  Bd 

w      Sin.ABxSin.BAa      „ 

*M  = RalT* *M- 


Whence, 


3* 
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Wlencey  we  bave  tfcefe  Wo  other  TfaeoeefB,  for 

finding  the  required  Parallaxes  immediately  from  the  ho- 
rizontal Parallax,  without  ekhe-r  the  Attitude  or  its 
Parallax. 

1.  As  Radius  to  the  Co-frne  of  the  Akittide  <Jf  the 
mnagefwial  Dcgrte  of  the  Ecliptic,  fo  is  the  horizontal 
Parallax  to  the  Parallax  >»  Latitude. 

2.  And  as  the  Square  ef  Radius  ta  tfae  AedtfAgfe  urt- 
der  the  Sines  of  the  Altitude  of  the  nonagefimal  D egret 
mA  t&e  Planet's  Longitude  fron*  ttente,  fo  is  the  norfr- 
zonta)  Parallax  to  the  Parallax  in  Longitude. 

PROP  OSIT1&N    IV. 

itOi  StilF,  to  determine  the  fame  Thing;  fupptfrg,  one 
Angle  Ar  and  the  Length  of  its  oppqfite  Side  BD  (  or 

ED  J  t*  remain  conflanU 


Let  HEf  (equal  to 
BD)  uiterfeA  BD  in  an 
indefinitely  fmtfll  Angle 
at  P+   and    meet    Aft 

and- AD  in  J5f  antf  A; 
aifo  in  BD*  produced 
let  there  Be  taken  FN 

=  PD' and  PM  »  PR 


and  let  i\T,  Z>;  and.  ifr  R  he  joined. 

Since,  hy  Hypothcfis,  DB  =:  DB  =:  MN,  if  from  the 
fir*  an*  hflr  of  thefe  equal  Qusnritie*  DM,  dtfnfmoti; 
be  taken  aw  arc.  there  will  remain  BM1  :r  DN. 

Moreover;  fih'ce  the  Triangles  BMB  and  DND,  in 

their  ultimate  State,  may- be  cOflftdexei  as:  re&ilirtfcal9 

•Art.134*  and  right-angled  at  M  and  N*9  it  willtherefore  be,  as 

BM  : BS  ::  Co-f  B  :  Anfaf 

And  DN  :  DD  : :  Co-f.  D  : :  Radius. 

From 


1 


I 


•    « 


of  fyhtricdTrfangles.  z&j 

Flpm  vtheiyy,  dK*£xU*ra*a  ip  fe*th  Proportions  be- 

ingj  the  fame,  we  have  BP  :  DD  : :  Ge-f.  D  :  Gj-/  R: 
Xfcd  therefore,  if  AB  be  denoted!  by  H  and  AD  by  JT, 

i^ appears  that  H:  K ::  Co-f  D  :  Co-f B. 

Again,  per  Spherics,  Sin.  A  :  Sin.  M>  (<?>  ::  Sin. 
D  .Sin.  H  : :  -fifor.,  &'*.  2>  :  Flux.  Sin.  H-,  t*c*v*fe, 
the  Stpes  themfelvea  being,  in  a  conftaat  R*tk>>  their 
Fluxions  muft  be  in  the  fame  Ratio :  But  the  Fluxion 
of  the  Sine  of  any  Arc*  or  Angle,  is  to  the  Fluxion  of 
the  Arc  or  Angle  itfeif,  as  the  Co-fine  to  Radius  *  :  '/liUi+u 

Co-f.  D 
Therefore  the  Flux*  Sin.  D  being  =    j^*  X  D,  and 

a?,  sii^  #>  *i!tr  X  "*  ic  **■"■  ****  ***"' 

:  6«r.  G  ::  G?-/  D  XD:  Co-f.  Hx  Hi  orD:H  :: 
SuujIx  C*f  H :  Sin.  6  x  Co-f.  D :    And,  by  the  very 

fame  Argumeot,  B  :  K ::  $m.-J*C+/.  K:  Sin.  G  X 
C^  &  Now,  by  compounding  the  former  of  thefe 
two  Proportions  with  thi  firft  above  given,  we  get, 

D:k::Sm.AxCo-fff:Sin.GxCo-fB.  And,  by 
compounding  this  feft  with  fc:  R::  Sin.  G  x  Co-f.  B : 
Situ  A  X  C*f.  K  (that  immediately  preceding  it)  we  4U0 
obtain  D  :  B  ::  Co-f.  H:  Co-f.  K. 

Whence,  by  colle&ing  thefe  feveral*  Proportions  to 
gelher*  we  have  the  following  Table,  for  all  the.  dif- 
fercnjtCafea, 

#:  k::C*f.Di:Cirf.B 
D  :  B  x.  Co-f.  H:  Co-f.  K 
b  :  H*.: Tang.  D  : Xang.  U 
B  :  K  \  \  Tang.  B  \  Tang.  K 
*     JC  :  JD::  Sin.G  x  C*-/  J?  :  fl*.  >f  x  C#-/  H 

A:  B::  Sin.  G  X  Co-f  Dr.  SifrJxItyK 

U 


r 
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It  may  be  obfervcd,  that  the  fourth  and  the  laft  are  no 

new  Cafes,  but  only  die  third  and  fifth  repeated :    And 

that,  though  the  former  of  the  two,  laft  named,  differs 

from  that  found  above  *    yet  it  is  very  eafily  deduced 

Sin  A 
ftom  it:   For,fince  it  appears  that  D :  If ;:     ■  ^: 

JMr  %>  ^d  becaufe  Sin.  A  :  Sin.  G  : :  Sin.  D  :  Sin. 
Co-f.H' 

xr  .  e  11        ^  -.  fi     ii      &**•  D      Sin.  H 

Tang.  D  : Tang.  H.  Q.  E.I. 

There  is  yet  another  Problem,  when  two  Angles  re- 
main conftant ;  but  this,  by  taking  the  Triangle  formed 
by  the  Poles  of  the  three  given  Circles,  is  reduced  to 
Problem  2. 


SECTION     II. 

Of  the  Refolution  offluxional  Equations >  or 

the  Manner  of  finding  the  Relation   of  the 

flowing  Quantities  from  that  of  the  Fluxions. 

a6i.  TT  THEN  an  Equation,  expreffing  the  Re«. 
VV  lation  of  the  Fluxions  of  the  two  va- 
riable Quantities,  contains  only  one  of  thofe  Fluxions 
with  its  refpe&ive  flowing  Quantity  in  each  Term,  the 
Relation  of  the  Quantities  will  be  obtained  by  finding 
the  Fluent  of  every  Term  j  as  has  been  already  taught^ 
in  8i8.  VI.  Part  I. 

ax*      y* 
Thus,  if  ax*x  =:  y*v,  then  will  —  =  — • . 

3        4..- 
And,  if  x  y  xzzaj;  by  reducing  it  firft  to  x    x  =r 

*y     y  (fo  that  its  variable  Quantities  may  be  feparated) 
x  J 


trehave"rT7      x— » 

"+  7  But, 


of  Fluxional  Equations.  z8g 

But,  if  thegiv*n  Equation  has  its-indeterminate  Quan- 
tities and  their  Fluftiops  fo  complicated  together,  fhat 
it  cannot  be  brought  under  the  Form  there  prefcribed, 
the  Talk  will  become  much  more  difficult ;  nor  is'thety 
any  general  Method  to  btf  given,  for  fitch  K'm^s  of  Equa-  * 
tions,  whereof  there  are  an  infinite  Variety. 

The  Method  of  Infinite  Sericfes  (in  jbme  meafiife  ex» 
plained  already,  and  more  fully  confidered  hereafter)  is  ' 
indeed  very  comprehenfive,  apd  may  be  applied  to  good 
Purpofe  in  various  Cafes ;  but,  being  tedious  and  At- 
tended with  a  Number  of  Inconveniencies,  it  is  a  Me- 
thod, we  ought  never  to  have  Recourfe  to  till  we*  have 
tried  what  may  be,  otherways,  effe&ed,  by  help  of  fuch 
particular  Rules  and  Obfervations  as  we  have  been  abl^  \ 
to  collect. 

Accordingly,  I  {hall,  here,  firft  point  out  fome  of 
the  inoft  proper  Ways  to  be  tried,  in  order,  if  pofible, 
to  bring  out  the  Solution  without  an  Infinite  Series. 
'  262.  The  firft  Method  is,  by  multiplying,  or  dividing* 
the  given  Equation  by  fome  Power  or  PriduSl  of  the 
Quantities  concerned',  Ji  as  to  bring  it,  if pofpble,  under 
the  Form  of  %fuch  Fluxions*  as%  we  know,  do  arife%  if  not 
from  the  firft,  yet  from  the  fecond,  or  third,  of  the  three 
general  Rules  in  the  diretl  Method. 


>m* 


.    Thus,  if  the  given  Equation  be  —  +  £-  — :  * 

•   '      *        '        of 
then,  the  whole  being  multiplied  bf  xy,  fo  that  the  two 
firft  Terms, yx+xy,  may  become  the  (known)  4.  juxionof 

x      x 
the  Rc&angle  xy  *,  there  arifcs  yi+xj  =2   *  — x :  But  ''Art.  10. 

av 
ftill  we  are  at  a  Lofs  for  the  Fluent  of  the  laft  Terna^ 
unlefs  n  be  taken  ==  1  (fo  thatj  may  vanilh).    In  that 


Cafe  we  have  xy  =  -— -        .  expreffing  <he  Relation 

ott  2  x  a 

X  f 

of  the  Fluents  when  that  of  the  Fluxions  is  —  +  --  =2 

x       y 

StX  WW 

:    Which  appears  to  be  the  only  Cafe,  of  the  given 

Equation,  where  this  Method  is  of  Ufe. 

U  Again, 


goo  W*  Ktfdutwt 

pi      ry      a!** 
Again,  let   the  Equation  —  +  j  3=  — t  be  pre* 

fofcd* 

Here,   multiplying  by   **  /(where  the  Exponents 

it  y  \ 

gre  the  fiune  at  the  Coefficients  of—  afld  -  ^  we  get 

p*^**y+J.*n^ $~^-~*  »  which  ** 

former  Part  of  the  Equation  is  known  to  exprcfs  the 

•Art.!*  Fluxion  of  x*  y*.   Therefore,  when  »=r,  the  Relation 
of  die  Fluents  may  be  found,  and  will  be  exprefled  by 


*+f+j 


-  :    Which*  if  no  Correaioabjr  * 
m+p+ 1  xa 
confl&nt  Quantity  be  neceflary,  may  be  reduced    to 


W+I 


The  fame  Method  may  alfo  be  extended  to  Fluxion* 
©f  the  higher  Orders :  Let  if— ***=:/**  (which  Eola- 
tion occurs  hereafter,  in  the  Refolution  of  a  Problem 
pf  feme  Difficulty).  Then,  multiplying  by  jt,  it  be- 
comes xx-rXxx^fsfxi  where,  *  being  conftant,  each 
Term  admits,  now*  of  a  perfeA  Fluent,  and  we  therefore 

x%      xxkx 
hare  — — — —  ae  fxkxi   From  whenee,  fuppofirig  no 
x        a       J 


neceflary 


y  and  zzzhyp^ 


V^2fx  +  xx 
Log.f+x  +V2fx  +  x*  (by  Art,  lift.) 

263.  //  may  happen  that  the  Solution  of  an  Equation 
will  become  more  eajy  by  firji  taking  the  Fluxion  tbirmf% 
wben%  by  that  means^fmo  of  the  Term*  deftroy  each  other* 

The  following  is  an  Inftance  of  it  (which,  alfo,  occurs 

hereafter)-    Xety  +  £*«"*=*—?•'  Whofefcwu 

x  J 

2  "  tat, 
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ion,  making  *£oa£tant,  is  y  +  y  X  fr^T*'  =:  *  — 

•    •  •    m*jZ»2X 

^ — :.*>'   :   Which*  ky  reafon  of  the  Terms  deftroying 

t  • 

one  anptjtf r,  is  mhiced  to  >Xg~*  =  ££ :  Therefore, 


hy  «p«»ging>",  fcfr.  we  get  jy**  n  *  x  a  —  *f  • ,  and 

confequendy  2yr=—2Xa-r-x\*  +  fome conflant  Quan- 
tity* 

264.  w/fftficr  Metbcdy  chiefly  appReahle  to  Equations,  cfthe 
fir/l  Order  if  Fkxiens,  wherein  only  cm  *f  the  twe  va- 
riable Qyufnfkus  (x  or  y)  enters,  is,  t$  fuhflitute  fvr  the 
Hatio  ef  tie  tw§  Fluxions  (x  and  y)  :  From  whence  the 
Value  rf  Oat  Qytantiiy  wM  be  had,  immediately,  in  Terms 
rf  the  fmdaffiinui  Ratio  :  And  then,  by  taking  its  Fluxion, 
that  if  the  ether  Quantity  (and  from  thence  the  9umttity 
iff  elf)  will  become  kneum. 

Thus,  let  axy*  zzy  x  xx'+jjf  (being  the  Equation  of 
the  Curve  that  generates  the  Solid  of  the  Uajl  Re- 
fiftance,  when  the  Bulk  and  greateft  Diameter  are  given). 

Then,  by  putting  —  =:  v,  and  fubftitutlng  above,  we 

get  avTcjXv*?  +/?=&  X  ^TlTi    and  con- 

feqttently  /a  5§=> :   Therefore  j  -  t*Z**r  . 

and  ffmfcquently  x  (  =  vy)  zz^^^t :    Whofe 

Fluent  m*r  be  found,  from  Art.  84..  or,  otherwifc 
thus:  Put *>*=**+ 1,  thenvx  =  tt/*—  1,  and  «**  = 
**  j    by  Jubftituting  which  Values   there  arifes  x  = 

aww  —  <\aw<w  xw%  —  i 

*-jj-j ■    -  ■  =  4«w«'""5  —  &<w&~:i  and 

U  2  there- 
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(by  taking  v,  or  v=o)  becomes  *=■       ii_  ■    AX 

'  2  XW+I) 


— 4  — 2  w*     aw  aur 

2XW+l|  2XW+I|  

a  x  ^  w  4  1       a- 

2* 

From  this  Equation,  by  completing  the  Square,  &n 

v  may  be  found  in  Terms  of  x ;  whence  the  correfpond- 

av     \ 
ing  Value  of  j  (==  ■-    .   ,{%  1  will  alfo  be  known. 

265.  7A*  fourth  Method*  which  chiefly  obtains  when 
one  of  the  indeterminate  Quantities  and  its  Fluxion, 
arife  but  to  a  lingle  Dimenfion  each,  may  hi  thus : 

Lit  the  Value  of  that  Quantity »,  u>£tt A  u  //*j/?  involve d* 
hi  firft  fought^  from  tht  fictitious  Equation  ariftng  by  neg- 
lecting all  the  Terms  in  the  given  Equation*  where  neither 
i/jat  Quantity*  nor  its  Fluxion,  an  found:  Then,  to  that 
Value*  let  fome  Power*  or  Powers*  of  the  other  Quan- 
tity* with  unknown.  Coefficients*  be  added  ( according  to 
the  Dimensions  cf  the  ferms  neglefledf  and  let  the  Sum\ 
he  fiibJKtuted  in  the  given  Equation*  as  the  true  Value  of 
the  firjl  mentioned  Quantity:  By  which  means  a  new 
Equation  will  refult  *  from  whence  the  ajfumed,  Coefficients 
may*  fowetinus*  be  determined. 

Ex.  Let  the  given  Equation  be  cxxx+yxzzay. 

By  negleding  cxxx*  or   feigning  yx  —  ay*   we  get 

X  •         V  X 

-♦  =:  — :  and  confequently  — ;  =  hyp.  Log.  y —  hyp, 
•  Ait.  1x6,  Log.  d*  2=  hyp.  Log.  -7 ;   d  being  any  conftant  Quari-* 

•ml  78.  • 

tity,  which  the  Nature  of  the  Problem  qiay  require. 
Hence  -4  =  the  Number  whofe  hyperbolical  Logarithm 


* 


is  —  :  Which.Numbcr,  if  M be  put  for  (2,71828  &V.) 

the 
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the  Number  Whofe  hyp.  Log.  is*  Unity,   wHl  be  ex- 

prefled  by  M\*   (fince  it  is,  evident  that  the  hyp.  Log. 

x  x\  y 

hereof  is  —    x  Log.  M  =  ~) :    Therefore    -j  5s 

531*  and  j  3=  dfx  "3?| " .     Now,   to  the   Value    thus 
found,  let  there  be  added  A** +Bx+C,  in  order  to  get 

dx 
the  true  Value  5  and  then;  ^  feeing  =t  3  A*x + B*  +     — 

x  M"  *,  we  toall,  by  fubftituting  in  the  given  Equa,  *  **• 1S2# 


X 

a 


tion,  have  r  ***  +  fix** + Bxx + Cx + dxMa     s:  2 A*** 


+  Btfjc4-rf*3f  ,   and    confequently  c+A    X  #**    -{- 

B— lAa xw+  C— B*  X  *==o.     Whence  A  =  —  r^  fAtt.  S4. 
B  = — zac9  C  = —  200; ;  and  confequently  ;  =  *.fX 


X 


**+ 20* +200  +  *M*.    By  the  very  fame  Way,  the 
Value  of  y,  in  "the  Equation  cx  x+yxziay9   will  come 

n  *— 1  — — —       a— a  ■ 

out  —  —  *  X  #  +0*       +».« — 1.0V         +»,  »— -l. 


lt-*-3 


966.  But,  what  is  a  little  remarkable,  in  thefe  Equa- 

tions,  is,  that  the  Exponential  dMa ,  %  tho'  a  variable 
Quantity,  (hould  only  fcrve,  as  it  were,  to  corre&  the 
Fluent,  or  perform  the  Office  of  a  conftant  Quantity. 
What  I  here  mean  will  plainly  appear,  if  ft  be  con- 

fidered,  that  the  Equation  v  sr  —  c  x  **  +  tax  +  200, 
where  the  faid  Exponential  is  wanting,  anfwers  all  the 
-Conditions  of  the  <  fluxional  Equation  firft  propofed  ; 
which,  upon  Trial,  will  be  found  $  and  muft  needs  be 

U  3  ^hc 
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the  Cafe,  feeing  d  may  bej  cither,  taken  Nothiag  at 
all,  or  any  Quantity  at  rleafure. 

.  JJtit  the  Equation  y  =:  —  c  x  **  +  2**  +  2a%  (when 

X 

rfW  is  wanting)  cannot  be  ebrre&ed,  in  the  ufual  Way, 
fo  as  to  givey=o,  when  jr=ro ;  fince,  if  any  other  con- 
ftant  Quantity,  beiides — iaxc  be  introduced,  the  firft 
Conditions  wilf  tiot  be  anfwer'd;  ThtfCotfeftionnnift, 

therefore,  be  by  the  Exponential  AM"  s  and  is  thus* 

Since  y  ~  —  cx%  —  icax  —  *cax  +  dM*  ,  if  y  be 
ken  =  o  and  x  ±.  6,  then  —  ir**  +  rfA^zro,  or  ^=r 
a*;  and  fo  the  Equation,  truJy  corre&ed,  is  jk=— c  x 

xr+2ax+2a%  +  2a*cM*  • 

267.  We  come  riow  to  the  laft  Method  ^  namely 
that  of  Infinite  Seriefes ;  which,  tbo*  lefs  accurate*  U 
vaftly  more  comprehenfive,  than  any  yet  explained: 
The  Manner  of  it  is  thus : 

For  the  Quantity  whofe  Vain*  you  would  find,  let  an 
Infinite  Series,  confsfting  of  tht  Powers  of  the  other  $jpn- 
tity  with  unknown  Coefficients,  be  affumed\  which  Srries, 
together  with  its  Fluxion,  or  Fluxions,  muft  be  fubjli- 
tuted  in/lead  of  their  Equals  in  the  given  Equation^ 
whence  a  new  Equation  will  arifi,  from  which,  by  com- 
paring the  homologous  Terms,  the  ajfumed  Coefficients)  and 
confequenily  the  Value  fought,  will  he  deHfminuU 


taken  = 

%ca 


x. 


Thus,  let  the  Equation  — —  =>  (reducible  to*  — 

v — *j'=o)  be  propofed ;  to  find  x  in  'ferms  of  y. 
'Then,  affuming*=Ay  +  Byz+C/.+  D/  +  Ej>  &e. 
We  hi    -■-*•»-«•■    ^  -  -  -*"*  -  -»-"-  •    ' 


Therc^ 
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Therefore  A—i  =  0,  or  A=i ;  %B— A=o,  or  ft  = 
-=-;   3C-B=o,orCd:^  =  -^i    4D-C 

2  2°  3        *f$ 

And   confequently  x  (  Ajr  +  B/  +  C/  »r.)  =r  y  + 

it  +  iL  +  J£-  +  — £ —  +  fcv. 

a  ^2.jT  234      a*3-4«5 

Again,  let  it  be  required  to  find  the  Value  of  y,  in 
the  Equation  or**  +  yx  src  ^,  or  #—/*--'•  or1*  =  o. 
Here,  aOuroing  y=A*  +  B**  +  C**+  iWE^+FV5 
&fc.  and  proceeding  as  before,  we  Jhall  have 

9hx+iaBxx  +  yCx%x  +  VV**+&l^*+  &<-   ?o 

o    —    A*i—  B««  — ■€*»*—  D*4*—  tf*.  J„ 

c  0    —  *****  1 

Whence  A  =  o*  aaBsr^so;  SaCssB+nz*,  or  ' 

e  ~  e 


5,orE  = 


i  Wtf.  and  confequgntlv  » 
3-4«"  3-4-5^ 

(A,  +  B*  +  €*+».)  =  £  +  55?  +  3^57 

268.  It  appears  from  this  Example,  that  the  Quantity 
to  be  found,  will  not  always  require  all  the  Terms  of  the 
6eries  A*  +  B**  +  Cx1  tjfe.  And  it  may  happen,  in 
innumerable  Cafes,  that  the  Series  to  beaflumed  willde- 
mand  a  very  different  Law  from  that  where  the  Exponents 
proceed  according  to  the  Terms  of  an  arithmetical  Pro- 
greflian  having  ttaity  for  the  common  Difference.  And, 
indeed,  the  greatcft  Difficulty  we  h^ve  here  to  en- 
counter, is,  to  know  what  Kind  of  Series,  with  regard 
•to  its  Exponents,  ought  to  be  afliimed,  fo  as  to  aniwer 
the  Conditions  of  the  Equation,  without  introducing 
jporc  Terms  than  are  actually  neceflary. 

u  4  For 
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The  following  Rules  will  be  found  very  ufeful  upon 
this  Oceafjon ':  Which,  though  they  may  become  im- 
pradt icable'in  certain  particular  Cafes,  never  take  in  any 
fuperfiuous  Terms. 

l°.  Having  (if  necejfary)  freed  your  Equatkn  from 
fyqfljfns  *ttd  'Sufdst.'kttbe  Quantity  %  wbofe  Value  is 
fought^  Be  fuppsfed  equal  to  form  Power  of  the  other  Quan- 
tity with  an  unknown  Exponent  (n)  ;  and  let  that  Power, 
together  with  its  Fluxion,  or  Fluxions,  he  fubftituted  for 
weir  (futpofed)  Equals  in  the  given  Equation. 

2°.  Let  the  haft  Exponents  of  the  variable*  or  inde- 
terminate t  {§htantrty*  m  the  new  Equation ,  thence  arifing, 
he  put  equal  to  each  ittker  :  Whence  the  Value  of  the  un- 
tn$wn  Exponent  n  will  be  found. 

«■  3Q~  Suhftitute  the- Value  of  n9  fo  found,  in  all  the  Ex* 
portents  ■  where  n  is  concerned ;  and  then,  take  the  Dif* 
forenct  between  one  of  the  equal  ones,  above  mentioned* 
and  every  other  Exponent,  of  the  variable  Quantity  >  in 
the  whole  Equation, 

40.  To  tbefe  Differences,  write  down  all  the  leaf}  Num- 
bers that  can  becompafed  out  of  them,  by  continual  Addi- 
tion, either  to  themfelves,  or  to  one  another ;    //'//  you  have% 
,  by  that  means,  get,  in  the  whole,  as  many  different  Terms, 
as  you  would  have  the  required  Series  continued  to. 

5°.  Laflly,  lit  each  of  thofe  Terms  be  increafed  by  the 
Value  of  n  (found  by  Rule  2.)  and  you  will  then  have  tfc 
Exponents  of  the  Series  to  be  ajjumed. 

EXAMPLE    I, 

269.  Let  the  Value  of  x,  in  the  Equation  a%x*  +  **£ 

—  a *z?  =  o,  be  required. 

rirft,  by  writing  z  for  x9  and  nz  x  for  i,  the 
Indices  of  z  will  be  in — 2,  in,  and  0  (which  are  deter- 
mified'by  Infpedion,  without  regarding  the  Coefficients) 
whereof  the  two  leaft  [in — 2  and  o)  being  put  equal 
to  each  other,  we  here  find  »=i  :  Therefore,  the  Ex- 
ponents being' o,  2,  0,  the  Differences  (according  to 
Rule  3.)  are  alio  0,  2  ;  from  whence,  by  adding  2  con- 
tinually, >ve  get  o,  2,  4,  6,  8  &c.  which  (being  eacH 

in-r 


*-i* 
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fncreafed  by  the  Value  of  n)  give  I,  3,  5, 7,  9  He.  for 
the  Exponents  in  this  Cafe. 

Let,  therefore,  x  =  A%  +  Bs3  +  C%5  +  Dz7  +  fefr. 
Then*  pawing  *=  1,  in  order  to  facilitate  the  Operation, 
we  ihalj  have  x  =  A  -+>  3B2;*  +  5C**'  +  7D26  +  fcfr.     - 
which  two  Value*  being  fquared,  and  fubftituted  in  the 
given  Equation,  it  will  become 

**Aa  +  6a*AB%%  +  ib**ACz4  +  i^AEfe6  +  &c: 

+9^BV  

+  AV  +2ABS4 


•** 


+  30**BC*6  +  &Tr.  f  - 

+  2ACz6       +  £jff.  f  o 
+BV  +  tf*J 


WJiegce,  tf*A*=«*,  and  therefore  A  =  1 ;  6**B  :=  — 

r  *  1         •         ' 

A,  and  therefore  B  =  —  t-T-  =  — -  *— 1 »    io**AC 

*w  2.30 

g=  ~ q^B*— aAB  g  —  B  X9^*B  +  2A=  — Bx 
-f+a  =  --3=al3?»«d  th^fore  C   = 


i—r  ;  14AD  =  -  3oa*x  —  ~ 


X 


2.3.4.5^'    **                         *  6**          I20*4 

I             I    _     I  I            I    _ 

X  12b*4        36a4  ""  24a4  6c*4       36a4  ~" 

',  and  therefore  D  =r  — -  - 


360a4. '  144360a6 


*'  a7 


•£*. 
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EXAMPLE    U 

270.  Let  the  ghen  Equation  be  <?xy  —  2alxj  -f-  axx* 

+x*J  =  0  j  U  find  j. 

M 

Here,  fubftituting  x  for  jr,  the   Exponents  will  be 
»—  1,  *— 1,   1,  and  «+ij.  where,  making  »— i=i9 

we 


t 
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we  pt  »=a :  Whence,  the  Differences  being  o,  2,  tbp 
aeries  to  be  aflumed  for  y  will  be  A*1  -f  B*4  +  Ca?6+ 
Dx*  +  Ex1*  +  feT*.  From  which,  making  *=i,  wc 
havejzaiA*  ++Bx3  +6C*5  +8D*7  &c.  and 

>=aA  4iaB*a+3oC^+56D,»d 
And,  thefe  Values  being  fubftituted,  the  Equation  bo- 
pomes 

%a%Ax  +  ian*B#3+3o**C*5  +  56*aD*T  +  fcr<. 

— 4**Ax— ©V&r3  — I2**C*»—  i6*aD*-7  +  fcfr.  $■  =0 


i- 


+**       +  2A*J     +I2B*1     +30C*7      +  fcfr 

Therefore  A  rr  — .    —  j B  = ==  —  -~r ; 

2*  40*  4*'  * 

x%       x?       x6         x%  x*° 

-  r       2*     4<r  *   6a?       SV        iofl* 

Which  Scries  is  known  to  exprefs  the  Fluent  of  -r- — r% 
or,  4  «  X  hyp*  Log.  — — — :  Consequently  y  is  alfo  ~ 

•J*  x  hyp.  Log.  — ; — .    In  this  manner,  it  comes  to 

pafs,  tbaty  though  we  are  obliged,  in  very  complicated 
Cafes,  to  have  rccourfe  to  Infinite  Seriefes,  we  are 
fometimes  able,  at  laft,  to  give  the  Solution  in  finite 
Terms,  or,  at  leaft,  by  help  of  Logarithms,  Sine9  and 
Tangents :  Which  will  always  happen  when  the  Series 
pan  be  fummed,  or  is  found  to  agree  with  that  arifing 
from  fome  known  Quantity. 

271*  Sometimes  it  happens,  in  Equations  involving 
the  higher  Orders  of  Fluxions,  that  the  Exponents, 
siention'd  in  Rule  2.  whereof  the  leaft  ought  to  be 
made  equal  to  each  other,  are  fo  exprefled,  as  to  render 
fuch  an  Equality  impoffible.  When  this  is  the  Cafe, 
the  Value  of  *,  and  the  firft  Term  of  the  required  Se- 
ries, can'  mdy  be  determined  from  the  Nature  of  the 
Prohtan  to  which  the  Equation  belongs.    W*  know, 

in- 
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indeed,  from  the  Equation  itfdf,  that  n  muft  be  either 
equal  to  Nothing,  or  to  fome  pofitive  Integer,  Je6  than 
that  expreffing  the  Order  of  the  higheft  Fluxion  in  the 
Equation :  Becaufe  the  Term  that  has  the  leaft  Ex- 
ponent,  and  which  therefore  cannot  be  compared  with 
any  other  (being  always  affeded  by  two  or  more  of  the 
Fa&ors,  *,  n — 1,  «— 2,  &c.  will  then  (one  of  thofe 
Fa&ors  being  =0}  vani&  intirely  out  of  tne  Equation  % 
which,  thereby,  is  repder'd  pdfible. 

When  n  and  A  are  known,  the  reft  of  the  Terms  will 
be  found  in  the  common  Wajr,  as  in 

EXAMPLE    III. 

Wbtrt  tie  EquOtiin  ftopbfei  is  yx*  +  tij  —  fj  =  0| 

to  find  y. 

By  fuppofing  *=  r,  and  writing  x   fory^nx9^1  for 


>,  and  n  x  n  —  1  x*       for  j%  we  get*  -f  nax      — 


'% 


*  x  n  —  1  x  a*x  :  But  it  is  plain  that  no  two  of  the 
Indices  of  x  can*  ben*  be  equal ;  The  Value  of  n  muft 
therefore  pe  either  =0,  qr  Unity  (in  both  which  Cafes 

the  Term  -*-  »x  »-i  x  *V  vanifhes)  but  I  ifaall 
take  the  latter  Value,  and  fuppofe  the  firft  Term  of  the 
Series  td  be  kx  j  then,  the  Differences  of  the  forefittd 
Exponents  being  1  and  2*  the  Law  of  the  Series  Will  be 
expreffed  by  1,  2,  3,  4  &c.  Whence,  aflumingy  2: 
A*  +  fix*  +  CV  +  Dx4  &t*  and  proceeding  as  in  the 
former  Examples,  y  Will  be  found  s  A  rttts  x  + 

x1  X9  **  Xs  X* 

—  +  —  +  -5-7  +  -— r  +  —*7  ***•  or  =  A  rrfs*  + 
2a  ^  y       8a3       14*4       9OU1 

jr*         a*'  ?*4  j*5  8** 

_      I  At    J.         3      III    4.  -^    ,  1        ■ I 

2a  T  2-34*  T  2.344'  2*3*4*5**  T  2*3.4.5.60*  T 
&c.  where  the  Law  of  Continuation  is  manifeft,  the 
Coefficient  of  every  Numerator  being  compofed  by  the 
Addition  ef  the  two  preceding  ones. 

aya,  ft 


>v  . 
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^72.  It  will  be  proper  to  obrcrve  here,  that,  .in  Equa- 
tions like  the  two  laft  propofed,  where  the  higher  Or- 
ders of  Fluxions  are  concerned,  the  Series  expr^ffing 
the  Relation  ofthetwo  Quantities  muft always  be  found 
in  T«rma  t>f' the  Quantity  flowing  uniformly.*  And, 
that,  if  the  Number  of  Dimenfionsof  the  Flaxion  of 
the  (aid  Quantity,  after  Subftttution,  be  not  thefame  in 
every  Term,  the  Equation  itfelf,  put  down  to  be  re- 
folved,  is  abfurd  and  impoffible,  and  fuch  as  never  can 
wife  in  the  Solution  of  any  Problem.  In  all  proper 
Equations  the  Number  oY  fluxional  Points  (fuppofin^ 
the  Powers  of  the  Fluxions  to  be  wrote  without  Indices) 
will  be  the  fame  in  every  Term. 

E  X  A  M  P  L  E    IV. 

•73.  Where  let  the  given  Equation  be  a*y  —  ay%x  -f  x*yy 

-     zzx*x  $  to  find  y. 

By  proceeding  as  ufual  the  Indices  will  here  be  n — r, 
2*,  2»+ 1  and  3 ;  whereof  the  leaft  .  (which  can  be  no 
other  than  n — l  an<)  3)  being  compared,  n  Will  be  given 
^4:  And  the  Differences  will  therefore  be  o,  5,  6$  to 
which  trie  Double  of  the  Second  and  the  Sum  of  the 
fecond  and  third,  &c.  being  put  dowrt,  and  then  every 
Tcnn:ir|cr$afed  by4,thercarifes4,9,  io,  14*  15, 16, 19 
&?*.  for  the -Exponents  of.  the Series  to  be  aUuoied  fpr  jr. 

Letth^refore^=A*4+B^9  +  C*,°+D^  fie.  then, 
making  x '  zz  i,  y  is  =  4A*S+9B*8  +  ioZx*-\-ifi)x 

And,  by  fubftituting  thefe  Values  above,  we  have 
^'A^+.^Bx'  +  jO^Gr'  +  H^Djr13  +  hfc.  1 

— *J    —  *AV  +  4AV    —  a«AB*i3  +tt*J— -° 

•  «.»   -     ,  •  •_  . 

Whence  A  =  —,  B  =  — r ,  &c. 

4*J  144** 


*♦  x9  V*  *** 


And*y  =r  — ,  +  -;  — -  + rr&fr- 


*  If  fir  J>  ***  Series  A*4+B*5+C*6+D*7  ftf*.  «^  Ex* 
ponents  ate  in  aritbnmtieal  Progreffion,  had  httn  ajkmed,  «f* 
tordmgto  the  Method  of  fome  very  good  Anthers,  no  left  than 
/even  fufnrfnens  Terms  muft  have  been  introduced  to  obtain  tha 
font  above  given* 

*7+* 
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474.  Before  I  quit  this  Subjea,  it  may  not  be  amifs 
to  fubjoin  the  following  Remarks. 

j°.  If  the  indeterminate  Quantities  are  great  in  re- 
inc£t  to  the  given,  ones,  a  defending  Series  will,  in  moft 
Cafes  (where  it  ispraaicab'le)  converge  .better  than  an. 
afcending.one.  To  obtain  fuch  a  Series,  compare  the. 
jrrc^teftlixpancnts/inentionMin  Rule  2  inftead  of  the 
leaft,  and  proceed  according  to  the  third  and  fourth 
Rules  *,  whence  a  Series  of  Numbers  will.be  found  *• 
which,  being  fucceffively  fubtra&ed  frorji  the  Value  of 
»,  yoi*  Will  have  the  Exponents  of  a  defending  Series, . 

Thus,  let  the  common-algebraic  Equation  a*x+ax* 
.-aty—y+zz o  be  propounded  i  to  find.y,  when  x  is  great 
in  comparifon  of  a. 

Then,  proceeding  as  ttfual,  the  Exponents  of  the 
four  Terms  of  the.  Equation  will  be  1 ,  3V«,  4«  5  whereof 
the  two  greateft  (411  and  3)  ^eiug  made  equal,,  we  get 
*=:| ;;  therefore  tfce  Differences  are  0,  a^-and  aj ;  and 
*=|i  therefore  the  Differences  are  o,  a  and  aj;  and 
$e  Numbers  to  be  fubtra&ed  from  »,  are  0,  a.  ?,  4t 
**    &c,    Consequently  the  Series  to  be  affumed  tor  y  is 

A**+B#  *+C*  *+D#  *  +  &fr.     From   whence 

1    *  +  *  ■      * 

j  will  be  found  a  *V+  —  —  ~  _  -3i_  tt. 

4*         4*  3a** 

a°.  But,  if  the  Quantity  ( x)  in  whofe  Term*  the 
ether  is  to  be  exprefled,  be  neither  much  greater  nor 
much  fmalter  than  the  given  Quantity  (a)%  it  will  be 
proper,  to  fubftitute  for  the  Excefs,  or  Defed,  of  the 
faid  .Quantity  (x)  above,  or  below,  fome  given  Quan- 
tity V  fo  that,  having,  by  this  means,  exterminated  ** 
the  Series  arifine,  from  the  new  Equation  (wherein  the 
faid  Excefs,  or  DefeQ:,  is  the  converging  Quantity)  wilt 
have  a  due  Rate  of  Convergency. 

The  Ufe  of  this  is  fo  obvious  that  it  needs  no  Example* 
or  farther  Explanation. 

30.  Laftly,  it  will  be  proper  to  obferve,  that,  if  the 
Equation  for  the  Value  of  A,  arifing  from  the  firft  Go* 
learn  of  homologous  Terms,  admits  of  two  or  more, 

•qua! 
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equal  Roots  (which  is  a  Cafe  that  may,  perhaps*  never 
happen  in  pra&ice)  all  the  foregoing  Precepts  will  be  in- 
fufficient ;  unle&  the  Equation  alfo  admits  of  fome  other 
Root,  befides  the  equal  ones,  whereby  A  may  be  more 
commodioufiy  exprefled.  To  determine  the  Exponents, 
in  that  particular  Cafe,  divide  each  of  the  Differences 
roentign'd  in  Rule  3.  by  the  Number  of  the  qquai 
Roots ;  and  then  proceed  as  ufual.  The  Reafbns  of 
which,  as  well  as  of  the  Rules  themfelves,  I  have  long 
ago  given  dfewhere,  and  have  not  Room  to  repeat 
them  here. 

Scholium. 


175.  Although  the  Bofineft  of  reverting  Serfe/es  is 
not  a  Branch  of  the  DoQrine  of  Fluxions,  but,  more 
property,  belongs  to  common  Algebra -,  yet,  as  it  is 
often  ufcftd  where  Fluxions  are  concerned,  and  faDs 
under  the  general  Rules  illuftrated  injrthe  foregoing 
Pages,  I  mall  here  add  an  Example  or  two  on  that 
Head. 

Let,  then,  iw+fof+or'+dif4***5  &t.  ==pj  tore* 
vert  the  Series,  or,  to  find  *  in  an  Infinite  Series  ex- 
prefled in  the  Powers  of  y. 

Here,  by  writing  y  for  *,  the  Indices  of  the  Powers 
of  y,  in  the  Equation,  will  be  »,  20,  3*,  He.  and  t  ; 
ttar4JMe»=f.  *ud  the  Differences  are  o,  1, 2,r>  4,  5, 
(f£.  and  fo  the  Series  to  be  afiumed,  in  this  Cafe*  i» 
Ay+8y*+Cy3  +  Dy4{$V.  Whjdi  heiag  involved  and  fob- 
ftitMtod  for  die  reJpeftive  Powers  ofx  (negleflimg,  every 
where.,  all  fuch  Powers  ofx  and  y  as  exceed  the  bigheft 
you  would  have  the  Series  carry 'd  to)  there  arifes 

tAy+oBy*  +  rfCy,      +  aDy4  &c 

•     +  Wa/  +  2*ABy*  -f  2b  ACy*  1  &c. 

+*BV  S&c.}  =  y 

+rA#ys     +3fA*By*  6f* 

+^A4/        £*,._ 

Whence, 


of  Fhtxhnal  Equations.  3*3 

Whence,  by  comparing  the  homologpus  Terms,  A= 
1     r_      b     nf  2bAB+c^\       ibb~ac 

—  J   D — —"3,  ^  I  =r  —  '  J   as  ■  ■■  ■■■!■■.« 


&c.  and  coofequently  4?  =  ~  —  2.  ^.        ~*  x  ^s 

5*1—  xabe+tfd 

«7  ^ 

For  m  Inftasor  of  the  Uft  of  this  Gondnfion,  let  *-— 

Y  +  ~  —  ~  »•  =j:  Then,  u  bring,  i*  4k 
Cafe,  =1,  £  =  —  ^  <e  »,  jfa*—  j,  (afr.  weihaUt 
ky  fubftiftiiting thefe Values, have  *=  f  +  ~  +  £  -f 

jj  «fff.    From  Whetoee,  when  y  is  given,  *  will  alfo  he 

gureo  t  fvovifad  the  Value  «f  j  he  Efficiently  fad!  * 
ifaogrira.  let  there  be  given  a*+by+c**+dxy+ 

f  +/**  +**V  +  b*y*+y%+t**+b'y  &c.  s  o  j   to 

By  affuming  j==A*+B**+C*J+D**  fcfc.  and  pix>- 

ceeding  as  above,  A  will  he  found  =-T.Br- 

b 

f±£*±£**,C=   ^+^AB+/+*A■^*A'+/A, 
^+^AC^/B>^B4>g*AB+$A*B4^^/A^ 

*         i 

»A*+»A»+M4    . 
"j- — c — ,  &c. 
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Example  3.  Laftly,  let  *"  +  bxM* p  +  cxmf  %*  + 

*    Here,  in  order  to  detera^ne  th£  Form  of  the  Series 

to  be  aflumed,  let  z  be  wrote  for  x  in  the  given  Equa- 
tion, according  to  the  ufual  Method ;  and  then  the  Ex- 
ponents, fuppofing  z  tfanfpofed,  will  be  1,  fan,  nm  + 
np,  nm+inp,  nm  +  311*,  tfr.  refpe&ively  ;  whereof  the 
two  leaft  ( 1  and  nm)  being  made  equal  to  each  other, 

n  is  found  s  — >   and  the  Differences  are  — ,    — , 

m  mm 

,  *.  fefr.    Whence  the  Series  to*  be  afiumed  for  x  is 

jr*+Bz";  +  C*  *  +D»  "  +  bfc.  (fix  it  is  evi- 
dent,  by  Infpe&ion,  that  the  Coefficient  (A)  of  the 
firft  Term  muft  here  be  an  Unit.)  This  Series  being 
therefore  raifed  to  the  feveral  Powers  of  x,  in  the  given 
-  Equation,  by  Aru  108.  and  the  Coefficients  of  the  ho- 
mologous Terms  in  the  new  Equation  com  pared  together, 

it  will  be  found  that,  B  =  -1,  C -  H*t-yx»-M« 

7 m         am*  • 

'  2m*  +  qmp  +  <#*  +  yn  +  6>  +  f  x  P 

m%  » 

From  the  general  Value  of  *,  found  above,  innu- 
merable Theorems,  for  reverting  particular  Forms  of 
Seriefes,  may  be  deduced/ 

Thus,  if  x+  bxx  +  cxz  +  *&r*,  tSc.  =  g ;  then  (« 
being  =  i  and p  =  i)  *is  =  *  — tea+aM— *x  a'— 
5  J1— s*c+d  x  z4  (ft. 


•And 


of  Fluxionat  Equations.  305 

And,  if  x  +  bx*  +  ex5  +  dx1  +  &fr.  =  z;  (m  being 

±=i,and  ^=2)  #=z— tes  +  3^— * Xfc5  — 12*" — &£  +  <* 
X  z7  &V. 

"  i  i  - 

'  Alfo,  if  **  +  **    +  r*    +  dx%    lie.  =  z;    then 

fi«  being  =  t  and  ^=  Q  at^z1 — 2bz?+*jbb — ZcXz*  — 

276.  It  may  be  obferved  that,  in  all  thefe  Farms  of 
Seriefes,  the  firft  Term  is  without  a  Coefficient  (which 
renders  the  Conclufion  much  more  fimple.)  There* 
fore,  when  the  Series  to  be  reverted  has  a  Co-efficient 
in  its  firft  Term,  the  whole  Equation  muft  be  firft  of 
all  divided  thereby  :  Thus,  if  the  Equation  was  3* — 
6*1  +  8x*  —  13*4  &c,'  =  y;    by  dividing  the  whole 

Sx3  17X* 

by  3  it  will  become  x — 2x%  +  —  *—  -*—  &c.  =  \  y : 
Where,  putting  z  =  y y,  we  have,  by  Form*  I.  *=«+ 

„,+*„  «,«  =  /  +  *+£«,,..        - 


SECTION    III. 

Of  the  Comparifon  of  Fluents,  or  the  Manner 
of  finding  one  Fluent  from  another. 

3177.  TXT"  E   have,  already,  pointed  out  the  moft 
VV     remarkable  Forms    of  Fluxions    whofe 
Fluents  are  explicable  in  finite  Terms*;     and    alfo  •  Art. 77, 
lhetm  the  Ufe  of  Infinite  Seriefes  in  approximating  the  78:|*  **• 
Values  of  fuch  Fluents  as  do  not  come  under  any  of        5' 
thofe  Forms  f :    Uut   this   laft  Method    (as  is  before  t  Art.  99- 
hinted)  being  troublcfome,  and  attended  with  many 
Obftacles;     Mathematicians  have  therefore  invented, 
and  (hewn,    the  Way  of  deriving  one   Fluent   from 
another :  Which  is  of  good  Advantage  when  the  Fluent 

X  fought 
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fought  can  be  referred  to  one,  like  thofe  in  Art.  Jl6 
arid  f£2 «  expreffing  the  Logarithm  of  a  Number,  or  the 
Arch  of  a  Circle ;  fince  the  Trouble  of  an  infinite 
Series  is,  then,  avoided. 

*  As  the  Subjefi  here  pcopq£d  is  of  fuch  a  Nature, 
that  it  would  be  very  tedious  and  difficult,  if  no{ 
altogether  impracticable,  to  lay  down  Rules  and  Pre- 
cepts for  all  the  various  Cafes ;  I  (hall  deliver,  what  I 
nave  to  offer  thereon,  by  Way  of  Problems ;  beginning 
with  forae  very  eafy  ones*  for  the  Sake  of  the  you*# 
Proficient. 

PROB.    I, 

» 

278.  Tbi  Fluent  ofy-^rr  »  *"*&  &'vcn  (*7  ^rt*  I2^-) 


1  • 

XX 


'tis  propojed  to  find,  frm  thence  %  the  Fluent  0/   ',y"    a« 
Let    both   the   Numerator    and    Denominator    of 
sr,   be   multiply 'd  by  x$    fo  that  the  Quantity 


x%x 


x*x 


without  the  Vinculum*  in,  the  Fluxion,  y  "  ~      t 

thus  transformed,  rhay  become  fome  conftant  Part  of  the 
Fluxion  of  thi?  lygheft  Term  under-  the  Vinculum; 
Which  Part,  in  this  Cafe,  being  i,  let  i  of  the  fluxion 
of  the  firft  Term  under  the  Vincujuria  (or  i  a%xx)  be 
therefore  addec)  to  (he  Numerator,  in  order  to  have  the 

Wboky  -rr~ ^,  a  complete  Fluxion  1  and  then  the 

•  Art, 77.  Fluent   thereof,   by  the  common  Rule  *,   will  be  i 
VV*"+*4  ==  ^at Vax+xx :    But,    frorn  Ms%  we  are 


now  to  deduct  the  Fluent  of  the  Quantity  -7==== 


i<?XX 


axxl  +  * 


ia*x     \ 

(  n    y  1     ..,1  1  that  was  added :  Which  Fluent,  as 


ffot 
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***  ^  V£+S    *  g'VCn  =  ***'  L<>g'  *^    V^?+*5    *»  *  Art.  M. 

trill  be  =  J  a*  X  hyp.  Log,  x  -f  V  a**+T* ;   and  con- 
fequently  the  Fluent  fought  3=  \  xVa*  -fc  ** — $a%  ^" 
hyp.  Log,  k  +  /?  + *l.  QE.L* 

P  R  O  B.    IL 


x*x 


479.   Lot  it  be  propofed  to  find  the  Fluent  of^U.^,% 


from  that  of  **-%        ^  j  given  by  Art.  142. 


By  proceeding  as   above,    and   adding  —  J  a*xx  to 

ia  xx — x*x 

the  Numerator,  we  have  —  ,/  .i~        =■  *    whereof 

the  Fluent,  by  the  common  Rub*  is  — £  VV**  —  *♦ 
(=:-*•  £  x  Va%  —  *'  :    From   which   deducing    tb$ 


s:  —  i  a*  x  Arc  fj/j  whofe  Radius  is  Unky  and  Sine 

sa:—  -j-  )     there  comes  out  J  a%J-—\x  vV— ^.tAit.14* 

286.  In  the  fame  Manner,  if  the  Power  without 
the  Vinculum,  in  the  Expreffion  whofe  Fluent  Is  fought, 
exceeds  that  in  the  other  Expreffion  given,  by  the  Ex- 
ponent under  the  Vinculum,  x>r  by  any  Multiple  of  it, 
the  required  Fluent  may  be  determined,  by  one,  or  by 
feveral  Operations,  according  to  the  Value  of  the  faid 
Multiple. 

x*x 

Thus,  if  the  Fluent  of  ;■■  ■■  ■  ■      *  was  fought;  then, 

Vcr  —  x 

Vtcaufe  the  Index  of  x9  without  the  Vinculum^  exceeds 

X  %  that 
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m 

X 

that  mi-— =v===="i  ty   twice  the  Exponent  under  the- 

Vtnculurriy  the  required  Fluent  may  be  had  from  that  of. 

x  ' 

:/=====,  at  two  Operations  j    by  the  firft  whereof, 
v  a  —  x        . 

*  • 

we  have  already  found  the  Fluent  of  77==;  to  be  s 

£*V — J  J*  VV  —  #*  ;    Whence,  putting  this  Value 
s:JB*  and  proceeding  as  before, we  alfoget-^-J  \/axx*-x* 


3*4^  _  3a4  A  —  2XX+  laaXx  W  —  x% 

8    "■: "g 

Fluent  of 


8 

=  the  true 


p  r  o  b.    in. 


281.  Suppofing  the  Fluent  of  a  +  cz9\    X  zr        kto  bt 


m        fn  +  «— i . 


given  =  A,  to  find  the  Fluent  ofa  +  cz\Xz  i 

zz  B  (where  the  Exponent  of  zf  without  the  Vinculum    1 
is  increafed  by  the  Exponent  under  the  Vinculum ). 

Let  the  Part  affe&ed  by  the  Vinculum  be  multiplied 

by  %**>  and  the  Part  without  be  divided  by  the  fame 
Quantity  ;    then  our  Fluxion  will  be  transformed  to 

az9  +  cz"  ?l.  xz  *=5:  Where  let q be,  now, 

fo  taken  that  the  Exponent  (n+q)  of  the  higheft  Power 
of  z  under  the  Vinculum  may  be  equal  to  (pn  +  n — mq) 
that  of  the   Power  without  the   Vinculum  +  I  5    that 

is,  let'  q  =  j— j- :  Then  (by  Art.  77.)  if  the  firft  Term 

under 


J 


t 
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under  the  Vinculum  was  conftant*   the  Fluent  of  the 
f«id   Exprefiion,    or  its  Equal  az  +cz      '    xz        z9 

— - — *fi 

f.  f   ,  ,        *%*  +  « L     •    But  ** 

vrould    be  had  =:  ■■     —= 

Fluxion  hereof,  fuppofing  both  Terms  to  be  variable 
(as   they   anally   are)    is   «f  +  «ml    X2         *"r 


xrr X  *fc 


1  ■  \*n 

f  4.   cz**\    x  z       *   (by  the  common 


n  +  qXc 

Rule.)      Therefore  -.   .,■■,. — ==  -4.^  xc 


F/«.  .*/ <?zf  +  <rs"tf  I       xzf~li    =    #5     that    is, 


« 


jw+I     x  »  +  ?  Xc      n  +  q  X  C 

z*     '""'i   =   B  i   or,    by     fubftituting     for    ?, 

0+<z  '       *z pa  x   /?/„,    a+.czl     x 

/"""'i  =  5 ;  But  the  Flu.  of  a+cz'f  x  s^*"1  *    is 
given  =  Ji    therefore,    laftly,     a+c*  m  „    x  ***  _ 

m+P+ 1 x  *  ^ 

282.  If  the  Quantity  under  the  Vinculum  be  a  Mul- 
tinomial, a  +  cz*  +  iz*  +  $zl*   &c.       Then,    fince 

the  Fluxion  of  *+«"  +  <fe"+  «3'  frJ    xV"    is 

m  +  i  xntx'~~  i  +  2«fe*"~'*  +  3»«3"""1*  fcff.  x 

X  3 


« O  .  Of  the  Comparifon 

pn  ■       ,  a*  I 

,    X  2T      +  *+<*  +dz       WV*| 

X  pit/*"** »  = 

X   a+f**  +</*"  £j?f.|  ,    it  is 'evident,  th»t,    if  th* 
Fluents  of  ^"~,*,/"  +  'w,i,  */"+*•"'«   &fc.  drawn 


into  the  general  Mttltiplicator  a+cz  +  <&    fcfr.   ,  be 

denoted  by  Jy  &,  £,  />,  #<v  the  Fluent  of  the 
Whale-Quantity    exhibited  above    (  which  Fluent  i* 

a  +  cz"+dz2*+  iz}n&c]  x  <f* /  will  affo  be  ex* 
pre/Fed  bypnaj+p  +  m  +  i  x  wfi+^  +  2*  +  2  X  mfC  -h 

>+3«+3  x  »'©  GTr.  Therefore,  if  there  be  given 
a*  many  of  the  Fluents  ^,  5,  C,  J5  &V.  as  there  are 

Terms  in  a+cz  +dz  +  e%%"  &c,  minus  one,  that 
other  Fluent,  bb  it  Which  it  wiH,  will  alfo  be  given  from 
fence.    Thus  if  <fc=o,  *=o,  faf*.  and  thfe  Vahte  of 

J  be  given,  we  fliall  hive  a+cz™  x  j/*  zzpttaA+ 
p-tm+ 1  k «t£ )  and  confequ*jidy 5=r  jy*        Xg 

^/+»+ix«»  thc  VCTy  famc  as  <*f0re' 

PROB.    IV. 


#3.  the  Fluent  of  a+cz"'    x^i    J*/w£  jfa*    (*/ 
1*  /A*  preceding  Problem)  to  determine,   from   thme% 


jgf  Fluent*. 


{m  f  i 


y 

Let  tr+xxl       be  denoted  by  M\  alio  put^  +  ir= 

/>>  j>>  »  0>+*)  *?t>P+*(t+3)=P  ^.  andlettbt 

Fluents  of  *  W^x  sT"-1*,  a+A")  *  *>*-  '*, 

* +**  '  x  a^*"-1*,  * +**  ■    x  *a""'*  $    &V.    fee    re- 
prefeiHed  by  J9  J8,  C,  2>>  to.  refpeftively.  Then,  face 

,    ■ ~  —r-V^-, —  st  B   (by  the  preceding 

m+p+i  xnc      f?+/>+iX* 

Prob.)  it  follow*,  from  the  very  fame  Argument,  thtt 


MJ* 


paB      ^ 


3C 


m+p  +  lTnc      m-Vp+txc 


tot      _  .  **         -  n 

Hence,  by  writing  the  \falue  of  B  in  the  feconcl  Equa- 


tion, we  have 


JMfej 


-LJUJri. 


paAfz 


m+p+l  X  w      w+/+  lxfc+^+ 1  x 9« 

^*        i    =  C.   In  the  fame  Manner, 

fc-M+ixw+^+ix** 
By  fubftituting  this  Value  for  Cin  the  3d  Equation,  wigtH 


•^-^■-"-*-^ 


« 'j  •  * 


*4 


fir 
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It   I  pn 

ppa*Mz 


n 


X 


in 

m**  _  n 

— : /      .    .     '      f 

Where  the  Law  of  Continuation  is  roanifeft ;  and  from 
whence  it  appears  that  the  Value  of  any  of  the  Quan- 
tities fl,C,  D,  £9  fcfc.  or  the  Fluerit  exprefled  in  a  ge- 


neral Manner,  will  be 


M? 


m  +  ?  +  *   X  w 

— ===== r  ,     ..     ,        : = 


JW-ff+iX/w-i-f  X  »«■      m  +  ?+iX/w-r£X*w  +  f— ix»c* 

fv;-  »+P+ix*+^+2x^+>+3fv;x*v  5  ^ 


it     ^        pn  v* — a*  —        »  v^-3 


.7Z7:^=Tva       (vJ±  t    x  *+i        /+2 


t.$ — i.*— a  xH 


JHJ/„;X  l£:    Where,  >=  Fluent  of    tf+oB*1 
*+3  **  ' 

1         *»—  I  .  ■ 

X*  *,  ?=/>+w — r,  t=:q+m,  tzzp+m  +  i  ;  and 
where  the  Sign  of  the  laft  Term  (in  which  A  is 
found)  muft  be  taken  +  or  — '  according  as  v  is  an 
even  or  odd  Number  :  'Note,  alfo,  that  the  Parenthefis 
(v)  is  put  to  exprefs  the  Number  of  Terms,  or  Fa&ors, 
to  which  the  Series,  or  Product,  preceding  it,  is  to  be 
continued.  ♦  The  like  Notation  is  to  be  underftocxj  in 
other  Cafes  of  the  fame  Kind,  when  they  hereafter 
occur. 


of  Fluents. 

H$  fame  otberwlfe. 

» 

284.  Let  q  =  p  +  v  —  i,   and  let  a  +  aA 


■4-x 


/ 


Rz*"  +Sz**~"+Tz~~*\  ...,.+  A^+  0J9    be 
affumed  for  the  Fluent  fought :  Then,  by  taking  the 


«-i 


Fluxion  thereof,  you  will  have  m+ 1  X  ncz    z  x  a +r*ni 

OH  '  QH~~'II  Ptl  ^^^^^m^^^  I 

X  &e    +  S*  +  A  *       +  «  +  «"  *  x 

f «—  1    ^    ._ ^  f  Ar-»--l  #         f »— 1 


m 


•    Y*      I  1  •   ft     * ^ — 

yasXz         -f-  qn— n  x  *5«  -f  ^**  A 

+  0  X  *+**"/  xs^^;   which  muft  be  =    a+c^ 

x*  i  (or  a+«  I   x*y  T      »)     the    Fluxion 

propofed  :   Whence,  dividing  the  whole  Equation  by 

«+*s*l     X  a*"'*,   and    tranfpofing,  there   comes  out 

igj^x  «a  ie«F + sm^+r**—" +&*r  7 

-*"       •  •  W^  J 

Which,  reduced,  ?nd  the  homologous  Terms  united, 
becomes 

— I  3  ^  +}»*£    S 

«+j^x*r?  Xfcf*-»* +A««Alx^ 

=  0:  Where,  by  making  m  +  q  +  ix  nr£  —1=0, 

w+f  x;wS+jmrR=:o,  fck.  we  have  £=  „   ■*-% 

»+f  +  '  x<* 

S  =  t-  === — »  *  —  —    ■  —   ;     or   (putting 

m-ft  xc  «+?— 1  xc 


*! 
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m+q—t)  R~ 


,S=_S5=_= 


s+i*nc  sc  s+jxsnc 


A* 


Whfcrfc,  beciufe  the  Exponent  of  the  firft  1>rm  of  the 
Equation  is  qn  (pn+vn — n)  and  that  of  the  laft  Term 
(in  which  A  and  0  are  concerned)  ==  pn>  it  Follows  that 
die  Nurhber  of  Coefficients  to  be  taken  as  above  (where- 
of A  is  the  laft)  is  expreffed  by  v:  From  which  laft, 
Ihe  Value  of  £  is  given  =  —  pnm\. 

But,  from  the  Law  of  the  fait)  Coefficients,  R>  £» 
....A,  it  appears  that  the  Value  of  A  (whofc  Place 
frortl  tftfe  Beginning  is  denoted  by  v)  Will  be  ===  x 


f.f^-i.f — a..  .  ...f— i/+a      *•""*  , 

^■i*     ■  '  ■  — ".x  ■  z:   + 

i+  l  .*."/•— i i.—  tf  +  2        fa" 


l!r'^'v^-i^-r  x  — ■:    And  therefore  * 

/-fX.i»l 1 A-f/n-f-|  jj; 


•*       * 


^fc^  r=  -l  f •*—:*:#—  a.VL^£+Ii£ 


j+  I.  j.j —  i £  +  *«  +    I 


>i   —  «  ±  iuu,  J— .  Xj.  if ;  ;  x  -*  (  putting 

a-j-af-fir:/,  as  befpre.)  Now,  if  the /everal  Values  oF 
fc,  ft  f  . .  «„. . .  and  £»  IHu*  found,  be  febftktited  in 
the  aflumed  Exprd&ota,  ycju  Will  have  the  very  fame 
CoDclufion  as  iri  the  preceding  Article. 

Corollaiy    i. 

« 

•  $85.  Since  f  is  =>£+»— I,  the  Fluent  a+0?\  x 

jlz+  S*         .  .*,.  +i%z"+fi/t9  given  above,   may 


fce     tit^reffed    by    Jv*  X  **        +  5*         +7* 
jfo}  +  $A%  where  JV  =  *+<*")        x*%    £  = 


■•  * 
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p  +v—i.ak     _, 


.       ,        "t^.-ii  :  And,  where  the  Coefficient  (^  of  the 

given  Fluent  ("^fj  will  always  be  expreflcd  by  the  lift  of 
the  Quantities  R9  S9  T  . . .  A*  multiplied  by-^pna  : 
This  is  evident,  becaufe  it  is  found  that  0=:  — ~pna  A* 
And  the  fame  thing  Will  alfo  appear  £om  the  feveral  par- 
ticular Cafes  (in  ArU  283.)  for  the  Values  of  B,  C  and 
D:  In  each  of  which  the  Coefficient  ofthelaft  Term 
(inhere  A  is  concerned)  is  to  that  of  the  Term  imme- 
diately preceding  it,  in  the  conftaat  Ratio  of  pa  to 

— ,  or  of  pnp  to  Unity. 
ft  - 

Corollary    It, 

286.  If  the  Valiie  of  c  be  negative,  th*  general  Fluent 
(in  Art.  %2fr)  when  a+ez"  n  q  (provided  **-{- 1,  *,  and 

^  be  pofitive)  will  become  Barely  =i|  x  £7-  x 

p  +  2     ,    ,  **^f     , 

( VJ   *  T ;  bccaufe> in  this  Circumftance,  all 
1 


f+2    *    '     ■         -• 


i«+r 


the  Terms  multiplied  by    "*"      I  intirel'y   variifh. 

If,  therefore*  *  be  wrote  for  ■*-  *  (to  reader  the  Ex- 

preffion  njore  commodious)  we  ffiaO  have  ~  x  f— ^ 

^  +  2  •*-/  ,» 

X  fjfc<»)  *  -~  for  the  true  Fluent  of  «-~fa*|   * 


if"    v*",k,  generated  while  t**9  frdlh  Nothing,  be- 

comes  =  j  ;  Where  A  dehotfci  the  Fluenf  of  *— W*  u 
X  x;        *,  generated  in  the  fame  time;  *nd  where 

IP 
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t  =  p+m  +  i .    Hence  it  follows  that  the  Fluent  of 
(where/,/,  j',  are  any  given  Quantities)  will  be=:Ax 

' +  lb  +  ,.7+7.41  +  T7+1.7+TF  +  «*•  «  *• 

fotemeftttoned  Circum  fiance. 

P  R  O  B.    V. 


387.  77*  Fluent  (A)  of  *  +  «"/    x  z'**"x  £   &rV  ^ 


m-fr 


vcn>  U  find  the  Fluent  of  a  +  ctf\        Xz***1  z\  fup- 
pofing  r  to  denote  a  whole  pojkive  Number* 

— \»+I  —~M  1 

Since  0 +cznl       Z2a+cxn\    x  *  +  cz\  jt  is  evident 


a+cz"!  xcz,**n~   z:   Whofe  Fluent  (fy  Prop.  1) 

IS  tfwf    +    —  . ■ — L — 

m+p+iXn  m  +  p  +  1     ~" 

, -t — •      In  like  Manner,  if 

this  Fluent,  of  a  +  **"  I       xjk*"-1*,  be  denoted  by 

ap. 


B>  that  of  a  +  cz")       x  zpn~l  z  by  C,  &c .  it  will  ap- 


tf  +  cz*\       Xzr     ,    m  +  %  x  aB 
•ear  that   ?  -^j-^-^—  +  »"    ■■ p—  5=  C; 

*+3 


'  +  ~\      **  +  *-±2*«  =  D,*<.     Whence, 

by  fubftituting  thefe  Values,  one  by  one,  as  in  the  pre- 
ceding 


of  Fluents.  3*7 

ceding   Problem,  and  putting   Hi  =  a  -f  c%  ,  we  get 

_m+ 3  .jb+ 1^+  *  •  ^     ,  fcf <• .    Whence  ic  is 

evident,  by  InfpeSion,  that  the  Fluent  of  «+«"» 
X  %t*"1  *,   expreffed  in  a  general  Manner,  will  be 

p+m  +  r.n       p+m  +  rxp+m+r—i.n 

by  putting  m+r=/,  p+m+r=j,  and  making  ^W+I  X 

«*  a  general  Multipiicator,  will  be  reduced  to  «%"+1  x 

%»  x  ^=1  +£igT  +  LE^*££2  (r)  + 

-  v  '  X  '  ' .  i*y  a  A;  where  it 

p+tn+i  *  p+m  +  2*  p  +  m  +  ${  ' 

appears  (from  the  foregoing  Values  of  JB,  C,  and  D) 

that  the.  Coefficient  of  A  is  always  equal  to  the  laft  Term 

of  the  preceding  Series,  multiplied  by  m  +  x  x  *a  (in- 
ftcad  of  g+l  as'*).  £.  E.  I. 


Corollary. 

288.   If  c  be  negative,  fo  that  ^,  or  its  Equal, 

a  +  cz*>  may  become  equal  to  Nothing,  the  Fluent  will, 

.  in 


^l  9  Of  the  Cmparjfott 

m  lhat  Circumftance,  be  barely  fe  -  .       ■■  x  i  t      :  ' 

.         .    p+m+i      p+m+% 

tn    I    *y 

X  — — ■*-"  M-x  *r^i  provided  the  Values  of  #+  r* 
P+^  +  3 

p.  and  n  are  pofltive :  Or,  if  c,  p,  and  *  be  pafitive,  and 

m+r+p  negative,  the  fame  Expreffion  will  exhibit  the 

true  Value  of  the  whole  Fiuent,  generated  while   z, 

from  NotMjig,  becomes  infinite. 

PROB.    VI 

289.  The  fame  being  give*  as  in  the  preceding  Problems  J 

- — - — j«— r 
it  is  propofid  U  find  ibe  Fluent  ef  a  +  ;*"'       ,  X 

%*  *♦ 

If—  r  be  wrote  inftead  of  r,  in  the  laft  Article, 
we  fliall  have  jg— -r^zf9  p+m—rzzg,  and  j^*"*-*  ^* 

**       ^     J*—  Ml  /   +  *  +  I 

•if    t    *J 

»i  *  (**r)  x  *""■*"  ^,e*prcffing  the  required  Fluemin 
p-\vi"t% 

this  Cafe. 

But?T^M  XF+SHHi  Wr-    co^n^  to  -r 

Faftprs,  fignifies  the  fame  thing  as  the  Produft  con- 
tinued downwards,  or  the  contrary  way,  to  r  Faftori, 
according  to  the  famp  I*w  :    And  therefore  is  =s 

a±J2  K  L+f-ZL.1  x  *  +  *=*  (r).    After  the  fern* 

*l       *         HI— I  « — 2 

Manner  we  have  :&—  +    V'A*  _^f  °    * 


~-«' 


*  *  « 

(VJ  and  coofequently  (he  Fl uenl; itfclf  =  ^/r  *    X 

-  X  f r^  x  -l.    .  ■   f  iy  x 

m 


♦  <£?„«£=*„«£?  Wlxi.«*4 


Corollary. 


ago.  It  appears  from  hence  that  the  Coefficient  of  4f 
the  given  Fluent,  will  always  be  equal  to  that  of  the 

laft  Term  of  the  preceding  Series,  multiplied  byfi+mxn : 
For,  feeing  the  Coefficient  of  the  f$id  faft  Term  (whofe 
Diftance  from  the  tirft,inclufive9  is  denoted  by  r)  muft  be 


/+l""^.y,J=I  x  -i-  (by  the  Law  of 


/+  1./+2./+3  ....    /+  r  jw^ 

the  Series)  where/+r=/«aiid£ +r-—  i  =  £+m^ri  fas 

appears  from  above)  it  follows,  by  inverting  the  Order 

of  both  Progreffions,  that  t±2=2J+*-*(r-') 

jn.OT~-i.fl*— a  (r) 


x  JL  will  alfo  exprefs  the  feme  Coefficient ;    Which, 
na  • 

muIupliedVy^+^x^gives      m^£i%  ^ 

— ,  the  very  Coefficient  of  Jy  above  detengined.    The 
life  of  this  Conclusion  will  be  fccn  in  what  follow*. 


PRO- 
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P  R  O  B.    VII. 

4*91.  The  fame  being,  ftill,  given  ;   to  find  the  Fluent  of 


.»")        .      pn—v*—I. 


a+czi     X  fc  «• 

By  proceeding  as  in  the  laft  Problem,  the  required 

Fluent  of  <2  +  cz"\  X  zf*"*0*-*1  js  derived  from  /£«/  of 

a +cz *\    X%  *  (given  by  Prob.  4.)  and  comes  out 

^*  q  +  l.na        a  +  i.q  +2.na* 


%    %n — vn 


HI  v      — -  (vj  ±  - —  x  - —  x  — *  (*>; 

£*A 
x  zJL:  Where,  4L=  *+***>  y±£— v— 1,  j±:jw+j, 

a* 

t—p+m+ 1  :  And  where,  the  Coefficient  of  AU  equal 

to  that  of  the  laft  of  the  preceding  Terms,  multiplied 

by— -m  +  p  X  nc.  If  the  Manner  of  deducing  the  re- 
quired Fluent,  in  this,  and  the  laft,  Problem,  (hould  not 
appear  fufficiently  plain  and  fatisfa&ory  to  the  Beginner ; 
the  fame  Conclufions  may  be,  otberwife,  brought  out ; 
by  finding  A%  in  Terms  of  B,  C,  or  Z>,  from  the  fe- 
veral  particular  Equations  in  ArU  283.  or,  by  afluming 
a  descending  Series,  inftead  of  an  afcending  one*  Fid. 
Art.  284. 

PROB.    VIII- 

292*  The  fame  being,  ftill,  given }    to  find  the  Fluent  of 

-*"t+r       *»+-v»— 1 . 

c+czul       xar  «. 

Let  the  Fluent  of  a  +  czn\  x  %**    **~l  k   (given  by 

Prob.  4.)  be  denoted  by  B,  and  that  required  bjr  F: 

Then, 


bfFiuents.  3** 

¥heri;  if  p+v  be  put  =  p%  the  Value  of  F  (the  Fluent 
tif*  +  rfl       X  ***~x *)  will  be  given  from  that  of  £ 

(the  Plueht  of  j  +  cz*l    x  a^*"x *)  by  writing  B  for 
A  and  /  for^,  in  Art,  aft 7.     Whence  we  get  fr:^ 

,'«+'     x  JZ1±*-- x  ■  m+3      frJx/'B  .-   Where 

/>'=/>+*/, /=»  +  r,  f(=/+«+r)  i/+m+t/+r,    and 

Which  Fluent,  by  (ubftituting  the  Value  of  g  (Ar 
Pr«i.  4.)  becomes  F  =  £+*&  X  ^  +  ^JC* 


(r)  +  T~ x  7" (r ) 


X  tf   X  Sg^Z**  X  ,1    ■ 1= +  ?4-^— ==ar»— 

I+1JK        i  +  I.JIftf*      J+I.X.J—  I.W* 

>+»+!        f+*+a  * 

(v)  x  — -.  Where  y2=jfr+«r— 1,  *a:m+f±:»+j+v—  I, 

and  <^+«+ 1 ;  and  where  die  Sign  of  the  lstft  Term 
is  +  or  -«-  according  as  v  is  an  even  or  odd  Number. 
4-  E*  I. 


Co- 


3"  Of  tbi  Cdmptrifon 

igt.  If  die  lad  Term  of  the  &ft  Scries,  exclude 

*f  the  general  Multipikator  J^*4"  V,   be  denoted  by 

#,  (lie  Mtaltiplicator,  r+^    x  r.w+?     {r)*/,.to- 

^+m+l      p+m+2 
•  *«•  *«7.  the  fecond  Series  will  be  s=  JZ+l  x  mrf  * ;   and  there- 
fore  the  firft  Term  of  this  Series,  including  its  M«l- 

.     tiplicators,  is  =t  ^''fi^**'"*"* :  Which,  if  R 

be  put  to  denote  the  hk  Term  44»"+ V"+v"  of  the 
£rft  Series  (with  its  Multipikator)  will  be  expounded  by 

m+j .  aR 

Hence    it    fellows,    that    the  Fhicnt    of 

s+i  .<*" 

«+tf?r     x*         ~*  *,  given  above,  will  alfo  be  truly 
.xpreffea  by  ^"   g>  +  ~*  *  "£  +£=£* 

mS         4  —  1         aT         y  —  z  *F     ■    x     # 

~  —  TZTt    x    "31  -*  7C7    *    ^T    (*)    ± 
a?        s — i  a?         r^2  of  +- 


p+m+i.p+m+l(r)  Xt.t +  i.7+2  (v)  ? 

Where  H>  /,  JT>  L  . .  .  • .  R,  &  r>  f,  6f *  itprr- 
fent  the  Terms  immediately  preceding  thofe  where  they 
ftfcnd,  under  their  proper  *> W* :  *  heing  the  lift  Term 
*f  the  firft  Series  s   aifo/±rw  +  r,  <f  S5c»  + r +  />  +  *, 

f=^+v — I,  s=m+f$  tZrm+p+x,  and  j£=:tf«f*fc\ 


Co* 


\tfFkenfs*  343 

CoftOLtARY     If. 


■*■*« 


293.  Since  the  DiviCor,  p  +  m  +  1  .pf  m  +2  (r)  * 
U  +  i./  (v)*    of  the  laft  Term  of  the  Fluent    (by 

/  ■■  * 

Tubftitutiqg  for  /  and  p  faff.)  is  =  p+m+i  .^+«+$ 

(v)  x  /+*+«+ 1  .^+t/+/»+a  (0  :  Where,  thejaft 
Fa^or  [p+m+v)  of  the  firft  ProgrefEon^  it  left  by 
Unity  than  the  firft  Fa&of  of  the  Second ;  it  is  evident 
that  the  faid  fecond  Progreflion  is  only  a  Continuation 
of  the  firft  to  r  m&ri  Fadors :  And  fo,  the  laft  Term 
of  the  Fluent,  where  A  is  found,  is  truly  exprcHed  \>y  ^ 

t<p+i  .7+*  (v)  x  m+t^m+T.  m+3  (r)      4»^rrA 
»+^+i  .  jb+^+2  .  01+^+3  (v+r)  f 

Hence  it   follows,  that  the  Fluent  of  a  +  c*\ 

(making  r=—^  )yilJ,  when  a-r^**  becomes  £qual 
to  Nothing,  j>e  barely  = 


p.$+\  •p^i  (v)  x  »+*  .>»+2.m+3  (r)     n^V 
m+f+i  .  uri-p+z  .  jw4-/+3  (v+r)         X  r  f*  . 

*f  being  the  Fluent  pf  4— W?  x  Z-"1^  in  that  Cy- 
curoftance,  v  and  r  whole  pofitive  Numbers*  and  p 
and  m+i  any  pofitive  Numbers,  either  whole  or  broken 4 

Bchoiium, 

294.  If  the  Fluent  of  «  +  i^i      x  ***"'*  {given 
by  Prot.  5.)  be  denoted  by  C;  then  (/0  the  Fluent  of 


*H-^    X  ar  £  (where  a  s:  m+r)  will  be  had* 

from  C  (by  Pr$h>  4.)  according  to  a  new  Form,  dif- 

Y  2  ferent 


^3^4  Of  the  Compditijon 

fcrent  from  tbofc  already  given.    And,  by  following 
the    fame   Method,  the  Fluents  of  a  +  &] 
*  *,  at**"!        x  *r  *,  and  *+** 


X  *  «  may  alfo  be  found,  each,  according  to 

two  different  Forms,  ^  from  a  Combination  of  the  cor- 
refponding  Cafes  in  the  foregoing  Problems. 

But,  as  it  is  extremely  tirefome  to  repeat  the  fame 
thing,  again  and  again,  where  fuch  a  Number  of  Sym- 
bols are  neceflarily  concerned,  I  (hall  here  put  down 
one  Solution  to  each  Cafe  (becaufe  of  their  Ufe)  leaving 
the  Procefs  and  the  other  Forms  (which  contain  no  new 
Difficulty)  tt>  Tbofe  who  will  be  at  the  1  rouble  to  fet 
about  them. 


X   IS  =3 


a*.  The  Fluent  of  *+<%"!       x  */B  +  v'— ' 

i       **"       '—I       ex9       *  — *      ^    ' 

1         s~~ l  >  \     P     P+l    P**  *  %    d°'fJ 

;X~~(r)xf-x^X^(tOxl=/. 

Hi— i     »i — av        /     /+i     *t2x        — >* 

— ■*< 

XVhere  H,  J,  Kt  L>  .  . . .  .£,  5,  7*,  fcf<r.  denote  the 

Termtf  immediately  preceding  thofe  where  they  ftand, 

'  under  their  proper  Signs ;  R  being  the  laft  Term  of  the 

firft  Scries,  alfo  ^=«+f**,  /=«— r,  £=^+m+ v— r, 
j=^-f«— i,x=m+^+v— if  rs^+uz  +  f,  and  Azz. 

,  the  given  Fluent  of  a + at"  x  as        *. 


«         * 


a*.  The 


of  Fluents.  $Z$ 


2°.  The  Fluent  of  a+ctfi        X  *  *  Is  c? 

Where  y=^-v— i,  jr=m+r+j,  /=w+r,  £=£+« 
4-r,  and  the  reft  as  in  the  preceding  Cafe. 


3°.  The  Fluent  of  a+cz"'       x  it*"^*'  ** 


is  = 


£±i  x  ££-l±l  x   «2L  -  i±lx  —  M 


=^rv 


iww— i.w— 2(r) x ^—1^—2.^—3  (f)  /+•      , 

In    which  /=*« — r,     ^=»+^—  r— v,    tf=^ — v— 1» 
s^+m9  and  the  reft  as  before. 

2Q5t  From  what  has  beeg  delivered  in  this  Se£liont 
the  Fluents  of  various  Forms  of  Fluxions  may  be  ex- 
hibited, by  means  of.  circular  Arcs  and  Logarithms. 

)-'       i"-1. 

For*    fitocf     $he     fluents    of    a+cz"1  •  ■*  *        *» 


r^Tixx^Iz3    and*+^T*X*    *( which 


I  call  original  Ones)  are  all  of  them  explicable  by  one, 
or  the  other,  of  thefe  two  Kinds  of  Quantities  (as  will 

appear  farther  on)  thofi  of  a+cz*  X  *  * 

ir+^l      X    X*     X      .    *,  andaffl*"'  X. 

ai**"" *i  wili  alfo  be  given  from  thence,  by  the  fore- 

Y  3  going 
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foing  Theorems.  Whence  the  mod  ufeful  Ponris  of 
Itehth  iti  Cotes's  Harmonia  Mehfutarum  will  be  oIk 
tained,  befide*  feme  others,  more  general  than  any,  of 
the  fame  Kiftd,  put  down  by  that  fagatimrs  Author.    ' 

Here  follow  a  few  Examples  of  fome  df  the  moft 
ufefql  Cafes* 

tXAMPLfc    I. 
*90t  Let  At  Pjuxibn  given  \rt  ■  .,_    *  ■   (or  5*+?| 

X  k**i)  ^  J«V#  <tory  tvhok pofithe  Number. 
Then,  the  Fluent  of  <?*±s*J  *  *  x*,  or  ^i.  >     , 


beihg  P=  £#•  l*g*    ' '  '  ■  %    ■  ■  ■«  i  *T|    equal  to  the 

•  Ai*  i*6,  Areh  tfrhofe  pine  is  -^  and  Raditis  Unity  *  5   according 

&  the  fecond  Tferm,  in  <J*i*%  it  pofitive  or  negative  5 
let  A  be,  tfcerefa*,  taken  to  denote  the  faid  Arch,  or 

Logarithm  \   aA  J  let  d'+z^f*  X  *  be  compared  with 

a+Ot"'  X  2  £  (whofe  Fluent  is,  all  along,  flip- 
{fofed  to  be  £r**ft  ±:  ^)  atid  jrcrU  will  have  <?=</•,  *= 
+  1,  )»=r2,  *=  —  **  ftp— 1=0,  and  therefore/ =4? 
Whence,  bf  fubftitntkig  thbfe  Values  m  Art.  zSp  wt 

«—i,tf>g+/-f  i)ssi}  and,  confegaendy,  thfc  FfaCHt 


»M«MMa4*»* 


2V  £fc.2tl— 2 


**       ■  ^     •    if»— c         * ' "  '  »*>  ■- ■■*  *■■■  ■        ■ 

2v — i.av — 3.<ra  2v— i.^v-— 3.2V— 5.<F4 


pp<  2i/*-2..  2tWr»4  2  V.  ^  V— JU2tN-4«  2  V^ 


,     tfFluentu  ;    3«7 

(v)  i^-x^xfx   i  (*)*fi   Io  which  the 

2  4  0  O 

Jaft  Term  is  negative*    when  the  given  Fluxion  is 


«wi,'r  ",i  and  v,  at  the  fame  time,  ap  o44  #uwber; 
but  in  all  other  Cafes,  affirmative, 

EXAMPLE    It 

.    .      —*4-i 

'  *97.  i^JB^/^J^torTl^    *       X  *%)    » 

frtpwnitd. 

Here,  denoting  the  Fluent  of/^a^f**  by  A  (as 
above)    and    ,<»mparing    tFg&T     *  X  a;*"*,  witfj      ' 

«+<*  ■         *  tf  i(Fid.Pr*.  ft,  )«p  haw  rat  r* 

and  the  reft  as  in  the  laft  Example:   Whence   alfo 

f  (j+0)  =«+*,  /  (m+r)  :=*,  /-y+i,  ^^j- 
*%  and  the  Fluent  itfelf  ^  f^Wf  ±*%  ±  £* 

~   6  ^  X       4-      *  ^  *     *  "'*  bein5th*  **•  *Ait.»9a. 
«i<di«g  T*wns  with  dUir  Sign»)  3  ^Vi**  x  ***+,± 

»    .    ■■■  u^U_  ■■      1  ^  |rL»H'        '  I     I. 'I 


-— . • —  1      ±  1   ,  f  a      1  , 

<•+«)  ±7  xf  xf  xi  („)  *££?,  Where 

tbe  Sign  of  ibt  Jaft  Teraa  muft  be  leguhtfcd  as  in  the 

Y4  pc*. 


3*8  Of  the  Compart/on 


preceding  Example— If  the  Fluent  of       *      x 


or 


of  js""***  V4*Jz*  (in  which  the  Exponent  is  ne- 
gative) be  required;  the  Anfwer  will  be  had  in  finite 
Tc«ns»  independent  of  A%  by  Art.  8$. 

E  X.A  M  P  l  p.m. 


aj8.  Whtnip  thi  JFluxiori  proofed  is  d"-^*] 


X 


xi*n*-^.  r  andv  being  any  whole pofttive Numbers. 


— J- 


Since  the  Fluent  of  & — «"?""*  x**      *  ,  (a«.  will 
appear  hweafter)  is  truly  expreflcd  by  —  x  Arch,  whofc; 


fine  is  -t;  and  Radius  Unity,  let  this  Value  be  d*. 

r 

noted  by  A  j  and  then,  by  writing  rf*  for  a,  — i  for  r 
—4  form,  and  i  for  p9  in  Art.  '292.  we  {hall  have/ 

(«+r)  =  -~~,,x{w'+/+r+©):=r+i^f  (f+»-i) 


w      j    »  *  (*+?)  =»r-i,   *  (p+m+i)  =:  j,  j£ 

(<r+?0  =«*—*",   and  the  Fluent,    itfelf,   equal  tp 
-rJ-i   tw+j, '.j>H 

g.     *        +  -STL   „  SLl    .      «^"3 

i/S     2i>- 3      \f*(lI\  ,  *»frfr7'(r)  X  i.frf.7  (tr) 
"T^+l^a  X"7~l  ;+     2.4.6.8.10.12   (r+tO   ' 

^Art.^3.  *  x  dT^^A:   In^vhich  H9  /»  if . . .  £,  5,  7,  (fi. 
denote  the  preceding  Terms  with  their  Signs  j  ic  being 

the 


.  qf  Thtents*  *  p$ 

the  laft  Term  qf  the  firft  Series.  Hence,  l?ecaufe  all  thp 
Terms,  bm  the  laft,:vanilh,  when  £==0,  ft  follows  that 

>»—  t  till  I    *W    I 

the  whole  Fluent  of  i" — *"|    Tx*      *      *,  generated 
while  k,  from  Nothing,  becomes  equal  to  d,  is  trtily 

«nr^CJ  »,«    *'3'5«7(r)  XI.3.S.7  (v)       .r^-*.  t  „.       . 
exprefled  by  -^.e.g.io.i*   (r+„)      X*""^.** 

1.3.5.7 (r)-X  1.3.5.7  f«J        £•+»$      G  j. 

7     2^.68.10.12  {rfv)        *  — ; — •    T  ""   K 

the  Semi- Periphery  of  the  Circle  whofe  Radius  is  Unity. 

E  X  AM  RLE    IV. 

4 

299.    Lit   it  be  required  to  find  fk  whole  Fluent  0/ 
1  ■        '    ,    gauratti   wink,  £**,  frvn  Nt~ 

things  buomiszza  $  that  of  a — bzn\      X  *        *    being 
given  (=-</.) 

Here,  by  expanding  <*+*?]""",  pur  given  Fluxion 

becomes  =  *— bxT\    x*       x    into    <f~P    X    1  t- 


« _ 


0*t"  ^.^LiV  g-g+Tg+2.^3"       «, 

i    T        i.2.d*  i.«;j.J« 

* 

Which  Series  being  compare^  with  *+/**  +  g&*    fcfr# 

At 
/PW.  -<**.  a86.)  we  have  r  =  i,  /=  —  ~f  »  = 

'         I    ■,    &^.   and  confequemly  the  Fluent  fought 

(by  fubftituting  thefe  Values)  equal  to  —   into  I— 

/ 

p       H       ah      p     p+x        0     0+1       tfif 

7xT**2  +  T'7+i  ^TT^  M 


33°  ®f  ****  CmP***!/**  of  Fluents. 


i 


/ 


/     /+!    /+2       12         3^  W 

Wing  ss  ^-N»+ J.) 
Here  the  Values  of  m+i>  n  and  ^  are  fuppofed  po* 

•  Ait,  iSfc  fitive  »  *  and  it  is  requifite  Chat  1  +  tj    fcould  alfo  be 

pofitive ;  otherwise  the  Fluent  will  fail.  Although  the 
Series  brought  out  above  runs  on  to  Infinity,  yet  it  may. 
be  fum'd,  in  many  Cafes  :  Thus,  if  the  given  Fluxion 


be    ""*  y.     «    i  1  then,  tbe  ftrefiud  Series  be- 

coming  1  — {  x  jj  +  f  x  i  x  £3/   —  &c.    its   Sum 


will  be  1  +  jj|      •  And  confequently  £X|+^   * 
55  the  Fluent  fought :  Where,  jf  (tbe  wto  Fluent  of 


*  ..  V— *.  .  .      __       1 


*=**  1  x  c  *  being  ==  — _  x  Semi-Peri* 
phery  of  tbe  Circle  whofe  Radius  is  Unity,  the  Fluent 
given   above    will,    therefore,   be    s        Jt       ,  n  1 

X  by  the  fame  Serai-Pcripbery,  Xf  the  Reader  is  de- 
firous  to  fee  a  further  Application  of  the  Summation  cf 
ftpriefes,  to  Jhe  finding  of  Fluents,  I  muft  refer  him  to 
mj  Digfotatiom  I where  it  is  bandied  in  a  general  Man- 
ner) Having  neither  Room  nor  Inclination  to  treat  of 
(there. 


»EC- 


SECTION    IV. 

Of lbt  Transformation  of  Thtxims.  • 

J01*  T5  ^  tlie  Transformation  of  Fluxions  may  b» 
fj  underftood,  the  reducing  any  Buxtonal  Quan- 
tity to  a  different,  or  more  commodious.  Form ;  ac- 
cording to  whiclt  Senfe,  a  great  Part  of  the  fecoiid 
Bedipn  would  properly  fall  under  this  Head.  But,  what 
is  here  propofed,  and  what  is  commonly  meant  taV  thtf 
Transformation  of  Fluxions,  is,  the  Method  of  or- 
dering thofe  Kinds  of  Expreffions  which  involve  one  va- 
riable Quantity  only  wkb  its  Fluxion;  wtiich,  yet,  are 
fo  affeded  by  radical  Signs,  that  the  Fluent,  without 
an  Infinite  Series,  would  be  impracticable,  were  k  not 
for  a  new  Subftitution,  or  fome  other  Kind  of  Trans- 
formation, ^hereby  the  give?  Fluxion  is  render'd  more 
manageable. 

Something  of  this  Sort  has  been  already  tamch'd  upon 
in  Art.  83.  And  in  what  follows  I  fhall  farther  point 
out  and  exemplify  the  principal  Cafes  wherein  fiich  « 
Procedure  will  be  of  Service. 

302*  If  the  Number  of  Dimenfions  of  the  variable  3>yatt- 
tity,  without  firVinauIum,  increafedby  Unify  be  fome  ali- 
quot Part,  or  Parts,  of  the  Dimenfions  of  me  fame  Quan- 
tity, under  the  Vinculum,  the  Fluxion  wiU  be  reduced  to 
a  better  Form  by  fuhftitutinw  for  that  Power  of  the*  va- 
riable Quantity,  witch  arifes  by  dividing  iu  Exponent* 
under  the  Vinculum,  by  4bo  Dammnator  of  the  FraQion 
tariffing  tbefaid  aliquot  Fprfc  or  Parts. .  » 


33* 


Thus,  if  tie  Flttjfcit  propounded  be— ==£==»> by 
Atbftituting  *=*%  and  taking  the  Flurioh  of  both  Side* 

Fore  ***"*  =  £  :    Whfch  Value,  wkh  that  of  «", 

I  m  •  * 

being  wrote  for  their  ft)**!*,  m  -ibe  jgiywFimiioo,  it 

10  '  will 


33?  Of  the  transformation 

will  be  transformed  to  jg^y  JTT1    Which,    putting 
tf  =r*     (to  make  the  Terms  homologous),  is  alio  ex- 

* 

.  pxefed  by      </4r^^    Whereof  the  Fluent  will  *b* 

given  by  yfr/.  136.  or  w/r*.  143.  according  as  tile  Sign 
9f  x1  is  pofitivp  or  negative. 

303.  If  the  Power  of  the  variable'  Quantity  under 
the  Vinculum  has  a  Coefficient,  it  will  t>«  beft  to  bring 
that  Coefficient  without  the  Vinculum* 


"— i. 


Ex.  2.  Where  Itf  the  Fluxion  given  be  ■  ■   : 

Va  +  a? 
Which,  by  bringing  y  without  the  Vinculum,  becomes 

:   From  whence,  by  putting  «sx{ 


— ^ «■ 

«nd  proceeding  as  above,    we  get  — ; — y:  »'  ; 

Whofe  Fluent,  J/  jfr/.  j26.  is    -r~  x  byp*  L<%*  x  -f- 

V^  r-  +  *\    This,  by  retforing  *,  becomes   -~  -  x 
ty.  Ztf.  **   +  y/  i  +  ^     Which,  corrected  (by 

Tuppofing  it  ;=  o  when  «  =  o)  gives,  at  length, «-~-    x 

*•'    '  t,  ' y  f .  '       '  '       'y-r-' 

*jp.  Z«f  *      +  \/^-  +  *"  —  fa  L»g>    \r—~ 

€  C 

•  -^___^      *  *  * 

£7  x ft*> Z«.  a/^+  V^i  +  —  for  **  tru* 

t  *  a 

fjuent  tf  the  Quantity  propo&d. 
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f    But,  when  c  is  a  negative  Quantity,  this  Fluent  fatlfc 
becaufe  the  fquare  Root  of  c  is  to  be  extradcd.    In 


this    Cafe  j  ■  ■  ■  ■» '.  mu^  be  transformed  to 


— : Jin  —  : ,  And  then  its  Fluent  tfp 

Art.  142.)  will  be  had  =  ■       , —  x  the  Arch  of  a 
Circle  whofe    Radius    is  Unity,   and  Right-Sine  =: 

Ex.  3.    Let  the  given  Fluxion  be    Ky/*^^  • 

Which,  by  bringing  c  without  the  Vinculum*  and  put- 
i*  .  x 


ting  *  =  **>  w  transformed  to 


%v/4^* 


1  - 

Whereof  the  Fluent,  by  Art.  ia6.  it  -7=*  x  *•?•  £'JV 

c       t 

i/  a-~Y  a  +  c#      gat  j|Crc>  whcn  c  is  pofitive, 

V  a  +  ^  a  +  c* 

the  Numerator  will  be  negative ;  in  which  Cafe  it  will 

be  proper  to  change  its  Signs,  and  exprefs  the  Fluent  by 

*--*#    r      Vm  +  4*  —  Vm        Thj|t>     fttch 
nVa  Vm  +  afi  +  V  a 

-   — - — — — 


333-  Of  f^  TrWiforttotioH 

aft  Alteration  of  the  Sins  cm  wsk*  *o  DU&rence  id 
the  FJtouptt*  is  evident  fipm  the  Nature  of  Logarithms ; 

Jxcade  th*  Flidcioo  of  dw  L$g.  of—  *  (^  ~ =~) 

is  the  feme  with  that  of  the  i#.  Leg.  of  #.    It  will  be 

-    proper  to  obferve  farther,  that,  inftead  of  the  Logarithm 

ybovc  derived,  any  one  of  the  following,  equal,  Quart- 

y— — .     t  ,  m» 

titles  may  b*  taken  j  via.  £#•  l*g.  — ■= — ! ; — K — L 

(found  by  multiplying  bpth  the  Numerator  and  Deno- 
minator of  the  forefaid  Logarithm  by  \/a  +  **'—  )/<$) 
cnitf.  £*.  ^*  +  <*-»•«    ^  ^  Natur? 

r     t'ftr 

of  Logarithms}  =  2X^  I*jf. 


(  by  multiplyirig,  equally,  by  \/  «  -^  <«*  +  v'T) 
But,  take  which  of  thefe  Forms  you  will,  the  Fluent 
fails  when  a  is  negative  i  becanft  the  generalMuItiplicatQr 

-jk:  is  tk#il  impoffible.    In  this  Cafe  the  Fluent  of 


nv  a 

x 


n*  X  x 


*— »ps=6aar,  of  its  Equal  ~»>-i    ■    t  will 


€ 

be  given  *r  A*  142.  ami  is  expounded  by 


— if 


*  ' c  avZ-g »    *****  A  •&*#**  *<?  </«$  whofe 

Radius  m  Unity,  and  feast  •"-«»/ =_/fE[  Y 

C 

la 
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In  the  fame  Manner  the  Fluent  *f  ** f,  is  fourfd 

=  -4=  x  ^rcA,  whofe  Radius  is  Unity  and  T**> 

gent  %/^»    «  «loal  to    ^^S-x  ***  ** 
^^^  according  as  the  Vajw  rf  t  is  rffo- 

mativc  or  negative  j  a  being  fuppofed  affirmative 

304.  When  the  Power,  of  Towers,  rf  At  variable 
Quantity  without  tht  Vinculum,  or  ra£cal  Sign,  fall, 
mofily,  in  tbi  Denominator,  it  may  he  of  Ufe  to  fub- 
Jittute  for  the  Reciprocal  of  the  /aid  Quantity,  or  for 
the  Quotitnl  which  arifes  by  dividing  feme  bmum  Quan- 
tity, either ,  by  it,  or  by  fome  Compound  of  it  in  the  De* 
nominator  • 

Ex.  i.   Let  the  propofed  Fluxion  be  ^—»    %  ■■  ■  %% 


a%  a% 


then, putting  *  »  ~,  -we  have  «  =*~,  fasd  i  ex  — 
a*x         -       ~         -  ***  ~-** 


- 1  and  eonAquendy    %  \   \   ■■  1    s  y  %     \  ^: 

y  ■      *  ii  ■' 

Whereof  the  Fluent  is  —  */?+<?  =  —  %/%  +  **• 


JBK 


Here,  putting  *  s  — ,  we  1»ve  *  ai   ■  ■■        tt 

n 

Quantity 


# 

~3jfr  Of  the  transformation 


x%x—axx 


Quantity  propofed  is  transformed  to  ■.  ,■  .-^ —    i.  ,it     I 
'r    r  d*i/a*  —  ax  +  xx 

Whofe  Fluent  may  be  found  from  a  Table  of  Loga- 
<*ithm*  ;  as  wil)  appear  farther  on. 

305.  If  the  Fluxion  given  is  ajfecled  by  two  dif- 
ferent Surds ,  and  the  rational  Fattort  or  the  Quantity 
without  the  Vinculufn,  be  in  a  confront  Ratio  to  the 
Fluxion  of  the  Quantity  under  the  Vinculum  of  either 
Surdf.or  he  related  to  has  in  Art.  83.  the  given  Fluxion 
will  be  reduced  to  a  morejimple  Formf  by  fubflituting  for 
that  Surd. 

Ex,  1.  Let  g*  Vb%  +  **  be  propounded. 

V? — »* 

^Ilien,  putting  *  S:  •**  +  *%  we  have  x*±x*~ b\ 

.**  =  **,  and  Vcx—*%  =  vV  +  b%—x%  =  <«* — x* 

*ky/bx  +  %%    , 


(by  making  *  =  /<*  +  bx)  Whence      V,  '  '  == 


1  * 

XX 


»•  •ff?  '- 


x 


-  Or, if  x be  put  as  vV— «*  (inftead ofj/P+y); 

then  ga  =  cx  '—  *%  zz  =  —  **,  ^4*  +  **  = 
V--*»  +  c*-*~  x*  =  V^^-**j   aAd  cctofequenlfy 

*«•**  +  -«=_^_ ■ -g  Whafc  FIucntfa 
.    l/ff  —  si* 

given  by  -rfr/.  297.  or  131. 

Ex.  2.  Let  the  given  Fluxion  be  a  +  a"l:   *  <  +  fxn\    x 

fe-.fl*!""'1 » t  fi$P°fm£P  &  denote  any  wjjolepofitive  Number  \. 

.  ,.  JflLthjs  Cafe,  let  that  of  the  two  Quantities,  a  +  c%* 

v.anH  e  +  /**»  whofe  Index  (ftrorr)  is  the  nioft  com- 
plex (which  we  will  fuppofe  the  latter)  be'  put  =  x  ; 

'tSetf   w  Qull   have   **  «c  ry  $■**"" x*  ss  -^  ; 


of  Fluxions.  %%? 


a+fs's:  a  -f— j?—  =:*+  —  by  putting  i±za< 


)*  lr — -         ^-    • 

=  the  Fluxion  propofed  :  Where*  p*~i  being  a  whole 


pofitive  Number,  the  Value  of  x*-A  will  therefore 
be  expreffed  in  finite  Terms  ;  whence,  if  m  be  alfo  a 
whole  pofitive  Number*  the  Fluent  itfelf  will  be  had  in 
finite  Terms :  But,  if  m  and  r  be  the  Halves  of  odd 
Numbers,  then  the  Fluent  will  be  found  {from  Art. 
298  or  294.)  by  means  of  circular  Arcs  and  Logarithms. 

306.  If  the  given  Expreflton  he  affefted  by  Hue  Surds 
Wherein  the  Powers  of  the  variable  $>yantity  art  the 
fame,  and  the  rational  Quantity,  without  the  Vinculums, 
be  related  to  the  Fluxion  ef  either  Surd,  as  in  Art.  83. 
it  may  be  of  Ufe  to  fuhftitmte  for  the  Quotient,  or  Ratio, 
of  the  two  Quantities  under  the  radical  Signs ;  efpecialfy, 
if  the  Sum  of  the  faid  radical  Signs,  or  exponents 
(fuppofing  both  Surds  to  le  reduced  to  the  Denominator) 
is  a  whole  Number \ 


Ek.  i.  Let  the  given  Fluxion  be 


4* 

z  z 


b3  +  z>\T  x  <*  —  *HJ 


*• 


^                             b*  +  Xs  ***— V 

Then,  writing  x  =  3 3*  we  have  &*  zz  — — —  ; 

i+*    /  7+xT       * 

Z  and 


S38- 


Of  the  Transformation 

2T* »   TX        , 

and    confcqutotly    prj^J  x  fZ^ft  =  3**a+<*" 

Whofe  Fhicnt  is  -— k  =  jrp   x    v^^nT?- 

Ex.  ^.    Irf  **"*  be  given  ~ 


*+c*rl      *     e +J*U\' 


Here,  putting  *  =  ^7  you  will  have.  *    =3 

*x—e         «-i.        «/*-*  Xxt       >—i  ^     (=£*** 


x  a      *)    — 


_<**—* 


f—cx 


of—  ce   X  * 

7 > 

»  X  /— '*l 


x  «V 


*+A^'_ 


ax—tre 


X* 


and      conftqucntly      ths 


FJuxiou  given 


XJf      * 


nyLaj—a\ 


than  ,  (alfo  a  whole  poGuve  N«JO  ^  Scriefej 

te  truly  had  in  fin,te  Terms  ,  Dec   _  _ 


Art.  99 


i*    • 


for  the  Values  of  ^]        and/-««  do 

in  that  Caft-wrminate  V     But,  if  r  and  «+^r'1 

then  the.Ffa.nt  will  be  givenfcv  the  laftSc&on. 

J?h,mU*T*mi   that  ht  hfi^jf '  £Jto 
72  or  Difference  tfib.  ?mer  of  the  vartahU  §>uanty 


1 


i 
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i*\i£dt  Term  find  half  its  Coefficient  \  jaccording,  ax  the 
Signs  of  the  two  Terms  y  where  the  /aid  Quantity  is  found* 
are  like y  or  unlike. 

.Ex.   I*     Let  the  given   Fluxion  be       i  i  0    . 

V  o~  -f-  cz  -f-  x 

then,  pufting. *  =  z+  lc,  or  *=*•  —  £r,  wc  have  £=** 

and  •P+5+«M=  ^  +  « -4 <*+**- <*+  i <*)L 
=  •*■  —  i'tf'-F  **;   whence  (nuking  a*  =  b%  —  J  ra) 

there  refults    ■■■■     /  »   ,  ■  =  =  M7r=;  :  Whofe  Flu* 

•At  h  gtvehf  #  >r.  rz&» 

fzl 
Ex.  2.  Zj*  A&*  Fluxion  given  be  --, — / 


* — x  • 

¥|1     *~i 


*/a+bzn  +  czzn' 
Firft,  bybnrigfhgc  Without  the  Vinculum*  according 

to  Art.  303.  we  have  \a  +  bz*  +  <*2*  ==  VT  x 
\/^-  +  —  +   **"  s    An^    b7  Pitting  x  =  *a  + 


,  or  2  =  x  —  -,  wc  alfo  get  *       *  =  —  y  ^4 

—  +  -T-l=V^-r—  -7  •+  *  :   Therefore  the 
Elusion,  transformed,  U  — — : ..  m— i!ii  : 

Whofe  Fluent  is  given  by  Art*  126.  whep  c  is  a  pbiitive 
Quantity:  But,  when  c  is  negative,  the  Fluxion  muft  be 

eipreited    thus,     — - ■ ,  ,  /  : 

— c         $cc 

Anfwering  to  Form  2.  Art.  142. 

Z  2  Ex. 


/ 


34°,  Of  the  Transformation 


Ex.  3.   £#/  

£*  propofed. 
Then,   followiog  the  Steps  of  the  laft  Example, 

.+ *■  +  «HT  <=<"  x  i+'f  +  «H")  win 

be  transformed  to  *"  x    —  •*. —    4.   *al    :  More- 

c        +ec 

b 
over,  *•  being  =:  *  —  — '  =  x  —  d  (by  putting  4  zz 


and  w^""1*  ss  ^»    we    alfi>    have    **"UJfc,r=. 


2' 

»/  If  »     *  * 


n 


(  _   fc    x*       *J    —  I        n  j  5 

tf*.    Wr.    From    whence,   by   fubftituting  thefe  fe- 
veral    Values    in    the   given    Fluxion,    and   putting 

—  =z  /%  there  comes  out 


fx+fXX*  —  &  +  t>Xx*x—  %d*x  +  d*j  +&c^ 


nc    x  et+xx 

Whofe  Fluent,  when  the  Exponent  m  is  the  Half  of 
any  Integer,  pofitive  or  negative,   will  be  found,    by 
means  of .  circular  Arcs  and  Logarithms,  from  Art*  • 
295. 

308.  When  the  Denominator  is  a  rational  Trinomial 
or  Multinomial  (that  is,  when  it  is  without  a  Vinculum) 
the  beft  Way  of  proceedings  for  the  general  Part,  is,  to 
refohe  the  given  fraflion  tnto  binomial  Ones.     In  or- 
der to  this,  let  its  Denominator    be  feigned  ss   0$   by 

means 


of  Fluxions.  341 

noons  of  which  Equation,  whofe  Roofs  mvfl  be  founds  you 
lvil/9  by  fubtracling  each  Root  from  too  indeterminate 
Quantity  {x)%  have  the  binomial  Denominators,  of  the  re- 
quired Frafiions  into  which  the  given  One  may  be  re- 
Johed:  Whofe  correjpondmg  Numerators,  let  be  denoted 
Ax%  Bx,  Cx  &c.  then,  ]by  putting  the  Sum  of  the  Frac-t 
tions%  thus  etrifingj  equal  to  the  given  Fra£fi*n%  and  re- 
ducing the  whole  Equation  to  the  fame  Denominator,  the 
affumed  Quantities  A,  B,  C  tfr.  by  comparing  the  ho- 
mologous Terms,  will  be  determined. 

m 

Ex.  1.    Let  the  given  Fradion  be  -s— ;  then, 

feigning  x*+ax+b  =:  o,  the  two  Roots  of  the  Equation 
will  be  —  \a—  </ \ax— b,  and  —  \a  +  V  \u%—  b: 
Which  being  denoted  by  p  and  a7  we  have  *— p  and 
*— a  for  the  two  binomial  Faftors  whereby  x1  +  ax  +  b 

may  be  refolved,  or  by  whdfe  Multiplication  (x p 

X  x  —  q)  the  faid  Quantity  is  produced. 

Let   therefore   — ~  +  — ^-  be  now  affumed  ( == 

#— p       x — q  v  — 

x  \  X 

x%+ax-rt>)  -  #Z^  x  7Z^" ;  thcn»  b7  educing  the 
whole  Equation  to  one  Denomination  &c.  we  get 
A-^Uxxx  —  qA+pB+ixizzoi  Whence  A 
is  found  =  j-~     B  s  -jL ;  and,  confequcntly, 

*|M   J   ,  *  X 

p  —  q  X  *  — p  +  q—fXx~q  ~"  *H  ax  +  b" 

Ex.  2.  Let  the  Quantity  prop  oft  d be  -5 ~ . 

^         j  r   ij  x*  +  ax*  +  bx  +  c 

Here,  if  the  binomial  Factors  whereby  x*  +  ax*  4-  b  v 
+  *  is  produced  be  reprefentcd  by  x  — py  x  —  qy  and 

p~  r,  and  there  be  affumed  —  4.  —    .    J5*. 

x~p  ~  x—q    r  x—r     , 

^3 


34*  Of  the  Tftwtfbrtnation 

,  X%X  \  x%* 

this  Cafe,  weihall  havcu/x* — yx^-r+flx  x p  X 

+C*x—px^q— x*=zq}  thatis,byReduaion, 

arxB 


Whence  ,*/+fl-fC=i,  //x?+r+2?x^-f-r-f  Cxp  +  n 
=0,  and  jfqr+Bpr-\>Cpq=LO.  Now,  from  the  firft 
of  thefe-  Equations,    multiply 'd  by*p  +  qy  fubtrad*  the 

fecond,  and  you  wiU  have  Axp—'r+Byq — r  =r  p+q  : 
A^fo,  from  the  firft,  mujtiply'd  byjpj;  fubtrad  the  third  ;.  / 

then  4  xpq—rq  +  £xpq—pr  =pq :  Laftly,  from  the 
former  of  tne  two  Equations  thus  arifirie,  multiply'^  by 

pi   fubtra&  the  latter,   then  Axpp—yr—pq+qr  zzpp 
that  }s,  Ax'*—qxp—r  =/>* ;    and  confequently  A  =z 

p% 
■ f  -»— r- ;  Whence,  by  the  very  fame  Argument* 

p^qxp—r 


r% 


R  =  *  -^andCs-= 

309.  After  the  fame  Manner  you  may  proceed  mother 
Cafes :  But  there  is  an  Artifice,  or  Compendium,  for 
more  readily  determining  the  aflumed  Quantities.^,  5,  C 
&£.  by  which  a  great  deal  of  Trouble  is  avoided :  And 
that  is,  by  coniidering  the  Equation  in  fuch  Circum- 
stances of  the  indeterminate  Quantity.  *.  when  it  be- 
comes moft  fimple,  or  when  moft  of  its  Terms  vanifh. 


Thus,  in  the  preceding  Example,  becaufe  A  x  x—a 

X  *— r+5  X*- pxx— r+Cxx-* pxx— q— *ais=:o 
(in  all  Circuroftances  of  x  whatever)  let  x  be  taken  ~ps\ 
then.' all  the  Terms  vanMhing,  except  the  firft  andlaft, 


I 


of  Fluxions.  ^jj.3 

wehzvcAxp—jxp — r— ^*=o ;  and  confequentlyj*  =r 
.     P .  ^  very  fame  as  before. 

Aftr/  univerfally*  let  the  given  Fra&ion  be 


*"  +  */-*  +  yr*  +  <**~3  to. 


*«- 


_  (where  m  and  » ajay 


^—^  x  x— q  X  x— r  X  *— s  to. 
reprefcnt  any  whole  pofitive  Numbers  whatever,  pro- 
vided the  latter  be  greater  than  the  former.)     Then, 
Ax  Bx  Cx  2W  _ 

affuming  — -    +    — -    +    —  +  x-s    W*    ~ 


x— p  x — q 

*** &c .  we  fliall  have  A   x 


ZZjx^Zrxx^Vc.  +  Bxx-pxx— r%xs  to. 

+  C  x  #— -?  x  # — ?x  *~  *  ^  ^'  —  *w=o:  From 
whence,  by  expounding  *  byf,y,  rto.  fucceffively, 


B  = 


q^p  .  ?— 7 .  J— i  to.  '— ?.r— f.r— x   to. 

^.  Whence  the  Fraftions  themfelves,  whereof  thefe 
Quantities  are  the  Coefficient,  or  Numerators,  will  like- 
wife  be  given. 

But  the  Numerators  thus  found  may,  fometimes,  be 
iftore  commodioufly  expreffed  by  Help  of  the  given 
Coefficients,  a>  J,  c,  d  to.  fo  as  to  involve  only  one  of 
the  Roots  /,  y,  r  to.  in  each  Fra&ion.    For,  fince 

'ZUpxx—qXX^r  to.  is  fuppofed,  univ*rfalfy>   =s  ** 


.  a/~*+  to*^*+  c**"'3  to.    if  both  Sides  of  the 
T  ,'  £♦  Equation' 
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Equation  he  divided  by  a- — p%  we  (halt  have  *  —  q  * 


7=7 x  ^TsVc  =*N-«*-^~+^e*. 

x  —  p 
Which  ]|ft  Exprei&on,  when  x  is  =  p,  that  is,  wfeen 
both  the  Numerator  and  the  Denominator  become  equal 

to  Nothing,  wilt*  mar.ifeftly,  be  equal  to  (7>— ?  x*p — r 

X  j>— i  &V.)  the  Divifor  of  ^.  Therefore,  if  the 
fluxion  of  the  Numerator  be  taken  and  divided  by  that 
of  the  Denominator,  and  p  be  \vrote  in  (lead  of  x  (vid. 


Page  155.)  we  (hall  have  Mp**"1  +  ?-ix  */"""*  + 


11  —  a  x  bp*~ 3  fcfc.  =^— ?  x  >— r  x  /— /  *fr.  and  there- 


fore  A  I  =2  1'  ■  )    =5 

P — 9  *r — r '  P~~s  *3C*' 

r 


np*~l  +  »— i  •  ap*~**  +  n — 2  .  lp*~~2  Z?c. 
very  lame   Reafoning  B  == 


By  the 


m 


*— 'H-a—  1  .  *r"—  +«— 2  .  Jr*^3  &V, 


C  = 


tf*. 


#W*  /f  appears,  that,  if  the  Numerator  of  (h/  given 
Fraction  fa  divided  by  the  Fl^ion  of  the  Denominator 
(neglefling  x)  and  the  feveral  Roots  p,  q%  r  &c.  (found 
h  f*hntnZ  the  Denominator  =  o)  be,  JucceJJivelyy  fubjli- 
tuted  in  tbe  Quotient,  in/lead  of  x\    I  fay,  it  is  evident* 

that  the  Quantities  fo  rtjulting,  divided  by  x — p,  x q% 

x — r  &c.    will  be  the  required,  binomial,  Fractions  into 
which  the  proposed  multinomial  One  may  be  refohed. 

310.  If  fame  of  the  Roots  p9  f,  r  &c.  $re  impof- 
fiblc,  which  is  often  the  Cafe,  the  Fr^clions  thus 
found,  where  the  impoffible  Rpots  are  concerned,  muft 

be 
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fee  united  in  Pairs,  and  fo  reduced  to  trinomial  One*,  in 
order  to  take  away  the  imaginary  Terms* 

XX 

Thus.  let  the  Fradion  propofed  be  -5 a    ,  ■   , 

ri  x*+ax*+kx+c 

and  let  two  of  the  Roots,  p  and  q9  of  the  Equation 

v  jfx 

Xs  +  «*  +  &r  +  f=o  be  impoffible:  Then,  ~ — 7  + 


1 beihg  =    |,      »  ,  ■    ;■  ,  we  lhall,  by  u- 

x — q     x—r         e        ;r +<?**+ tor  +  £  9    J 

niting  the  imaginary  Terms,  have  4frff  ^"Hf+ty ** 

-f- ,  alio,  =:  -5 »    ,*'    3    where   the  impof- 

fible  Quantities  deftroy  one  another.    But,  to  render 
this  more  obvious,  let  a  be  taken  s  o,  h  =0,  and  c  = 


— 1,  fo  that  the  given  Fra&ion  may  become   -j 


** 


then  the  three  Roots  (p,  q ,  r\J  of  the  Equation,  **—  t 
r=o,  will  here  be  —  — +^/r~Z£9 —  1 —  y/^Zls 

and  1 ;  whereof  the  two  former  are  impoffible.  More- 
over, by  dividing  the  Numerator  (x)  by  the  Fluxion  of 
the  Denominator  {3*?)  (according  to  the  Preftript)  we 

have  — ;  which,  by  writing  p9  y,  r  fucceffivcly,  in* 
3* 

{lead  of  x,  becomes  — ,—  and  —-for  the  Values  of  A> 
By  and  C;  refpeaively.    Whence  AArB  *J^4f—Bp 

r— x  t 

3>+  3^  +  3  +  J^ •    But  thf  famc  may  bc>  othei> 

wife, 
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rife,  invefrigaeaf,  in  a  mere  general  Manner;  by  afl 
fuming  .-7 —  4- =  -= — 9  and  proceeding  as 

in  (he  firft  and  fecond  Examples ;  whence  the  very  farnc 
Omclufon  wiH  be  derived. 

If   the  Fra^ioR   propefc4    lje   of   thb    Fopm,  vi%* 

tn — i . 

i    „  — .  '■'■     %    the  Methgd   of    Refo- 

lutioii'wiIU>C^i  &*  Ac  tame:  Since,  by  putting *=«*» 
the  gtvtti-^xprefton 'is  redaccd  to 

- '       *  '     * f-« . 

It  may.'a*fo,be   prop«r   to  obferve,    /A*,    in   v*ry 
"  complicated  Cafes,  the  Application  of   two,  or  more* 
•f  the   fix   foregoing    Rules*    may    become  neceflary. 
Thus,  for  Example,  if  the.  Fluxion  given  be 

■                                j  jy 

into  two  Binomial  Fra&ibnff* Ar  —*-*    (*&**&*£ 


a^1"    "g _ _ 

U  Art.  308.)  we  (hall  have  « ■ —  ■     — - 

—      •  +    — •   Where* 

if  m  be  a  whole  pofitiwe  Number,  groater  thao  py<  the 
Fluent  w*11 1*  bad  la  ^k  TernM  fa  jiM'  3°6,  ^  2* 


SEC- 
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SECTION    V. 

The  Invefiigation  of  Fluents  of  Rational 
Fradtionsy  of  fever al  Dimcn/ums,  according 
to  the  Forms  in  Cotes's  J-Jarmonia 
Mensurarum. 

311.  A  S  the  Subjeft  here  propofed  is  a  Matter  of 
jr\^  confiderable  Difficulty,  and  has  exercifed  the 
Attention  of  fome  of  the  moft  celebrated  Mathemati- 
cians (who,  yet9  feem  to  havQ  condescended  very  little 
to  the  InfbrmatiQn  of  tl>eir  lei's  experienced  Readers)  \ 
{hall  endeavour  to  let  it  in  the  cleareft  Light  poffible :. 
lij  order  to* which,  it  will  be  requifitc  to  prenaife  thfc 
following  Lemmas. 

*  « 

1 

Lemma    I. 

If  the  Sine  of  the  Mean  of  three  equi-differettt  Arcty 
fuppofmg  Radius  Unity,  be  multiplied   by  the  Doubl?  of 
the  C+fiue  of  the  eomtnon  Dijfcfetue,   and  from  the  Pip- . 
duff,  tb$  Sine  of  tkt  lefir  Extreme  bt  fubtraped*  the 
Remainder  mil  he  the  Sine  of  the  greater  Extreme. 

Lb  mm  A    II... 

312.  If  G  be  taken  to  denote  the  greater^  and  L  the 
fetter,  of  two  unequal  Arcs,  and  their  Difference  be  e#* 
freffid  by  D  ;  then  «////,  t 

,    Sinr  g-  x  Co:f.  D  —  Sin.  L.  x  Rad,      „   ' 
•     l SinTD *  =  C-f.Q 

,  Co-f.L  xRad.  —  Co-f.GxC*-f.D.       p.    „ 

*    S!n-  G.  x  Rad.  —  Sin.  L  x  Ce-f.  j>       „   r   r 
h  <  "  ".•    , — Sinft     »  :■'   * =  Co~f.  L. 

0  Th« 
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The  former  of  thefe  two  Lemmas  may  be  met  with 
in  moft  Authors  upon  Trigonometry  ;  and  the  latter  is 
nothing  more  than  a  Corollary  to  the  common  Theorems 
for  finding  the  Sine  and  Co-fine  of  the  Sum  and  Dif- 
ference of  two  given  Arcs  ;  for  which  Reafons  I  fltfd} 
not  ftop  here  to  give  their  Demonftration. 


Corollary. 

313.  If  any  Arch  of  the  Circle,  whofe  Radius  is 
Unity,  be  denoted  by  4>9  its  Sine  by  r,  and  its  Co-fuac 
ky  a  \  and  there  be  taken  A  —  iay  B  zz  2aA  —  1,  C  = 
aaB—A,  =D—2aC—B,  E^iaD—C,  F—20E — D9 
&&  it  follows  (  from  Ltrnnw  1.)  that, 
Sin.  2i£  (Sin.  Jf>  X  2a— Sin.  o)  ~2sa—ozzsA 
'  (Sin.  aJ^x  2*— Sin.  j£)  zz2sAa— s—sB 

(Sin.  3^X  2a — Sin.  2j|j  =2jJBtf — s/f—sC 
y  (Sin.  4^  x  2a— Sin.  3^)  zzzsCa— sB^sD 
'"  (Sin.  5^'x  2a— Sin.  4^)  :=axZ><?— jC=uE 

3*4.  Ti  r^SAv  lAr  Trinomial  r**-*'2ir*jf  -f-  **%  w&rrr 
n  is  any  whole  Numisr9  inujimple  trinomial  FaSkn. 

Since  the  firft  Term  of  the  given  Quantity  r**  — 

zkr*xm  +  #*  is  divifible,  only,  by  the  Powers  of  ry 
and  the  laft,  only*  by  thofe  of  x  1 .  and  it  appears  that 
r  and  *  are  concerned,  exactly,  alike  ;  let  therefore 
r*— 2tfr#-f**  (where  r  and  *  are,  atfoy  alike  .cqncerned) 
be  affumed  for  one  of  the  required  trinomial  Factors, 

whereby  r**  —  2/frV  +  *a*  may  be  refolved  :    And  let 

rx—  2arx  +  jr^x  r s  +  /fr  7*-fc  ^jt*  +  Crsjtf3+  Dr4*^ 

OV  +  JJrV-i-  //r*'  +  *•  (where  r  and  x  are,//tf,  af- 
fcfied  alike)  be  affuraed  =  r  —  airV+*i0  (the  Va- 
lue of  w,  to  jender  the  Operation  more  perip*ouous> 
being  firft  exprefled  by  5.) 

.    Thcn> 


by  refohing  them  into 

Then,  by  Multiplication  and 
have 


mere  Jimple  uus. 

Tiaafpofitiou,  we  fluU 
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S 


+ 


j 


OS 


Whence 


3  5<>         <y **  M«*A  d/Rdtidndt  FraSHdAf, 

Whence*,  j^2//,  ^=±1^—1,  C±n*B—A,  Dzziati 
—B9  and  aC— 2*I>+2i=:o.  But,  tif  J^  be  taken"  to 
denote  the  Arch  (EF)  of  a  Circle  EHK,  whofe  Radius 
EO  is  Unity,  and  Confine  (Of)  =  d;  and  *  be  put  for 
(F/J  the  Sine  of  the  fam£  Arch ;  then  {by  CoroL  to 
Lent,  i.)  sJ=iSin.  7^t  sffzn  Sin.  3^,  sC  =  Sin.  4^ 

($V.  and  confequently  j/  =d :— *V  5  =       ■    ^  C 


&"».  *4>. 


D  = 


Sin.  *p 


or, 


More- 


5  s 

over,  becaufe,  2C — iaD+'ikz=:cii  or  Dxa — Cxi=^ 
where  (as  appears  from   attovc)    D  x  «-Cx  I  =s 

Cafe  1.  Lem.2.)  we   therefore  have  £7*^/1   5  ^,(*^J 
=4*     Whence  this  Contraction. 


GM 


Take  R  to  denote 
the  ATch  (EM)  whofe 
Co-fine  (ON)  is  the 
given  Co-  efficient  4,  and 
let  ^  (EF)  be  taken 
to  EM  as  1  to  »  ;  then 
the  Co-fine  {Of)  of 
this  laft  Arch  will  be  the 
true  Value  of  a.  But 
this  is  only  one  of  the 
Values  that  a  will  admit 
of:  Fdr  it  is  well  known, 
that  the  Co-fine  of  any  Arch,  is  alfo  the  Co-fine  of  the 
fame  Arch  increafed  by  any  Number  of  Times  the  whole 
Periphery  (P).  Therefore,  feeing  the  Co-fine  of  nQ 
(==  Co-fine  of  R)  is  l.ikewlfe  =  Co-fine  P+R  =  Co-f. 
iP  +  R  =  Cof.  3P  4'R  &c.  it  follows  that  J^(whofe 
Co-fine  is  a)  will  be  exprefled  by  any*  one  of  the  Arcs, 

R    £+**M,2£i*»*(wbyEFiiO,EH;W, 


\ 


I  ■ 


if  r*fekw9g*  tkm*mt*  mortJimpU  enqr*        35 1 

Gfc.  fuppofing  the  whole  Periphery  to  be  divided  ino  n 
equal.  Fact*,  from'  tHe  Point  F)»  Hence,  if  the  'Co* 
fines  of  thefe  feveral  Arcs,  expreffing"  all  tHe  different 
Values  of  4,  be  ceprdhmed'  bf  *,  c  and"*/,  fife  refpec- 
tively,  we  fhall  have  r^— ihrx+xx>jrx—  Zprx-kx*^1, — 
adrx+x\  &c.  for  the  feveral  recraireckFa^tors)  by*tfhic& 

r  —air  x  -f  x"  may  be  refolved  ;  and  confequently 
r* — 2brx  +  x*  x  r*— Jcrtf  +  a^X  r*—  2</r#  +  **  (»)  = 

1  JSfofr,  If  the  Sign  of  the  midffleTemr^rV  be>p*- 
fitive,  the  Diftance  (or  Co-fine)  ON  mtift  be  taken  on1 
the  contrary  Side  of  the  Center1:  Bdtwhen  k  h  greater' 
than  Unity,  this  Method  of  Solution  fails ;  ftfioonoCo~: 
foo  can  begwater  than  the  Radius. 

1 

Cq$OXJJA«Y      I. 

315,  Iff  =  i,  the  Areh  R  (wiofe  Co-fine  is  *)  be- 
ing, =  O,,  the  Values  of  h\*yd,  tfr.  will  be  ekprefled 

#    J*   aP    iP* 
by  the  Co-fines  of  the  Ancr -—,-.— ,  — ,  *—   £#.  rt- 
J  ;  n     n      n       n 

fpeSively  :  And  our^gsneral  Equation  will  htote  become 


*  ■  1 1 1  *i 


,*»  _  2rV  +  *%n  =>tz  —  2irx  -f  x?  X  r*  —  2<r*  +  x% 


r*  •*•  a^r*  -h **  (»).    From  whence,  by  exttt&ing  the 

Square-Root,, on  both  Sides,  we  alfo  have  r^'w  *"  = 

1  1 

r*  —  2*rx  +  x1]    X  r1  —  arr*  +  #a J   (*). 

CoRotLARV    II. 

♦  • 

316.  But,  if  i  =  —  1    (or  the  middle  Term  br 

+  2rV)  then  the  Arch  £  being  £:  ~,  the  Values  of 

J,  r,  dy-tfe.  will,  Airs,  be  defined  by  the  Cofines  of 

the 
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P       tP     cP 

the  Arcs  — ,  j~,  -— f  &c.  and  our  Equation,  by 
taking  tbe  Root,  as  above,  will  become  r*  +  x*  = 
r*— a*r*  +  x*\  Xf*—%arx+xxf  (»)„ 


Scholium. 

317.  From  the  two  preceding  Corollaries,  the  De- 
monftration  of  that  remarkable  Property  of  the  Circle 
given,  and  applied  to  finding  a  vaft  Number  of  Fluents, 
in  C§t$t$  Harmmia  Att*furarum%  is  very  eafily,  and 
naturally,  deduced. 

For,  let  the 
Periphery  of  the 

Circle  ABB  tic. 
whofe  Radius  is 
exprefled  by  r, 
be  divided  into 
as  many  equal 

Parts  AB,  BB, 

BB,     &c.     as 

there  are  Units 
in  the  given  In- 
teger n  3  fo  that 

AB,  AB,  AB, 
fie.  may  refpediively  exhibit  the  Values  of  the  forefaid 
P     iP    iP 
~ t  ~>    _    &*•  {wd.CiroL  i.)*  Moreover,  let 


Arcs 


n  '    n  '    n 

OQ.  be  the  Co-fine  of  the  firft  of  them  5   and,  in  the 

Radius  OA  (produced  if  neceffary)  let  there  be  taken 

OP=*i  and  let  OB,  QB,  PB,  tfc.  tjc.  be  drawn: 

P  \ 
'  Then,  the  Co-fine  of  the  Angle  AOB  (-  —  J  to 

>     the 
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the  Radius  1,  being  expreiTed  by  c  (vid*  Corol.  1.)  it 
will  be  1  :  c  ::  r  (OB)  :  OQ^=  cr :  Whence  PB4  {=: 
OBa+OPa— aOQ^xOP)  =r*  *  *1—  icr*=zr%— terx 
+x\ 

By  the  very  fame  Argument  PB*  is  =  rx — 2drx+x% 
&c.  &c.  Therefore,  becaufe  r*  w  x*  zz  r* — 2hrx+ *y 

X  r* — 2a*+;r*|  x  r1 — xdrx  +  **1  fwj,  ly  Corol  1. 
it  follows  that  their  Equals,  AO  co  OP*  and  PA  x  PB  x 

PBxPB  &e.  muft  be  equal  like  wife;  Which  is  the 
firft  Part  of the  Theorem  above  hinted  at. 

1        * 
After  the  fame  Manner,  if  the  Arcs  AC,  AC,  AC, 
m  '  p      np     cp 

AC  be  taken  refpe£ively  equal  to- — ,  £— f  2_  &c. 

it  will  appear   (from  Carol,  a.)  that  AO*  +  PO"  is 

=PC xPCxPC  («)  Whith  is  the  latter  Petri  •fibifam* 
Theorem. 

Hence  (by  the  Bye)  all  the  Roots   of  the  Equa- 
tion *•  =  r*  are  very  readily    found:     For,    face 

AO'co  PO*  =  PA  x  PB  x  PB  &c.  where  the  fecond 
Fa&or  and  the  laft,  the  third  and  the  laft  but  one,  &*. 

are  refpedively  equal  to  each  other,  it  is  evident  that 

AO'co  PQ^/cD^Jisairo  =PAxPB'xPB»X  PB*= 

rmc  x  r%  —  oxrx  +  x%   X     r1  —  idrx  +   **      &c. 

Whence,  x* co *$  *  being  =  o,  it  follows  that  r  co*  X 

r*  —  2crx  +  x%  fafc.  is  =r  o :  From  which,  by  extracting 
the  Roots  out  of  the  Equations  r  co  x  =  o,  r*  —  urx 
+  **  =  o,  **  —  arfr*  -4-  **  =  o  W*.  we  get  r,  r  X 


*  +  V>—  1,'  rX    ^-/r»  —  j,    rX    J  +  V^  —  I, 

Aa  fcf*. 
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&c.  for  the  feveral  Roots  of  the  Equation  x"  =  rn ; 
^hereof  the  firft,  only,  is  poffible  when  n  is  odd ;  and 
the  firft  and  laft  when  -n  is  even. 

IJy  the  fame  Way  of  proceeding  all  the  Roots  of  the 

Equation,  x  +  r"  =  o,  will  alfo  be  found :  For,  feeing 
xn  +  r*  is   =   r*— zbrx+x%{T  X  r*—  xcrx+x%Y  &c. 

(=PCxPCxPC  &c.)  where  the  firft  Fa&or  and  the 
laft,  the  fecond  and  the  laft  but  one,  &c,  are  refpeo 

tifcly  equal  to  each  other,  it  is  plain  that  **  +  r*  is 
like  wife  =  r%  —  %brx  -f  x%  X  r*  —  ncrx  +  J  &fr.  and 

confequently  r  =  rx^i  ^h%—lJ*f*Jf*e\  W\™ 
the  Roots  arc  all  impofliblci  except  the  laft,  when  their 

Number  (n)  is  odd. 

Lemma    IV. 

3 1 8.  Suppofmg  ■  every  thing  to  remain  as  in  the  pre. 
D  t     i     i     t 

ceding    Lemma,   and  that  k,  i,  c%  d  &c.    denote    the 

'        R   P  +  R   *P+R   „     ,   Lr 

Sines  of  the  Arcs  R,  — ,  ~^— ,  — —  «*.  f  «>*'/' 
<»«  *r*  *,  *,  c>  </,  &c.)jben9  I  fay,  the  FraQion 

Inn  t 

ntr  x  .  .  *>rx         _.  . 

11  *""'  "  1^-2**+^   + 


r   — air  #    T"  x 


err 


drx 


&V. 


L7  *  mimm  

r*  —  zcrx  +  **       r4  —  ^r.r  +  xa 

For,  fincer"— air**'**"  (r*'—*h'x''+&')  i» 
=  >—2ar.v  +  ar  x  r'+;*r'*  +  br"x%  +  GV '*•' + Dr *x* 
+  Cr1*5  +  firV  +  ^rA- '  +  x '  (*?  <*'  /«"«/&«/  Lemma) 

fro.  2^,       _  &«.  3-g, 
and  it  is  alfo  proved  that  /J  = >  B  _       -      , 

C  = 


t$ +e]bh)faglhim  into  Write JmpU  one*.  3  $$ 

ft  _   Stn*  *%  y^    jt  js   evident,    therefore,   that 

r* — 2*/'#  +  *       v 

-5*X  r7x&c.  and  confequently  — ? 

=  Sin.%Xr%  +  Sin.2%Xr7x+Sin.2$xr6x*  +  Si* 
4^X  r'x*  +  Sin.  5^  X  r4*4  +  Sin.  4^  x  rV  Jfe  In 
which  Equation,  for  a  and  x,  let  their  feveral  refpec- 

tive  Values  £,  c$  d\  &t.  and  b,  cy  J9  &c*  be,  fuccef- 

lively,  fubftituted \  and  let  the  correfponding  Arcs  — i 

ti 

£+£  2P+R  &tt  ^  ^p^fo,^  by  ^  ^  ^  Wft 
then  we  (hall  have 


Which  Equations,  added  all  together,  give 


h  € 


r^^ir5****1'        r*—  a*r*+x*  +  r*— 2tr#+*' 


t*-*idrx+*i 


Aa 


r 
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II 


8»    S»    S?    S*    S* 
S'   S'   S'   s-   S' 

•         •  •  %         • 


X 


5*  ? 


SI'     31 


*>       Nl      to       *>       » 


f  -  ■"  '  —  — » 

Go     Co     Cp      Co     C* 

*     a     »     st     » 

«      «     •      ^     • 

tr     si     si     a     it 

x 

But  the  Shies  of  the  firft  Column,  being  thofe  of 
an  arithmetical  Progreffion  ( wbofe  common  {difference  i* 
p  \ 
p-  J  by  which  the  whole  Periphery  is  divided  into  n 

(s)  equal  Parts,  their  Sum  will  therefore,  it  is  well 
known,  be  equal  to  Nothing  j  or  all  the  negative  ones 
equal  to  all  the  positive  ones. 

9  The 
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The  Arte  is  aUe  true  with  regard  *>  the  Sines  of  th* 

.  ^  .              u  r   a       *R  2P+2R    4P  +  2R 
fecond  Column  i  whole  Arcs  ■—-.  — - —  ,  * — . 

If  fl  n 

fcV.  (having  —  for  their  common  Difference)  divide 

the  Periphery  (twice  taken)  into  the  feme  Number  ( n) 
of  equal  Parts.  But  the  Sines  of  the  middle  Column 
(which  is  the  laft  above  exhibited)  -mil <iot  vanift,  U 

z)\  the  reft  do  :   For,  n^  being  =  jR,  »_^=  J>+ JJ,  „^ 
=  2P  +  R*  &Tr-  the  common  Difference  will  here  bj "' 
equal  to  (  P)  the  wholfe  Periphery ;  and  therefore,  every 
Arch  terminating  in  the  fame  Point  with  thejffirft,  the 
Circle  will,  in  this  Cafe,  remain  undivided,  and  the 


' 


Sine  of  each  be.  equal  to  (k)  the  Sine  of  the  firft. 
Hence,  our  Equation  is  reduced  to  r,0-2irs#5+*|1Dx 


■  1     it,,        ■■   ■■       ^ — --as. 


b  C  i 

r*-2l>rx  +  x*  +  t*-2crx  +  x*  **•  =  S***4!  *W«h 

divided  by  r*° — zirV  +  x10,  and  multiplied  by  rxi  givei 

'  '  / 

brx  crx  drx         . . 

r*—  atovf+j**"1"  r* —  2*r;r  +  *        r* — 2-ir*+*a      """ 

5*f£L - — *Jl*L — ..   ®e.d. 


Tbi  famt  itberwife. 
319.  Since  r  —  2*r  x  +  *     is  =:  r* — a4r*+** 


r*— 2crx  +  **  X  rN-radrrjr+*»  f»j  Jy  Z/*ww  3.  it  is 

evident   that,    Log.    rtu^-%krx* +xU  =  Log. 

r*— 2*rjr+**+Log.  r%—2crx+x% + Log,  r*~-2drx + a?* 
(»,)•  And,  as  this  Equation  holds  univerfally,  Jet  i  and. 
jf  be  what  they  will  (which  two  Quantities  may  be  fup- 
pfcfcd   to  flow  independently  of  each  ptfterj  let  fhe 

A  *  J  Fluxion 
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Fluxion  of  the  whole  Equation  be  taken,  making  i  va- 

— 2kr*x* 
riablc  (and  x  conftant) ;  which  gives    M n^    ^ 

—ilrx  icrx  idrx 

^  r%  — 2brx+xx  ~  r%—2ctx+x^~  r*—  2drx+x* 
•  Ait.  ,*6.  fn)  ».  But,  i9  b,  c,  d,  &c.  arc  the  Co-fines  of  the  Arc*  R% 

— ,  — — ,  *  +  af  fcf<.  (whereof  the  correfponding 
n        n,  n 

Sines  arc  £  i,  'c\  &c.)  therefore,    the  Fluxion  of  the 
firft  of  thefe  Arcs  being  denoted  by  R,  the  Fluxion  of 

R 

each  of  the  reft  will  be  expreffed  by    — :  And  fo  (the 

Fluxion  of  the  Co-finp  of  an  Arch  being  equal  to  the 
Fluxion  of  the  Arch  itfelf  drawn  into  its  Sjnc,  applied  to 

f  Art.  h=.  Radius  f)    it   follows  that  k  =  Ri7  b  =  — x  *,<:=; 

LL  x  cy  Wc.      Which  Values  r^eing  fubftituted  ip  the 

n 

• 

foregoing  Equation*  and  the  whole  divided  by 9 

.     ^  nir  x  brx  1 

we   have    ■  zz *? 

r»*_  2*rV + *"  r*  —  ibrx  +  x% 


crx  drx 


r% 


crx  arx  *x 

—2crx+x\+  r*—2drx+x*  {   '* 

Lemma    V. 

370.  To  determine  the  Series,  arifmg  from  the  Divi&n 
of  Unity  by  a  Trinomial,  a?*-— 2arx+ri}  and"  to  exhibit 
the  Remainder  after  any  liven  Number  (v)  of  Terms  in 
the  Quotient, 

Let  x~*+4rx~*+Br%x~++Cr*x'~s+Dr*x~6  re- 
prefent  the  required  Quotient  continued  to  5  Terms 


by  refohing  them  into  morejimpk  ones.  359 

(v,  10  render  the  Procefs  the  mdrc  obvious,  bting  firft 
expounded  by  that  Number)  and  let  Er*xr^  +  Fr6*-* 

be  the  Remainder.   Then,  becaufc,    % r*  is  = 

Ar-X  +  ^nr-»  +  JEfrV-4  +  Cr3*-'  +  Dr4*-6    + 

Er%x,mJiJ^Frtxmmfi  • 

— r - -r-»    we  fhall,   by  reducing  the   whole 

Equation  to  one  Denomination,  have 


1 

1   \ 


+      I 
1      * 


I* 


1 


+ 


1 

CO 


t 


+     1     + 

53  8  to 
J     9     > 

M  v 

+  I  + 
*  I  * 
t    ?    t 

+       L     + 

j 5 

0= 

Whence  ^=2*,  Bzz%aA—  1,  C=2aB*r-J9  DzziaC 
—J*,  E=2aD—C,  and  /•=— D. 

A  a  4  There- 
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Therefore,  if  Jg,  be  now  put  for  the  Arch  who!? 
Radius  is  1  and  Co-fine  0,  and  thero  be  taken  S^Sin. 

fy  S^Si*.  a£,  8=z8in.  &>  lie.  we  fhall,  alfo,  have 

t  u  m  nn  \ 

_     S    r>         S  S  S  * 

A[xa)  _  y**-  y>c-  ^D-  y  E~  1 

=    .    . ,  ^  F  (  —  D)  ss  —  — s2^  (*r  Cwi  * 


j      i  -     v       -/  -  $ 


f 


£«».  i.)    And  coiifequently   -5 — i 

Sx^*  -f  Sr*""3  +  Sr*x^  +  Srs*    *  +  Sr*x 
, , j — 

6 • 


Sin.  6$  X  r*x-*—  Sin.  &X  r**-* 
2* 1      -*~,       "-*.     Whence,  univer- 
Sxx*—  2arx  +  r* 

^^    **—  2tfr*  +  P=: 

$r      +Sr*    3+SrV^+*r*#    5  &*•  (to  v  Terms) 

-'       — : — s + 

Sin. *+7.  g.x  Stasia,  v^x  r+'x""*1  ^^ 

Sxx*  —  2drx  +  r% 

laft  Equation  (though  obvious  enough  from  the  preceding 
one)  may  be  investigated  in  a  general  Manner  (if  re- 
quired) by  affuming  *~2+  Arx~*+  Brxx~*+Cr*x~S 


+ or      *      +  er      x        *   + 

/r"+^*'*~'  '  ,  and  proceed- 

#  _2*r;r+r»         ^  *  — 2*r*+r 

ing  as  above :    By  which  Means  you  will  find  Azz  2*, 
B=*A-i%  £*.  /=?  *«-,/=  to-  "+1  x  ^  and  / 

(==  —  ^)  :=  — cf^     And  thus  may  the  third 

Lemma 
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Lemma  be  made  out,  if  any  Objection,  or  Difficulty^ 
ftould  arifo  about  its  being  general. 


CoJtoitAfcY. 

321.  If,  in  the  given  Trinomial  **  —  2arx  +  r\  wc 
fuppofe  r%  infteaa  of  x\  to  be  the  leading  Term 
whereby  the  Quotient  is  produced ;  then,  fince  r  and 
x  are  afit&ed  exa&ly  afike  \  we  fhall,  by  writing  r  for 

*,  and  x  for  r,  have     a       ,     ■    ivt  5: 

g L_   + 

fo»-  f  +  1  X  J&x  *  r      —  Stn^vSx  *         X  r^ 

fSxr*  —  2**r  +  ** 

P  R  O  B.  J. 

£22.  7g>rf/fr  Plum  of  fr_Jrx+je^  together   with 

XX 


that  of 

'  rr — zerx+xx 

Let  ABM  fcfr.  be  a  Circle  whofe  Radius  OA  for 
DM  V  is  r,  and  let  the  Angle  AOB  be  fuch,  that  Va 
Co- line,  to  the  Radius  1, 

may  be  equal  to  a  ;    or  B^^' *\ 

fo,  that'  OQ.  (fuppofing. 

BQ,perpendicuIar  to  O  A  J 

may  be  =:  ar :   Moreover 

let  s  denote  the  Sine  of 

the  faid  Angle  AOB,  cor-  .  --**>'. 

refponding  to  the  Co-fine  *f  and  let  OP  (confidered 
as  variable  by  the  Motion  of  P  along  OA  J  exprefs  the 
Yahie  of  x:  Then,  PB*  (OBHOP*— 20Q^xOP) 
ss  r*—tm*+xx :  And  the  fluxion  of  the  Meafure  of 
the  ^ngle  QBF  (Radius  being  Unity)  will  be  repre- 

fented 
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fented  by    ~T    npx    ^'     (vuL   ArU   142.)  or    by 


BPX 


;   and  confequently  that  of  OBP9  by 


rr  —  lot x  +  xx 

rsx 

? — :  \Vhence  it  is  evident  that  the  Fluent  of 

rr—2arx+xx  •  ' 

r—  (contemporaneous  with.*)  is  truly  tx* 

rr  —  a<2r#  +  xx  x  r  '  ' 

preflcd   by  —  x  OBP. 

Again,  fince  — * — 7— •  may  be  transformed  to 

6      '  rr — 2arx+xx       J 

^-arx+xx  arx       '  t         t     _ 

^-a^r-frw  +  rr-^r^+jw1  where  the  Fluent  of 

Art.»6.  the  former  Part  is  =  i  hyp.  Log.  ZlZ2f[fL±Il  ♦  _ 
i  A#.  L«£.  ^  =  £#.  Log* -fig*  and  that  of  the  latter 

Part  =T^  x   OBP  5    it  appears  that  the  Fluent  of 

xx  PB 

rr-2*r*+  **  '"  ***  "f0"^  *  ** Z'*  05'   +     - 

■Z-'xOBP.  &E.f. 

s 

m 

Corollary. 
313.  Since,  PB.PO::  Sin.  BOP  (s) :  Sin.  OBP  s 

•rr—  %arx+xx  ;  k  foIlows» if  *•*  nypaWical  Lo- 
garitbm  of  ,  be  reprefented  by  M^  and 

■ 

sx 

the  Arch,  whole,  Sine  is  ■  ■  and  Radius 

vrr-—  larx±xx 

Unity, 
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Unity,  by  N,  that  the  Fluents  of and 

'  rr  —-  %arx  +  xx 

'    „, .'      will  be  expreflcd  by  —  and  M+  —  re- 

fpe&ively. 

PROB.    II. 

324.  To  determine  the  Fluent  of  -r — - ;   futi»- 

'  x%  —  2a rx  +  r*  *  J  F™ 

fag  »  **7  *&&  P'fxive  Number,  and  a   lefs  than 

Let  every  thing  remain  as  in  Ltmma  5.  and  then,  if 
the  Equation  there  brought  out  be  multiplied  by  x'x, 
and  v  at  the  fame  time  be  expounded  bym— 1,  we  Ihall 

fiet  *"* ,  ^  fir»-y  +  &•*—  »rf  +  yn 

•       *  —  larx+r         o ■ 

fa  — 1)   \  S'"'  m^-x  rM~l**  —  Sin.  ^ZTj  x  gx  ^ 

S  X  «r— aar*  +  rr 
Whofe  Fluent  will  therefore  be  given  by  the  preceding 
Proptfmon :  For,  fuppofmg  the  Values  of  M and  N  to 
l?c  as  there  fpecified,  the  Fluent  of  the  laft  Term 

(Sin.  m$x  rX-'xi-Sin^n^rt  x~g  x  r"*\       „ 

X  Sxxx-urx  +  rr /   wU1'  '*■ 

is  manifeft  •,  bs  expreffed  by  j  i«fe  &„.  mQ*  r*-1  x  •  At  319. 

a?/ ^r  -_, 

M  +  T  ~  *-•  '*-'  x  ^.x  r"  x  -5-  =  IZ.  into 


xV 


^  ~  "?t0  *"•  *S.X  * + c'-/  w^.x  N(h  •£*•».  a. 


364  Of  the  Tbents  4/  Ratm*I  FraSienr, 

Cafet  ,)To  wbichadding  the  Fluent  of  thepreceding  Series* 


»m«i     1     » 


|^»*«*«»«*»*»— ^n«»< 


there  refults  -jr  y  £l ,  $r*"~~*       SrV"""3  .        . 


+^-—  X  &«.  m^x  M+Co-J.  m%  x  AG       £.  £.  /. 


CofcOLLARY. 


325.  Hence,  the  Fluent  of  —***  +  r*      x 

**  —  larx  +  rr 
J>e  deduced  :   For,  by  writing  j*~j,  inftead  of  w»,  the 

Fluent  of  ■    '      ■■■      ■■■    will  be  found  r=    --*  x 

xx  —  2#rx  +  rr  & 


Sh.  n-ix^X  M+  Co-f.  m^iX^xN:  Which  Flu- 
cot  being  multiplied  by  r,  and  f&rf  of  — 


x"* 


xx  —  tarx+rr 
(given  above)  by  —  #,  we  foal),  when  the  homologous 

Terms  are  united,  have  -k*  x  —  aS  x  * *§ $  X 


4^*MM 


r*        —  aS  —  Sx- (m  —  1)   +  ^-  into  — 


r— 2  »— 3 


Sin.  m%*  a  — Sin.  jw—  i  x  ^.X  A/—  6*/. «j^  x  tf  — 

C^/Tm^ Tx~J^X  #,  for  the  true  FJuent  of  the  Quan- 
tity propounded. 

But  (*y  Gj/J  i.  Lem.  %.)  a~— —  ( s 
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1    1 

mS—S 


I    (Sim.  &xa~-$m.  *g.x R«l.\ 


s 

&c.    And,  by  Cafi  2.  of  the  fitone  Lemma, 


mmamm^m 


by  fubftitutwg  thcfe  Values*  our  Fluent  is  reduced  to 


w— I  w— * 


—  Cf.Slx  —  — C/a^x  „—;—  (H  &x 


*■*■#"*""*        ^    +  r*x     T    .  %  m—i 


—  C*-/4^x   -^j    (*-ij  — 


*"  X 


P  R  o  b.  in. 


X&.  To  determine  the  Fluent  of    xm    „  '     .    %  i   tmdit 

*  J   r  —2arx+x%  * 

the  Rejlriftltms  fpecified  in  the  preceding  Problem. 

If  the  Equation  in  Art.  3*1.  be  multiply'd  by  *~**t 
cmd  v  at   die   fane   time  be  expounded  by  m,  w* 

x     x 
fcall  have  ■  '  ,  "  J  5? 


r^^*     Sin.  m  +  r  X  ^X  rx  — Sin,  mg,  x  xx 
S      *  r* — tarx+x% 


r  ~    f 


Wfiere,  the  Fluent  of  the  laft  Term  being  — j—  * 

—  *   ■    '  II     !■■ 

AT        7# *?7#  —  .  . 


-  * 


j—  into— £/*.  »i^  x  M  + 
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Sin.  m+  i  xPj—  Sin.  mPx  A  mT  r~~ ■"" l 


x 


—  Ai*  m*L,xM+  Co  J.  m^X  N  (byCafty  Lem.  2.) 
it  follows  that  the  Fluent  of  the  whole  Ex  predion,  or 
the  Quantity  fought,  will  be  truly  expreffed  by 

l_  x  Sr     *        +  ~— * +  W«.  or  it»  Equal 

5  i—m  2 — m 

•_        «««-"       &»T        S*5-"  /-1--J. 


I  ^ — — — ====^==— — 


P  R  O  B    IV. 


4?  JIT 


327.   3T#  /«<*    **<  *****  rf  rn  .     »   »      *      *»*     »     *"»£ 

419  wJW/  ^Ww  Numbers,    wbergof  the  former  does 

mot  exceed  ths  latter. 

Let  *    *,  i%  ***•  denote  the  Co-fines  of  the  Arc* 

2^2!  3x3^  5x^60;    «,,.   (Radiu8  feeing  Unity) 

Then  (by  Curd,  a.  I«w.  3.)  *«  &all  have  r"  +  x*  =3 
rr— 2Jr*+**!*  X  rr— a*r*  +  *;r|  X  rr — 2^r*+xxi 
(n).  Whence  Log.  r*  +  xa  =i  Ltg.rr—ikrx  +  xx  + 
i  Log.  rr  —  2crx  +  xx  +  i  Log.  rr—idrx  +  xx  (n) 
and,  confequently,   by   taking  the  Fluxion,   on  both 

_. ,         nx       x  xx—brx  xx — crx 

9  .  r"+x*         xx—lbrx  +  rr  T    xx—2crx+rr  T 

XXmmmdrx 

•Ait.  i»6. r-: — '- —  *  (n)x  which  laft  Equation,  multiply'd  by 

xx—lorx+rr 

'    *     „•.—        ***  xx—brx         .         xoe^crx 

rr   gives  —  — -l  m 


**  r*  +  #*        ***— -airx  +  rr         ** — zcrx  +  rf 


by  refohing  them  into  morejimpk  ones.  367 

xx — drx 


,  ,  (n).    Let  each  Side  hereof  be  now 

xx—zarx+rr  x  ' 

fubtra&ed  from  n  (or,  which  comes  to  the  fame  thing* 
let  „    be  taken  from  n9  and  each  of  the  (n) 

f '       +     X 

Terms  on  the   other   Side,   from   Unity)    then    we 

u*                ~brx+rr  — crx+rr 

(hall  have  — ~  = '    i_^_  + 


rn+x*  **~  %brx  +  rr         xx-t-zcrx  +  rr 

+  .  —*-*"      (n) :   Which  multiply'd  by  I 
xx — 2drx+rr   l   '  r  j        j    - 


r 


x 


«r        X  * &    _     — ***  +  rx        x 

glreS    ■  m  S       ~        **-lbrx+rr        + 

r     T   * 

x* — 2*r*  +  rr 

But  now,  to  determine  the  Fluent  hereof,  let  the 

/1800    3x180°    5x180* 

fevenu  Arcs  ( ,  ,  ■ lie.)    above 

\    11  fi  ft 

t~         B        Ml 

fpecified,  be  denoted  by   4^3.»4»4L>   <*'•   1*0*0 
lively  j  alfo  let  #,  AT,  N9  tic.  exprefs  the  Meafures  of 

the    Angles    whofe    Sines    are      .  ^—=m 

V rr  —  zbr*  +  xx* 


•** — 2cr*+rr     tfxx — idrx-trr 

M9  Vc.  the  hyperbolic  Logarithms  of  tAr—afr* +rr 


V**  —  icrx+rr     Vxx — %drx+rr     f.         _ 

f tic.     Then    (7y 

C#r*/.  to  Pnb.    a.)    the  Fluent   of  the   firft   Term, 

— <bxmx  +  r*^H"1* 
«*— air*+ir       (cxP°unding   a  by  b)   comes  out 
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3©  x (m— 1)    +  r"    x   into   Sin.m$*N— 

Co-/.  mS%  M.  a'  *      „ 

In  the  fame  Manner,  by  writing  e  for  *,  Q  for  ^ 

Affer  if,  and  N for  30  thcFluentof  the fecond  Term, 


—  1 


**— *crx+rr 


\  is  found  ==  —  Co-f.  £,  *  -— — 


Therefore  the  Fhient  of  the  -whole  ExprcJKon,  by 
toileting  the  homologous  Terras,  appears  to  be 

I 

^ , 


D   D    o   £> 

?  V>  ^  S%  ^ 
?    w    1°    **    t> 


x 


8 

I 
10 


s 


I 


a- 
I 

I* 


~  s  r  s>  s 

•       OJ      IaJ      U>     U) 


I 


'! 


s 
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+  r 


Sin.  mQ  x  iV—  C*-f.  m%  X  M 


Sin.  w4  K  //—  &■/.  m&xM 


X  < 


II 


Sin.  mQ  x  #—  &-/.  m^x  M 


0         11 
Co-f.  mQ  X  M 

fie. 


But  the  Co-fines  of  the  firft  Column  being  thofe  of  an 

->  *u     *••  1  t>        ~       /1800    3x180°    5x180° 
arithmetical  Progreffion  ( ,  — •  '  ■    ■     ■ 

tf<  1)  whofe  common  Difference  is  * — ,  whereby  the 

whole  Periphery  is  divided  into  n  equal  Parts  ( vi^.  Art. 
317.)  they  will  therefore  deftroy  one  another  y  fince  it  is 
well  known  that,  if  the  Periphery  of  any  Circle  be  di- 
vided into  any  Number  ( n )  of  equal  Parts,  the  negative 
Sines  and  Co-fines  will  be  equal  to  the  pofitive  ones  $ 
which  is  felf-evident  when  their  Number  is  even. 

Hence  the  Co-fines  in  the  fecond  and  third  Columns, 
&c.  will  alfo  deftroy  one  another  (vid.  Art.  318.)  Bu{ 
tboftofthc  laft  Column  of  all,  as  well  as  the  Sines,  having 
unequal  Multiplicators,   muft  remain  as   above,  and 

that  Column,  along,  (drawn  into 


true  Fluent  of  - 


Jx 


180°' 


r"  +  *" 


')  will  be  the 
Whence,  putting  mQ 


( —  m  *  ~—  )  =  U,  and  dividing    by   nr""**, 


we 


(hall  (becaufe  4=  3^  £=  5&  €=7^.^.)  have 

Bb 


37° 


Qftbf  Fluents  affatM  Frtftms* 

SbT°Rx  N—Ce-f.   R*M 


Sin.  3*  x  JV—  Co-f.  zRxM 
*<  SiTjRxft—C£/:5Rx$ 

L  &*•  (to  n  Lines.) 


Fluent  of 

m — i  . 


n    ,      it 

r  +* 


^.  £.  /. 


Corollary. 


328.  Since  die  firft  and  the  laft,  the  fecood  and 
the  laft  but  one,  &c.  qS  the  foregoing  Quantifies 
**  —  ibrx  -f  rrr  xx  —  qcrx  +  rr9  i*  —  2<ft**  +  rf 
&c.  are  refpedtfvely  equal  to  each  other  (vid.  Art. 
217.)  the  correfponding  Fluents*  found  abwft,  w<U 
likewife   be    equal:     And    therefore    the   Fluent    of 


■,1       "     will,  alfb9  be  expreffcd  by 
r*  +  x 


iin.   Rx2N—Gbtf  RxiM 
x  £  «Tp  x  2tf—  Go-f.  3JJ  X  2*f 


The   Number  of  Liqes   to    be  {hip  talfen  being 

si*  wfceq  » is  eve*  *  but,  (tfaprwfe,  = -rr^r  ;   in 

wtyc]*  l^ft  C^(e,  fb(e  ^og^ithm,  c*a  in  the  bft  Line, 
muft  be  taken  only  once,  inftead  of  twice;  being  that 

©f  — -—  (vid.  Art.  317.) 


PR  OB. 


hy  rejbhing  them  into  toorejtmpte  ones.         371 


PROB.     V. 


«— I 


329;  To  find  the  Fluent  of  t * ;  m  and  n  being  as 

-     rn^xn 

in  the  pr ending  Problem. 
If  b,  r,  d,  ftc%  be  taken  t£  denote  the  Co-fines  of 

.v     a  °     3600    2  X  ^6o°  _ 

the  Arcs  —>  i— f —  #,.  t0  n  Terms,  it  will 

appear  (from  Cotol.  u  to  L$m.  3.)  that  r*  —  **  is  =s 

T  * .1  t  -  -       * 

rr — ibtx+xxf  X  rr — %crx+xx\     x  rr — 2drx+xx\% 
(*).    Fr6m  Whence,  by  following  the  Method  of  the 


laft  Problem,    vfre    alfo    have 


—*bx  x  +  rx       x       —ex  x  +  rx       x   ** 

xx—7brx  -f-  rr  xx  —  2crx  -j-  rr 

Which  Fluxion  having  exaclly  the  fame  Form  with  that 
ill  the  preteding  Problem^  its  Fluent  will  alfo  be  ex* 
prtfled  in  the  Vei*y  facie  Manner ;  that  is,  by 

Sh.  ife^X  if  —  Co-f  m%X  M 

Sin.  wj|  x.tf  —  Co-f.  m£x  M 

Sin.  4xi?-  Co~f.  m%  x  & 
(&c.  to  n  Lines.) 

a    #  <        6    3609 

Only  Jgj  ^ ,  ^  fcf*.  muft  here  lland  for  -S , 

11*21,  axjfiS  e*.  (inftead  of  *&,   l*^, 
n       *         n  *  »   *  »       * 

n  / 

B  t  2  There- 
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Therefore,  fince  the  multiple  ArcsmJ^  /»j£,  m§J&c* 

?6o°  3600 

are,  in  this  Cafe,  equal  to  o,  m  x  - — ,  am  X  * — , 


26o 
n 


n  n 

o 


pt  X  * &c.  (whereof  the  Sine  of  the  firft  is  ss  o, 

and  its  Co-fine  =  Unity)  we  (hall,  by  putting  R  =  m  X 

•»6o° 

" — ,  and  dividing  the  forefiud  Fluent  by  ar*""1,  have 

r*. ...,.- M-i 

Sin.  Rxfl—a-f.  Rxjfol 


r 
■n 


=FIu-  *~     * 


x  <  Sin.2Rx#—Co-f.2Rx&  y  cnt  of  T^V 

J  SiH.3R  x  %—Co-f.iR xKi\ 
I       (&f.  to  n  Lines.)  J 

Corollary. 

*  330.  Since,  in  the  Fluent  here  given,  the  fecond 
Line  and  the  laft,  the  third  and  the  laft  but  one,  &c* 
are  refpedtvely  equal  (vid.  Art.  3x7.)  the  lame  may  alfo 
be  exhibited,  thus ; 

•  ±~  Af 

•    •••••   ^^  •    •    •   •      jn 

x  <  Shu    R  x  a#—  Co-f.  RxiM 
Sin.  %R  x  2#—  C*-/  *Rx2& 
(tfr.  to Lines.) 

Scholium. 
« 

331.  If  the  Semi-Peripherv  ABCH  of  the  Circle 
whofe  Diameter  AH  is  %r%  be  divided  into  a*  many 

equal 


iy  rijbhing  them  into  morejimpk  ones.  373 

equal  Parts   AB,  BC, 

/    /     1 
CB,  B  C  Gf c.  as  there 

are  Units  in  n  (fo  that 
AB=    i!°!    =£, 

n 

AB=3x!^   =1  A^     Jo 

&c.vid;Art.  317.  and  327.)  and  in  the  Radius  OA 
(produced,  if  neceffary)  there  be  taken  OP=*,  and 
PB,  OB  &f*.  be  drawn,  it  will  appear  (from  the  faid 
Articles,   and   from    Prop.    1.)    that  the   Quantities 

Vr%— zbrx+xx,     V  r%— 2crx+x%    fefr.   in  the  former 
.  of  the  two  preceding  Problems,  will  here  be  expounded 

by  PB,  PB  fefc.  refpeftively :    From  whence  it  is  al- 

fo  plain,  that  the  Meafures  N9  N  &c.  of  the  Angles 

,    -      e.  *  X  Sin.  J§>  xx  Sin.  9 

yrhofc    Sines   are       ,-,■■■■  '■■>       -y  «  ^* - 

1 
&c  *  will  here  be  expounded  by  OBP,  OBP,  &c.  &V.  •  Attm  311> 

«—  I  .  and  t2t. 

xx 

Therefore  the  Fluent  of  ,  given  in  the  Co* 

rollary  to  the  forefaid  Propofition,  may  be  thus  exhibited,  / 

SlnTR  x  2  (OBP)  —  Co-f.Rx  2(0 Ax  PB)  ( 

x  {  $i^R  x  a  {OBP)  —  C*-/.  Rx  2  (OAiPB) 

«  .  ,  i8o°\ 

Where  the  Arch  R  is  ( =»  x  — -  )  =»x  AB,  and 

where  (OA:  PB)  is  put  (after  thp  Manner  of  Cbus) 

PB 
to  exprefs  the  hyperbolical  Logarithm  of  j^j.      It  is 

\jA 

alfo  to  be  obferved,  that,  when  the  laft  of  the  Points  B, 

Bb  3 


,174  Of  tie  Fty**t  of  Itattuta!  F*a$wnt 


II 


B,  B  Cfff.  fad  is  upon  H  (which  will  always  happoff 
when  n  is  an  odd{f  an*ber)  the  A«gle>  ii\  the  laft  Lin* 
of  the  Fiu^pt,    will  vanish,   ^?d   th^  CQrrefpo^Uijj 

PH\ 

Logajitl^n   (w^i.cl|   i*  that  of    <^  Vmuit    thai    t* 

tajftn^  inftead  of  twice,  only  once. 

In  the  very  (ame  Manner  \t  will  appear*  thatx  tbq 
Arcs  ^  $>  &c.  in  the  fecond  Cafe,  where  the  Fhwqt 


of  — ;  is  fought,   will  be>  reipe&iicQly*.  expounded 

T  —X 

I  I      a 

by  AC,  AC  &c.   alfo  the  cqrrefponding  Angles  JV,  N 

&c.  by  OCPy  OCP  &c.  and  the  Fluent  itfelf  by     - 

* — (OA :  PC) 


"m—n 

n 


r x  I  Sin.  R*  %  (OCP)  —Co-J.  R  x  2  fO^  :  W 

I5lz$XZ  (OCP)  —Co-f.tR  X  ?  (OA:  PC) 

Where  the  Arch  R  (=  a*  x  ^ — -)  =  m  x  i*C *  and 

where,  a%  w,cll  as  in  th*  preceding  Cafe,  all  the  Arcs, 
S^es  and  Co-fines  are  fuppofed  to  have  IJnity  for  their 
Radius, 

332.    Prom    the   Fluents  of 


thus    $vcn*     tboji   of 


r    +  x 


XV^T^^X  ^f,"*-HrP^ 


— - and »    where  v  denotes  any 

r  —  *,  *r  -?*  x. 

whole  Number,  may  be  very  eafily  deduced;  either  from 
Art.  2I3*  andV  or  (more  rcadtf)0  **•  dividing  thft 
Numerator  by  the  Denominator,  and  continuing  the 

Quo- 


by  refohntig  them  into  morefimple  oriti.  yj§ 

4 

Quotient  to  as  many  Terms  as  there  are  Units  in  v*.  By  »  Art.  150. 
which  means,  iff  be  put  :r  vn  -f  m,^j  =  vn — my  and 

x        x  x         x 

the  Fluents  of  ■■   ■      r  and    be  denoted  by  V 

it         W  n         n  * 

r  +  *  r  —  * 

and  W refpeftivety,  the  Fluents,  in  the  four  Cafes  fpe- 
,  cified  above,  Will  be  expreffed  by 


**"*  **~*    ■         *"*    (v)+  — 

tr*        n—q.r  2»— tf.r'  r 

refpe&ively. 

Moreover,  from  the* ftme  Fidelity,  tbdfi  of  -  ^    i» 
ftift  . -— '  will  likeffife  become  krtovtn  : 

tr-fi? 

For  (having  transformed   the  Fluxions  here  pro- 

«*   ■  . 

pofed  to  J-  x  - — ^~,    «**.;  let  tt~  beput  =*%• 


or  x 


_  MV  i  then  will  Jf   =  jp  x  *",    "* 


coftfcquently-i  rt*  *  ="7i     x  w*'*""1** 

B  b  4  Whence 
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Whence  z'       *  =  J   *  jT   x  j""1*,   and  1  ± 

M 

£-  =  1  ±%    1  and  therefore  ll *    f     ±  x   i 

'  '+/*     V      /  j 

v    *l"»"  *"     -If     1  —  -I-         "*1  "  **~I* 

Whofe  Fluent  is  given,  by  Prob.  4*  or  5.     But,  r  being 
here  =  1,  the  general  Multiplicator ,    there  gi* 

▼en,  will  be  barely  =  —  :  Which,  drawn  into  —  K 

m  m 

4|    »  g>vcs  ""  x  "71  '   ^  the  general  Multiplicator 

in  this  Cafe. 

One  thing  more,  though  well  known  to  Mathemati- 
cians, it  may  be  proper  here  to  take  notice  of;  and  that 
relates  to  the  Sines  and  Co-fines  of  the  fore-mention'd 
Arcs,  R,  2/?,  3&,  &c.  tsfc.  (multiplying  the  feveral 
Angles  and  Ratios)  fome  of  which  Arcs  do  frequently 
exceed  the  whole  Periphery :  When  this  happens  to  be 
the  Cafe,  the  Periphery,  or  3600,  mult  be  fubrraded 
as  often  as  poffible,  and  the  Sine  and  Co-fine  of  the 
Remainder  be  taken.  Tf  the  Remainder  be  greater 
than  1 80%  the  Sine,  falling  in  the  lower  Semi-Circle, 
will  be  negative;, if,  between  90°  and  2 7oQ,  the  Co- 
fine*  falling  beyond  the  Center,  will  b$  negative. 

PROB.    VI. 


•1 . 

333.  To  find  the  Fluent  of    ■       "  *   %m    .    when 

r    —2*rx  +*       » 

n  and  m  denote  any  whole  poftiive  Numbers,  and  where 
the  given  Bxprejfion  cannot  be  refilved  into  two  Bino- 
mials (k  being  lefs  than  Unity.     Art.  308*  and  31Q.) 

Let 


by  refofoing  them  into  more  fimpk  ones.  377 

Let  R  be  the  Arch  whofc  Co-fine  is  k  and  Radius 

Unity,  and  let  k  be  the  Sine  of  the  fame  Arch  ;  more- 

L      a         R    R+  3600     -R  +  2  x  3600 
over,   let   the  Arcs   — , ,    — * — » 

•  ft  ft  ft 

Z+JX.  m.  &t.  be  denoted  by  £,  £,  ^,  •£,  £ 


•      /      / 


fete   and  let  £,  c,  ^  fefr.  and  4,  <•,  rf  fef<r.  exprefs  the 
Sines,  and  the  Co- fines  of  the  fame  Arcs  refpe&ivdy. 

r»L  .„  nkr'x*  _  brx 

Then   will  — r-  -"  *3 ~t "    •   '  »  + 

£!!? 4.  _- f — - — %  &c*  (n)  by  Lemma  4.) 

From    whence,   multiplying  the    whole  Equation  by     . 

— ; —  we   have       2ts        n  H      »•    =     '  *-i    «* 
»rr*      • 

_  _**"*  ,  ****       •     i *?*  &c. 

r*—2brx+x%  +  r*—  2<rx+x%  "*"  r%—2drx+x% 

i 
bxmx 

Now,  the  Fluent  of  the  firft  Term  hereof -5-— — ~ 
3  r  -*2brx+x 

-           -  V  xx—  lbrx+xx 
(if  M  be  put  for  the  hyp.  Log.  of  ■ , 

and  N  for  the  Arch  whofe  Radius  is  Unity,  and  Sine 
x  x  Sm.  g,      A  p       %j  tQ  bc  = 

— —  &c.  (m—i)  +  r"~x  x  Sin. m&X M  +  v*-jm. 
m — 3 

-  From 
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Fieti  whence,  if  t&t  Arc*  fehofe  Sines  are 


*  n   Stffr  ^ 


// 


X=±S= 


*V—  2tf*  +**'     V  r*—"tdrx  +  ** 


t^*.      be    rtprc- 


fcntcd  by  JI/,  i/  £tfr.  and  the  Logarithms  whofe  Nirafr* 

bers  are  — .  « cff*.   by 

r  r 

#,  #  <*<.  refpeSfively,  tfte  f  Iu«t  of  the  wfiole  £*- 
■reffion,  omitting  the  gcna&A-  Muldplicator 

will  be 

*.  £\  f$».  2<ty  rs;*.  3C> 

Sou  £f*S=i+ j#A  »£f  X£r  +  *{  &«•  3&  * 


'4 


(&ta  to  «— r  Terms) 


|  Sin.  3<£ 


Sin.m^x  M +  C*-f.  tiutx  N 


+  T 


X    < 


r    /     r    / 

Si*.  ih£.x  i/+  Co-f.  «^x  JV 
Sin.  tJLx  M+  Co-f.  m^X  N  f 


■—  A 


t  -  „ 

But,  the  Sines  of  the  firft  Column  being  thtjfeof  an 

tritHtaetical  Progreffion  (whofe  common  Difference '  is 

5  3^ 


by  xejb&ving  them  into  morefinpk  9ms.  379 

2L- 1  which  arifes.  V]|  dividing  tb*  whole  Periphery  into 

n  equal  Parts,  their  Sum  wift,  therefore*  be   equal  to 

Nothing. 

Moreover,  the  Sines,  of  the  fecond  Column,  having 

£•— -for  the  common  Difference  of  their  refpedive 

a    n 

Arcs  do,  alfo*  4hrkk  the  whole  Petif ha*y  (twice  tafcto) 

into  n  equal  Parts,  and  therefore  deftroy  qach  other. 

The  fame  is  BlNhtife-  true,  wkft  regatd  to  the  Sines 

of  every  othe.1  Column  (except  th«  laft  of  all)  when 

m—  1  is  lefs  than  * .     But,  if  m  be  greater  than  »,  the 

£  W*  ii|  the  Cokwnifc  whofr  Place  from  the  fab*  in* 

clufive,  is  denoted  by  »,  being  expreffed  by  » j^,  wj^, 

»^yA(or  #,  Jt+366*,  J8  +  2X36Q9  WV.)  whewrf 
the  common  Di&r«»ce  is  the  whole  Periphery ;  the 
Sines  of  that  Column-  d«  not  deftroy  one  another,,  but 
each  is  equal  to  ttaatofc  the  feft  Arc  It  [Vid±  Art.  3*4* 
and  318.)  and  consequently  their  Sum  equal  to  nxSin.R, 
In  like  Ma.o»er,  if  m  ba  greater  than.  2»,  the  Series, 
continued  to  mr-i  Terms*  wilF,  take  in  the  Column, 


/         n 


where  the  Arc*  arc  2*.^  2»4L>  2*l>  &c-  Tor  *R> 
0.R  -f  a x  360°^  fc#-t*x  360°'  &fo)  whereof  the  Sine 
of  each  is,  alfo,  equal  to  the  Sine  of  the  firft  (2  A)  and 
therefore  their  Sum  =  n  x  Sin.  2  R. 

Thus,  alftvitwill  appear  that  the  Sines  of  the  Column 
whofe  Diftance  fr«ftr  the  firft,  indufive,  is  yi  (when  m 
to  greater  than  yt)  will  be  e*eb-  equal  to  Sbt*'2&  1  &c 

fcff.    ' 

f  Thorefom,  feeing  all  fcher Columns  da>a£hially  raniflty 
except  thofe.  above  fpecified ;  whofe  Places  from  the 
Beginning  arc  denoted*  by  a*.  2*>  3»  &c*.  and  whofe 
corrxfppnding  Terms,  0/  Muhiplicators  are,  therefore, 


reprefented  by      m_n    -,       OTM.2II      >      w_^ 

£sfr.  it  is  evident  that  the  whole  Expreffion  will  be  re-s 
tfuced  to 
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nr      XT  - — — -         nf 


tin.R    x    +    Sin.  %R    x 


+  Sin.  3«  x  - - Vc. 


(Sin.  mQx. M+  Co-f.m$xN 
Sin.  m%x Af+  C,-/jbJ$x N 
<f  r~~l  into <  Sin. mSx M+  C9'f.mSx N 

Which,  multiply^  by  — — ,    the  fbrcfaid,  general, 


vkr 


x    - 


M  ultfplicatof,   gires  Sj».  i?  x  •■  ■     — ,  +  Sin.  2^   x 

m~~n.i 

;  +  Sin.  3R  x  ** — p  €fr. 

m — in .  £  m — 3»  •  i 

~Sin.  m$X M+Co-f.  m$X N 

Sin.  m$>xM+C9-f.  m&xN 

M  ff  ^u**  ft 

Sin.  m%xM+Co-f.  m^xN 


r 


n}  w      _»_     ^     .       *'       # 


I 


Sin.  mQxM+Co-f.  mQxN 


*'+— *i 


for  the  true  Fluent  of  — — —  •     Where 

r%m—tkr"xn  +  * 

the  former  Part  of  the  Expreffion  muft  be  continued  to 

as  many  Terms  as  there  are  Units  in    ■  (the  Re- 

n       y 

maindert  if  any,  being  negle&ed. )  $.£.  /. 

Corollary 


ty  rejblving  them  into  morejimpk  ones.         381 

« 

Corollary. 

334.  If  the  Quotient  arifmg  from  the  Divifion  of  m 
by  n  (when  the  former  exceeds)  be  denoted  by  v>  and 
the  Remainder  by  t ;  or,  which  is  the  fame,  if  vn  +  t  = 

m,  it  is  evident  the  Arcs  ml%j  m%>j>  mQ  &c.  which 

360* 

are  refpedively  equal  to  mSi  +  m  X  ,  m<^  +  tm  % 

ft 

^>*^+3*x2~,  Vc.  (by   Conftniaion)   will 

360*    '  ~ 
alfo  be  equal  to*i4L+  vx  360°  +  /  x  •—— ,  «4L+  2vx 

360°  +  if  x  - —  &r.  whereof  the  Sines  and  Co-fines 

(omitting  t>  x  360%  avx  360°  £sfa.  the  Multiples  of  the 
whole  Periphery)  are  the  fame  with  thofe  of  m~L+t  x 

££ ,  »4L+  2/  x  2-S.  fc** .  refpeaively. 

Therefore,  if  the  Arcs  of  the  Progreffion,  whereof 
the  firft  Term  is  «£*  and  the  common  Difference  t  x 

3*2!,  be  reprefented  by  %  fy  f  &c.  -refpeaively  j  it 
n 

follows  that  the  Fluent  of     %n         n    * — -  ( <*f 

r    —  air  *    +*      x 

— j-;; 1  will,  *//*,  be  truly  cxpreffed  by 

r    —  lirx   +  *    ' 


m 

r  x 


Sim.  R  x  ,  +  tf*.2&  X  ,  +  &'».  3*x 

w— if .  i  m— aw.i 


/ 


» 
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rSin.  f  x  M+  Ct-f.  TxN 
'  Sin.fx  Af  +  Co-f.  t  x  & 


+  —T<Si*.Tx  M+Co-f.  X'x  tf 

In  the  very    fame  Manner  the  Fluent  of 
*   '  (where  the  Sign  of  the  fecond  Tern* 


is  pofitive)  will  be  exhibited ;  it  R  be  taken  to  dinot* 
the  Arch  whofe  Co  fine  is  — ij  which  will,  in  this 
Cafe,  be  greater  than  a  Quadrant* 

PROPOSITION    VII. 

335.  To  find  the  Fluent  of  ■  •    %mier 

r    — %kr  x   +x 
ttm  Rjhi&iont  mmMud  m  the  la/l  ProUm* 

Let  every  thing  remain  as  before :    Then  we  ft*B 
haye  — ~ —  =  TIm  into        **     x 

rt    *  fJr""*^      ("}  Whcrcof the Flucft* (^ PnK 3 0 


into 


a— axr1 


1 


fy  refohing  tim  into  tnorejmpk  9ne$. 

&*.      J 

*  ,  —  Sin.  *£x  j(f+Co-f.ml£x  N 
—ft*  »3b<  # + Co-f.  m£x# 
Which,  by  Reasoning  «s  above,    will  b«  reduced  to 


*~$n.&  X  ■.  >«   -  Six.  a*  * 


.ir 


a«.*r 


—  tf».  fxjfr+Ct-/&xti 
frr"+"      1  -  ««, f  X &+  Cf/.?X  ft 


Vt. 


&t. 


Scholiqm. 

336.   If)  from  the  '  •  -w--  ^  /,» 

Center    Q,    of  th«  JVk_A> 

Circlo  ABCD,  whofc 
Radius  OA,  «T  OY* 
k  r,  there  be  taken  B 
OL  eqt^}  to  i  and 
OP=*;  and  if  the  \ 
Arch  AB  be  to  the 
Arch  AK,  whofe 
Co-fine  is  ^  i,  as 
I    to  a*    and   each      ., 

of     & 


3*£*A 


3*3 
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of  the  Arcs  BC,   CD,  DE  tic.  be   taken  equal  td 
&C.&C    Then  the  Angles  R,  3L,  £,  &c.    fpe-* 


cified  (in  the  two  preceding  Problems)  being  here  ex- 
pounded by  AK%  AB,  AC  &c.  refpeaively,  we  have 
PB  =  y/r2"— 2brx+x\  PC  tz  Vr*  —  2crx  +  **  &c 
{Fid.  Art.  317.  and  323.)    Whence,  alfo,  the  Angle* 

,      m  x*  Sin.  9 

N%  N,  X   esr<.    whofe    Sines    are  ^_2tnc+^ 

x  X  Sin*  9  xx  Sin.  Q        t+        ...   .         < 

1         ^'   -  11  &c.  will  here  be 

yV—  2crx  +  x*    y/r%—2drx  +  *% 

equal  to  B%  C>  2>  #f-      Therefore    the    Fluents  of 


-,     and - —      (*•»« 

gwen)  will,  alfo,  be  truly  denned  by 

Sin.  %R       A"-**      .  Sin.  jR       r%nx*~* 


(to  2— -Term*) 

fSin.  Tx(OB:  PB)  +C«-f.  Tx  (S) 

Sm.tx  (OC-.PC)  +Ct-f.f  x  (C) 

ff^  Sin.  fx(OD:  PD)  +Co-f.fx  (D) 

+M*Sin.R  *  J  Sin.  fx(0£i PE)  +C-flx(—E) 

8in."fx(0FiPF)  +C-f.  T  (-J7 
&t.  tfc. 


And 


^1  a  In  In 

TTfOtUl 


And  by—.  : 


m—n.r** 


St*.  iR 

©    x  ==*_ 


nr"TmxSi«.R 


fe<pe&iveiy. 


'—Si+TxiOBiPB) +C-/Tx(B) 
—3;f,.Tx(0C:PC)+Ct-f.Tx(C) 
Si*.Tx{OD:PD) + Co-f.Tx{D) 
—SmA(OE:PE) +&/.&(—£) 

////  #f 

—Si*.Tx(OF:PF)  +C,-f.fx(-F) 
tfc> 


KCK 


Where  the  Arc  ^f  (or  *)  will  be  greater  than  a 
Quadrant  when  the  Sign  of  k  is  pofitive  j  but  left,  when 

negative  |  and  where  the  Arcs  %  f,  {  fte.  denote  an 
arithmetical  Frogrellion,  whofe  firft  Term  (T)  is  equal 
to  mxJB, ,  and  whereof  the  common  Difference  is 

equal  to  ip (of  ^multiplied  by  m, when m is  lefs 

than  »j  butotherwife  by  the  Remainder,  of  m  divided 
by  h. 

C  c  337- 


3*J 
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337.  Hence  the  Fluent  of    _     .        «^  where  j 

is  any  Number,  either  whole  or  broken,  may  be  very 
eafily  deduced  :  For,  having  transformed  the  Denomi- 
nator to  g  x  -  X  f~  +  2*f f  put  —  =  >"  -£  = 
air",  and  a*  ==#"$    and  then  it  will  become  =£  X 


f±Tf 


r**^f  2*/*"+ #  "  :    Moreover,  *      *      being   = 


.    m 


jr"!  =  x        ,   and  q  +  —  ^   x  z*1  •  y      *  = 

n'+m  x  ar***""**,  the  Numerator  will  be  reduced  to 

—  x  j*^-*""1* ;    And  fo,  we  have  —  = 

*  <+/*'  +  ***' 

xn±m~lx  X 

—  x  -rrrr — 7-7"; ^  :   In  which  *  =  z*>  r  = 

jy  A  ran  +  2*rV  +  x*" 


*i 


But,  it  may  be 


•»»'*• 


obferved,  that  the  Fluent  hereof  is,  only,  given  when 

•Art.  333.  3£_  (or  its  Equal  k)  is  lefs  than  Unity  #.     Therefore, 

Veg  

if  if  be  greater  than  V  eg  ;  or  if  the  Values  of  s  and  g 
arc  unlike,  with  regard  to  pofitive  and  negative,  fo  that 

\'~eg  is  impoflible,  the  above  Solution  fails.  But,  here, 
the  aiven  Trinomial  may  be  refolved  into  two  Bino- 
mials (by  Art*  3*0.)  and,  from  thence,  the  Fluent 
may  be  found  at  two  Operations  (by  Prob.  4.  and^) 

For, 


iy  refohing  them  into  morejimple  ones.         387 

For,  by  feigning  e+fy  +  £y*=o,  in  order  to  fuch  a 

Refolution,  we  get   ±if+**f%n3[9    and 
& 

=^-Zl -— ^ *  for  the  Roots  of  that  Equation, 

g 
or  the  two  firft  Terms   of  the  required  Binomials : 
Which  therefore  are  always  poflible  when  \fx  —  eg  is 
pofitive,  or  when  the  foregoing  Solution  fails. 

By  denoting  the  faid  Roots  by  H  and  AT,  the  Trino- 

mial  *  ^fif+gafl  is  refolved  into^  x  H—ri  x  AT—  **> 

» 

from  whence      _  is  reduced    to 


m  m 

%  x  %      *         z 


whofe 


gxK—HxH—z*       gxH—KxK—zf 

Fluent  is  given  by  Art,  332. 

338.  By  proceeding  the  lame  Way  the  Fluent  of 


z .„       ,  ,„  may  likewife  be  found:   For, 

t  +  fz*  +  j%  '  +  Az3f 

fince  one,  at  leaft,  of  the  three  Roots  of  the  Equation 

t  J^%fy  +  gy*+  ify*  =  o,  muft  be  poffible,  the  propofed 

Fluxion,  if  it  cannot  be  refolved  into  three  Binomials, 

may,   however,  be  reduced  to  one  Binomial  and  one 

Trinomial ;    and  fo9  be  brought  under  the  foregoing 

Forms  :    But  this  being  a  Speculation  too  much  out  of 

the  Way  of  common  Ufe  to  be  farther  purfued,  I  (hall 

here  conclude  this  Sc&ion,  with  obferving,  that,  when  ky 

in  the  original  Trinomial,  above  fpecihed,  is  neither 

lefs,  nor  greater  than  Unity,  the  Fluent  cannot  then  be 

had  dire&ly,  from  either  of  the  preceding  Methods  i  but 

muft*  be    found   by  Comparifon  from  the  Fluent  of 


tt±m—l. 

* *.    Fid.  Art.  289. 

"±*m 

C  c  2  SEC- 


jgg  Of  the  Fhtentt  ofExprtfum, 

SECTION    vr. 

The  Manner  of  investigating  Fluents,  when 
Quantities,  and  their  Logarithms*,  Arcs 
and  their  Sines,  &c.  are  invohed  together  : 
With  other  Cafes  of  the  like  Nature. 

P  R  O  B.    I. 

339-  QUPPOSING  Q  and  n   to   denote   given 
&    Quantities ;    it.  is  propofed  to  find  the  Fluent  of 


x*x 


»*?. 


Let  g  x  Ax*  +  Bx*~l  +  Cx~-%  &c.  be  afliuned 
for  the  Fluent  required :   Then  the  Fluxion  thereof* 

which  is 

■I  ■  ■  ■  ■ 

•Art.  %$z.  <gx  x  hyp.  Log.  Q*  X  Ax*  +  Bx^1  +  Cr*""*  &c*  + 
££x  nxAx*"1  +n^.Bxx^%+n^.Cxx7Z:*&c. 

muft  confequently  be  =  x'xg  :    And  therefore,  by 
putting  m  for  the  hyp.  Log.  of  Q%  we  have 

mJxn+mBx"~t  + wCy^+wP^3  &c.      ?  j| 

_*"  +  ndad^l  +  *-l***f~*+*-+*C**~J  «*.  )  ° 
Whence,  comparing  the  Coefficients  of  the  homologous 

I  nA  n     n 

Terms,  we  get  ^  s=  — ,  B  s= ~ *  ^«  <*  ~ 

«-i.B      *.«-!   ^   and  confequcntly   3*  x 


«3 


■«»■«■ 


*-**     _  - — r  i — r   ~»-3 


Series, 


*»a  ws 


involving  the  Fluents  of  other  given  Fluxions.    3$^ 

Series,  it  is  plain,  will  always  terminate  when  n  is  a 
whole  positive  Number.  Q  £.  I. 

340.  In  the  preceding  Problem  the  Coefficients  Ay 
B%  C,  &e.  of  the  aflumed  Series  were  taken,  in  the 
common  Way,  as  conftant  Quantities  ;  which,  becaufc 
of  the  general  Mukiplicator  $>xy  was  fufficient. 

Bat,  iit  ether  Cefes,  witere  s  proper  Mukiplicator* 
,  to  exprefs  the  mechanical,  or  logarithmic,  (sfc.  .Part  of 
tire  required  Fluent,  cannot  readily  be  known,  it  will  be 
convenient  to  affimne  a  Series  for  the  Whole  (independent 
of  any  general  Multiplicator)  wherein  the  Quantities 
A%  B9  Cy  Dy  (fc.  muff  be  considered  as  variable. 

PHOB.    II. 

341,  To  find  the  Fluent  of  zmx*~1x  ;  X  being  the 
fhptrboHc-Logdri&m  of  x;  and  m  and  n  any  given 
Numbers* 

Let  there  be  affiimed  A"  +  Bzm~l  +  QJ***  + 

D**~3  fgc  =  the  Fluent  of  aV"'*  :    Then,     in 
Fluxions,  we  fliall  have 

Azm  +Bzm~1+Czm~*+Dzm- 


+Cz"~*+ Dz*~*  lie.  I  ^ 


+ mAz*~l  *  +  m—  1 .  Bz* 
x 

But  k  =  —  *  whence,  by  ordering  the  Equation,  there 
arifes 

Now,  by  making  the  Coefficients  of  the  like  Powers 
of  z9  equal  to  Nothing,   we  have  A—*      x9   A— 

Cc3 


#, 
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A  ,  — w-~ i .  Bx __  \     m  .  m—i  .  *      x  _ 


IW  .  w 1  .  X 


x  /  »* 

^-li  &fc.  and  confcquently  the  Fluent  fought 


« 


»  «—•  i 


r:  —    into  z    —     ■  + 


«  «  '  «X 


OT  •  w — I  .  i» — 2.«      J      m.m— i.m — 2-w — j.z- 

tiTr.  Which,  when  m  is  a  whole  pofitive  Number' 
will  terminate  Inm  +  i  Terms.  Jg.  E.  /• 

P  R  O  B.    III. 

342.  To  find  the  Fluent  ofz'y;    z  being    the  Arch  of  a 
given  Circle*  and  y  the  Sine  correfponding. 

.  Let  there  be  affumed   Azn  +Bz*~l   +   Cznmm*   + 

^"T^T  Fluc?nt  of  z"**  then»  by  taking  the  Fluxion, 
we  fnall  have 

jfz"  +Bz"~l    +Of~+  +Dz"~ 3 

— z"y + nAz*-1* + «^7 .  Bzn-*k 

Whence,  putting  if  — >  =  0,  JJ  +  «.f*  =  o,  C  + 
n — 1  .  ££=o»  2>  -f  «~i .  C*=o,  £sV.  we  get  jf=j. 
B  =  —  nyz9  C  =  — »— 1  .  JS«  tsTr. 

But,  if  a  and  a*  be  taken  to  denote  the  Radius  and 
Co-fine  of  the  Arch  s,  it  will  appear,  from  Art.   142. 

that  yz  =  —  ax  and  **  =  /?y ;  Therefore  B   =   mar, 

and  B    =   mur  •    alfo    C    ( =  — »— 1  .  Bx)     =  

».»— 1  -***  =  —  »  .  » — i.fl'i,  and  C=z — ».» — iufo. 
likewife  D  ( =  —  »— 2 .  C*)  =  »  .  n—i  .  »— a  .  a*yh 
=  •—».» — 1 .  «— 2 ,  a3*,  and  D=— ».»— j.» — a.*'* 


involving  the  Fluents  of  other  given  Fluxions. 

lie.  &c.  and  confequently  J%  +  Bz^1  +  Cz*~*  &c* 


39* 


*—  2  .  «•«"—*  -j.  far*. 


II 


x 

i 
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In  the  very  fame  Manner  the  Fluent  of  z*tv,  or 
*"  X  —  x  (w  being  the  Verfed-Sine  of  the  Arch  z) 
will  be  found  =  — -  x%m+njazm~l  +  n.n — i  .*<**»•— a 


Cc4  PROB. 


39*  Qf  the  Fhenn  «f  Exprtjutu* 

PROB.     IV, 

J+3.  7lr  Qamitits,  *t  y  md  z  being  tht  fimu  at  m  tit 
preading  Prtblem ;  ufoid  tbt  Fiutt  tfzWfj. 


By  affuming  Jz" -\.Bz'~1+Cz"~~*+Dz*~3  OV. 
and  proceeding  as  above,  we  have  J=  SyTj,  B  ss  — 
nAkt  C±=—H—i.Bkyb-  —T^i  .  ChJJc.  or 
(becaufe  «  =  ^)   *=,  _   !!l£,  c  =  -  "— *•«*-* 

2>  =  —  »-*'«3  ^  Therefore,  if  the  FJuent 
of  ffj  (found  from  ^V-/.  142.  and  291.)  be  denoted 
by  %j  tb*t  of  %  by  R  j  /&,/  of  ^?,  by  S;   tfrf  of 

Si 

— ,  by  T  &e.  it  follows,  that  the  Fluent  of  z'x'fj 

wUl  be  truly  reprefented  by  4>z\— naRz"*1  +«  .  «H| . 

CoROLLART. 

■ 

344-  Since  ;  =  _  £  =  '^(Vid.Art.  i42.)itfoI. 

lows  that  *v/v  is  =  —  sV+y-'*  -  zV"f1^ 

Therefore  the  Fluents  of  thefe  two  laft  Exprcffions  arc 
tf//J,  exhibited  in  the  foregoing  Series.  * 

345.  As  the  Values  of  Q,  R9  S,  &c.  in  the  preceding 
Articles,  are  too  complex  to  be  purfued  in  a  general 
Manner,  it  may  not  be  amifs  to  illuftrate  the  Method 
of  proceeding  by  an  Example  or  two. 

7  Let 


/• 


ft 

involving  tbe  Fluents  of  other  given  Fluxions.     $93 

Let,  then,  the  Fluxion  propofed  be  —  :    Where  n 

being  =i,  «=2,  and  r  ss  — 1,  wc  have      =  ~  zz 

x 


A   ■  %  (becaufc  tff—f  =  *0     Whence   ^=  — 
\f/a%- f+  iaz=—lyx+  laz*9znd  therefore  R  (=  •Art  179. 
^)  =  _  i^+  ^-  -Itf+lzz  (becaufe  J  = 
%)  and  confequently  R  =  —  *  /  +  j  3*.   and  fo, 
-~-  x  «  +  *  x  -K— — ,  or  Sfr*T«y      :s 

the  true  Fluent  of  2L?  (ss  ~  w*  =:  £^«+\         .  ^ 

*    x  ^  a      '/  f  Ait  344. 


Again,  let  the  Fluent  of  —  pet  X  5+>T*  (expreffing 
the  Content  of  the  Solid  generate*  by  die  Revolution 

Here,  the  given  Egpreffion,  in  fimple  Terms,  wHl 
become  —  pt*&  —  2p%pc  —pfx  z  Whereof  the  Fluent 
of  the  firft  Term —/a**,  will  be  had*  by  making  *=2, 
*■—  1  =0,  and  r  +  1  =r  o  (fid.  Ftrm.  7*  in  Carol.) 

Where,  we  therefore,  have i   2=  &-  =  —  *:  whence 

« 

likewifeS  (=3)  =  -  £    =  *,  S  «  *,    and 
confequently  the  Fluent  of  —  ***  {§f  —  naRz*~l 

To  which,  adding  the  Fluent  (^""^t5^  of  the 

fecond 
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ftcond,  Term  —  2zyx  (found  in  the  preceding  Exam- 
ple) and  alfo  that  of— j**    (or  —  a%x  +   ***,   found 

the  common  Way)  we  get,  in  the  Whole,  \  a  —  x  x  ** 
+  2*y—y*  X  *  +  i  ay*  +  aV  +  J  x* ;  which,  multi- 
ply'd  by  ft,  and  correfted,  gives,  p  into  £  *  —  x  x  ** 
+  QMt—yx xz  +  iay*  +  a*x  +  ***  —  $*♦,  for  the 
true  Fluent  that  was  to  be  determined. 


PROB.    V. 

346.  Suppofmg  H  to  denote  the  Fluent  of  k+bfi    X 

£m~~1i,  •    to  find  the  whole  Fluent  of  H*  a—fo?T  X 
jgf*'1*,  (when  a — b%  becomes  equal  to  Nothing.) 

By  refolving  £+/z"'  xs"*-"1*  into  fimple  Terms, 
and  taking  the  Fluent,  the  ordinary  Way,  weget#= 


*SL  y  L+  j*L- +  r  *  rZl:  **1  vc.  which 

n     xv      v  +  i.i         2.V+2.** 
Value  being  fubftituted  above,  and  p  wrote  inftead  of 

*+v,  we  fhall  have  H  x  a  —  J**J    X*fi""IK=  —  x 

a*       >»— 1.     .        i  rfc*  r.r — i,/**2* 

a—**"!     X*T       *   into  -  +   — -   ,  +   — =f — "r 

v       v+l  .i        z.v+i.i 

r.r— 1  .r—  2./3** , ,_. 

+ t    P      tf*' 

2.3-  v+3-« 

\*  ft*— I 

Let,  now,  the  Fluent  of  a—b%\  Xaf  *  (in  the 
propofed  Circumftance)  be  denoted  by  A9  and  put  tzz 
p+m+i,  then  it  follows,  from  Art,  286.  (by  writing 

■I-  for ,,  ===-    for/,  fcf*.)  that  -  X  ^  «rti  + 
v  v+l  .  *  »  v 
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^r  x g  +  Li+s^S  x 3*  + 

t.v  +  i      **        /./+i.a.zr+2        Ml 

the  true  Value  of  the  Fluent.  ©  2T.  /# 

iVite,  p  and  w+ 1  muft  here  be  pofitivc  Quantities  * ;  •  Ait.*S6. 

/ 
and  it  is  alfo  requifite  that  -j  fhould  be  greater  than  — 

— ;  otherwife  the  Fluent  will  fail. 

a  ' 

Ex.  1.    Let  H  —  1—  /|    *   Xjj   and  let  the  whit 


Fluent  of  H%  1— /)     i,   &  demanded. 

Then,  *  being  =  1,  /  =  —  1,  *  =  j,  »  =  2f  r  == 
—  !»  *=ii  alfo  *  =  1,  *  =  I,  iw=:— 4,  «  =  •  . 
P  (=?+")  =  1*  '  (=J+*+i)  =1,  and  ^(=the 

-  i- 
«/£*/*  Fluent  of  1— /]    *  jfc)  =  1  ;  we  lhall,  by  fub- 

fiituting  thefe  feveral  Values  above,  get  1  +  —  + 
1  3'3 

Ts  +  w  +  w  +  ^*c'  =Flwntof  H  * 

1  —  /f"*  X  i  (or  #lfy  when  jf=i.    Which  Fluent 

being  alfo  exprefled  by  — ,  it  follows  that  •- «-  a 

2  2    "~  1  T 

9+^  +  49  +  Fi8*"    Whcrc  H  is  *  of  Ac  Pe- 
riphery of  the  Circle  whofe  Radius  is  Unity. 


Ex. 


_  J 
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Ex.  2.  Lit  Azz  **+z*]        X  *;    f*  JM   dk   #«*»# 

Here,  *  =  c\  I  =  i,  nzz  %%  r 5=  —  4,  «>  =  J  i  alfo 
*=rA%  *  =  i,   «  =  —  {,   f  =  f,  ^(f  +  v)  =  i,  / 

(p+m+ 1 )  rt  |,  and  A  (=:  wAtf/p  Fluent  of  fF^5\~ * 
x  at?)  rs  6 :  Whence,  by  Subfcttrtkm,  wt  have  <*** 

*xi-Jx-?  +  {Xp;-yX  jy  tf*    which, 

X 

multiplied  by  c%  (the  Caeficicnt  of  *)   gives    —  x 


c 

£ 2  +  -s  —  -3  ttV.  far  the  true  Fluent  in  this 

3f      S*      7* 
Cafe :  >Vhere  the  Series  is  *Art  expreffing  the  Arch  of 
•  An.  14*.  tlw  Circle  whofe  Tangent  is  h  and  Radius  r  * ;  and  is 
therefore  equal"  txxc  x  Arch,  wbafc  Radius  fs  Unity  and 

Tangent  =  — :  Whence  this  laft  Arch  (taken  without 
the  multiplicator  c)  is  the  true  Value  of  the  Fluent. 


SECTION    VII. 

Shewing  bvw  Fluents*  found  by  Means  tf Infinite 
Seriefes,  are  made  to  converge. 

347.  J  T  is  found,  mt  Art.  85.  that  the  Fkent  of 
a  + '»"!    X  <fe        *,   in   an  infinite  Series, 

(making m+qzzs)  is  exprefled  by  — ■■  ■     •  * 


1 


* 

1 
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it  follows  (and  is  evident  by  bare  Isfpedion)  that  the 

Fluett  of  a—cyn\  X  /"^i  (where  the  fecond  Teim 
under  the  Vinculum  is  negative)  will  be  truly  defined  by 

*~7?      ft/    into  1  *  "mi'?    .  - --     -  ---     t 

+  6fr,  fiipnofing  f:xr+f. 

But,  b'eudes  the  Series  here  given,  and  Thofe,  in 
Art.  8  J.  84.  exprefling  the  fame  Value,  the  Fluent  of 

~m-mtj(  x  f*~X y  **"*  T6**  ailniit  **  *n<*k*  Form, 
different  from  all  of  them ;  by  means  whereof  and  that 
*bove,  we  QiaH  be  enabled  to  draw  out  fooe  very  ufeful 
Conclufions. 

348.  Put  %*  s=  -2— ;•,   then  /  = — -y  «* 

therefore  ^""V  =  >  5  alfo  tf — *  ■  -  *  +  **?  » 

eooftqaently  «— ^'x/^^i  =s  «*H",+'  x 

■        ^  iif     y     il  

#+«"!  x  %**~lz  :   Which  Fluxion,  fo  tiaa£» 

formed,  being  compared  with  a  +  czn\    x  dzf*~Jzi  we 

have  mr=*_r<— f-— f9  </=:  «2r+r*"1,  and  j  (?+?») 
==  —  r  —  i ;  whence,  by  fubftkuting  thefe  Values 
in  the  firft  Series,  above  given*  the  Fluent  fought  will 

be  had  = = — «■■  x  i  + 


3=- 


+   mi U +    ,11     III  &*. 
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a%  a£_ 


Which,  by  lettering  y  (or  writing and 

a  —  cf         a  —  cy 

for  their  Equals  a  -f-  **%   and   z")   becomes 


a — cf\ 

far*. 

X 

the 

i  + 
true 

r            f/ 
q+l       a  — 

Fluent,  of  a 

•+ 

r.r 

—  I 

» 

qn 

9    1* 

X 

_</) 

349*  This  Fluent  may  be  otherwise  found,  inde- 
pendent of  that  above,  in  the  following  Manner : 

a  — >cyml    x  y 

It  is  evident,  by  taking  the  Fluxion  of *■ £ — 

(which  Quantity    would   be  the    Fluent    fought,    if 

a  —  cy9\  X  /*  .    _ 


a  —  q\    was  confront)   that   - is  =  the 

Fluent    of  *  —  ef\   x  /"""'i  —  Fluent  of   —  x 


»r— I 


*  —  cf\  X  /n+ttmmmly :  This  Equation,  by  tranfpofmg 
the  laft  Term,  and  writing  x  in  the  room  of  a — cf 
(for  the  Sake  of  Brevity)  will  become  Flu.  xryi*~l)  = 

5JL-  +  -  X  Flu.  x"~*  y*"+*~~ly.  From  the  very  fame  • 
qn  q 

Argument  (if,  inftead  of  r,  we  fubftitute  r—  I,  r— 2 

&c.  fucceffively;  and,  for  q.  write  q  +  i>  ?  +  2>  f  +  3a 

fcfr.  refpeftively)  we  lhall,  alfo,  have 


/to.  *       f  T         j' ;  

tffWV+",         r—2.c 
Pin    x*~*  v*"**"""1*  =  -=■ +   TT-   ^ 


Flu.  9?-*/?+*"*)  i 

ktc.      Vc. 
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Whence,  by  fubftituting  thefe  Values,  one  by  one,  in 
that  of,  Flu.  Jy**"1)*  we  get 
m      rf_,.      *',*"      re     x-'y****       r.r-i.f 

Flu.  xr     y  =  — *~  +     x  === +  — — r-  1 

riu.  xj        j         qn    ^  q       q+i.n  q.q+l  \ 

v  Flu*  x        1  y  ~~     A<m      T      •  T 

xriu.x      j  J         qn  q.q+i.n 

r  .r-^i  .  r — 2  .  ^ 


fy*  x  zy        y  =~"^r+  — == —  + 

rw#  *      J  V*         q.q+l*n    ' 

q.q+i  .J  +  a.«  ?  .?+«  •  ?+*.?  +  3.» 

£*£.  Where  the  Law  of  Continuation  is  manifeft ;  and 

where,   by  making  —±—  a  general  Multiplicator,  we 

qn 

fliall  have  the  very  Series  above  exhibited. 

350.  From  the  Equality  of  the  two  foregoing  Ex- 

preffions,    for    the   Fluent   of   a— cf\  x  y       j,  (or 

xr/*-",i)  the  Bufinefs  of  finding  Fluents,   by  infinite 
£eriefes,  will,  in  many  Cafes,  be  very  much  facilitated. 
For,  in  the  firft  Place,  it  follows  (by  dividing  both  by 

a— f/l       x/*    _  *'    lyq*  1  that  the  Seriefes  1  + 

— ^ — >  or —  7 

pra  qna    J 

J+HSL  +  'jJ^+L'V  tf &  and  -^  x 

q+i.a  q+i  .  y  +  1.  a*  * 


tf  c,  muft  alfo  be  equal  to  each  other,  let  the  feveral 

Qua*- 


»  I 


400        ftig  Mannrr  of  making  Fluent  $  cwuerge. 

Quantities,  therein  concerned,  Ik  what  they  will  (which 

may  be  otherwife  provtd,   independent  of  Fluxion*.) 

Therefore,  if  in  the  room  of  q  and  s  we  write  any  other 

»  Quantities  p  and  /,  the  Equation  will,  JN«>  hold,  and 


will  then  become  1  +  £+Il2L  +  *+*;*+*;'* 

p+l.a         P+l  •*+?_;  *% 

(/being  =  J+r.) 

Moreover,  if  as  many  Terms  of  the  firft  Series  1  + 
J+7.<y*       7+7  . 7+2. . c%y%*    .s+i*s+*-'  +  3-fy 

q+l.a       q+i  .q+2.a*  1       q  +1  -  f/+A  .  f+3  •  * 
&V.  be  taken  as  are  denoted  by  any  given  Number  *, 
and  the  Jaft  of  them  be  represented  by  <£,  it  is  evident, 
from  the  Law  of  the  Series,  that  the  firft  of  the  re- 

maining  Terms  will  be  expreffed  by  ^x  —r-    x  —  5 


■MM^i 


the  fecond,  of  them,  by  Q  x   i±^   x  ~^T\    X 

^        q+v        q+v+t 

££!  &c.  and  therefore  the  Sum  of  all  of  them  (putting 
aT 

q  +  vzzj>  znd  $+v  (=r  +  e/  +  t/)  =  t)  will  be  2=  J^  X 

— as *- — wa58=r-==i- ' 

«^x  1  +  '±i-^  +  qi-  ill-  *   +  W* 

^  f+1.0        p+l.p+%.f 


*t.         m      1  1     »' 


=    -TT—    X  I   +     -a—    '■  -■      +     assTTsar^-    GV# 

{by  writing  the  Series  found  above  in  the  room  of  its 
Equal)  and  confequently  the  whole  Series  (including 

the  v  firit  Terms)  =  1    +    *       ■    + 

y+l  .41 


'  • 


I 


< 
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*+■'•'+? *«V  (v)  1  *SsLt  x   s  +  j^f 


-      [VJ  +    — .  X      I    +     ~~ 

4- 


r.r — I  .  A  r .  r— 1  .  r — 2  .  O3      ■     /rf<< 

P+1-P+2.X*         />  +  !./>+ 2. i>  +  3.*5 

Which*  drawn  into  the  general  Multiplicator  *         ■*  _ 

(v/V,  ^rf.f  347;)  will  give  the  Fluent  of  * — cy"\r  Xy****^ 

(or  xrf*~~*y)  'acS5r3ihg  to  a  hew  Form,  compounded 
out  of  the  two  preceding  ones  \  where  the  fecond  Series 
(the  Value  of  p  being  large  in  refpeft  of  r)  will  al- 
imys  converge  much  falter  than  the  remaining  Part 
of  the  ffrft,  for  wfrich  it  is  fubftituted  :  But  this  will,  » 
inore  fully,  appear  from  what  fbftotirs  hereafter.  It  will 
be    prober    to  take   notice   here   that    the  Fluent  of 

a+cx^  x/*-"1*  (the  Fluxion  Sift  propofed,  where 
the  fecond  Term  under  the  Vinculum  is  pofitive)  will 
alfo  be  had  from  hence  (by  writing  z  for  yy  m  for  r, 

and  _  c  for  c)   and  is  therefore  equal  to   ■ 

qna 

drawn  Into  the  Sum    of   the   two  following  Seriefes, 

~      f+l.a         1+i.f+i.a%        f+i.y+2.^  +  3.  a*     (?) 


<      **      * 


M.ifl —  I.w—  Z.-V^" 


+  &c. 


^+I.^  +  2.j5  +  3.ira 

Where,  «*.+,f,  j>=av  +  ft  r=*  +  0*  *=Ur  +  of, 
.*nd4>  =  the.laft  Term  of  the  firft  Series  continued 
\to,v  Terms,  v  Feihg  any  whofe  Number,  at  pTeafure. 
A  few  Example*  will  mew  the  Ufc  of  what  is  above 

delivered.*     r"- -        -  "    "     V 

r  D  d  Ex. 
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.— 1 


bt  prtpovndid. 

Which  being  compared  with  «+«*«  X  *  *,  we 
have  4=1,  *=i,  «=i,  *=!+*,  m=>— c,  ft— 1=0, 
or  9 =1 ;  whence  alto  $  [m  +  q)  rto,  p  (y+ q)  =v+  if 
/  (s+v)  =  v,  and  consequently  the  Fluent  itfelf  (by 
frbftituting  thefe  feveral  Values  in  the  laft  general  The* 

©rem)  ==  s  into  1  —  —  +  —  —  —   («)— •  ===== — 

,  1  1 

■  ■    I      «J»     — M— — ■— J*. I L—   ■  ■ 


being  ±5 — ,   the  MultipJicator  (  : 

Second,  will  be  =  ^  ■  **      ;  and  fo  the  Fluent  itfclf 

v+i .  * 

ts*      **       «♦  a***1 

will  be  reduced  to  z  —  —  +  —  —  T  (*)  T  f==f"" x 

—     — — ^— — ^^ ^m 


2-** 


-  j.  ~ — —  +  : j  '     ;-   +  fcfe.    In  which 

^v+a.*      V+2.V+3.** 

the  Signs  —  and  +»  before  *"+t,  obtain  alternately, 
according  as  v  b  an  odd  or  even  Number.  But,  to 
flicw  the  Advantage  of  expreffing  the  Fluent  in  this 
Manner,  by  two  different  Seriefes,  let*=f,  and  let 
v  be  taken  ==  8  j  then  the  Value  of  die  firft  Series  (con- 
tinued to  8  Terms)  being  =  o,634S*38  **«•  and  Ttat 

1         A      *B      3C     4D 
©f  the  fecond  Series  as.  ~g  +  —  +—  +  —  +  -jg 

4  5-tf*.  (where  4  A  C,  Z>  W*  denote  the  Terms 

preceding  thofe  where  they  ftand)  2=  o,osss55S  + 
0,0017778  +  0,0002525  +  0,0600316  +  0,0000049 
+0,0000009+ 0,0900002=^,05862331  it  is  ^dp* 


4      • 
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that  the  Fluent  of  ~-*  when  *  becomes  =  t,  will 

be  5=  o,6345«38+o,o<86«3J  =  0,6931471 :  WM*  • 

it  true  to  the  very  laft  Decimal  Place  j  and  would  have 
required,  at  leaft,  100000  Terms  of  the  firft,  or  com- 
mon) Series. 

352.  Ex.  2.  Lit  the  Fluent  •tj^^  {exfriflmg  theArct  ^ 

wboft  Ra£*su  1  and  Tangent  %)  he  required. 

In  this  Cafe  we  have  *=i,  *=i,  »=a,  x=i+««, 
«=-i,   ft—  i=o,  or  1  =  t,  i  =  —  h  ^=v+i, 

z9       z*     z7 
and  the* Fluent  itfelf  =  *  —  «-  +  TT7  (v)  ± 

3        5       7- 
T 


. ,  &c.  Where,  ifx  be  taken 

»+3.av+S.av+7  •  ** 

=:it  and  w=6,  we  flaall  have  i—  —  +——-—  + 


x 


"9      11  +  a6  *  '  +  7s  +  »5  X  l7  +  «S  X  »7 
i-  (**  s  0,784398  =  the  Fluent  of  — ^-?  when  s 

19  '      J  I+K 

2=  1  ( =  ±  of  the  Periphery  of  the  foitfaid  Circle) 
Which  Number,  brought  out  by  taking,  only,  8  Terms 
of  the  fecond  Series,  is  more  exaA  than  if  iooooo 

Terms  of  the  common  Series  i  —  —  + «-._  —  ff€ 

3       J        7 


had  been  uftd.     And,  if  si  be  taken  =    \/  —  {  — 

3 
Tangent  of  30°)^  and  v=6,  as  before,  the  fame  Num- 
ber of  Terms  Witt  be .fofickpt  to  give  the  Anfww,  tr*e 
*>  twice  the  Decimal  Places  above  exhibited* 

D  d  2  353-  Ex. 


1 


»x 


I 


f- 
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3$3<  TE*  3.  Lit  thiFkxit/n  frofxfidbe  ***+?{*'  X  }J 
■  ffcWT  we  We,  <to*V  ^j,  »=:;,•  jis^*  *£;**+/, 

*=s4,  ass*,  x  (*+f)  =  i,  p  (^+f)   =  *+*j  f 
(HrVh  s=  <Hh  J I .  and  ttaefpre  the  Fluent  fought  (by 

1  .  '        .       -  f 

Substitution)  is  =:  *U  into  1  -,  2£  +  LllIL  _ 

«•  S*         5*9* 


■-■     ■*-     ■-       ■■-  -  -  f  -u     >■*    -— —    .■..-_     la ■ .-^ 


4V+I  •*  .  4V+S   •  * 


V*  *«6.j? 


IX 


•  4"+5-  4^+9.-  •**  4*>+ 5.4V + 9.4V +Jt.«a?J 
&V.  in  which  (as  in  all  other  Cafes)  j^  denotes  the  laft 
TeTOI  qf  the  firK  Series.  This  Fluent  approximates 
equaHy  frft  wfclr  thotfc  fn  ther  fofeeotffe  Exkihpfes :  Ami 
it  may  be  obferved  farther,  that  the  rluent  will  stfwayd 
converge,  however  great  the  Value  of  *  is  taken* .  if 

*  -    11 

both  a  and  r,  in  the  general  Fhiaioit  a +<*?}" x*****1*, 

are  ^Qfitive  Quantities. ;  But*  if  the  fecoiri  Term  under 
the  Yincultm  be!  negative,  the  Cafe  will  be  other wife^ 
when  that  Term  becomes  greater  than  half  the  Firft  5 

lince'-  the  Powers  of  -*-»  in    the   latter  Part  of  the 

x 

^luc/ft  will  thefc.fonnah  iricreafiftg  Geometrical  Pro* 

irreffion.  It  may,  therefore,  be  of  ufe  to  {hew  how  thfe 
•Theorem  may  be  varied  fo  as  to*  anftref  in  this  Cafe. 
Itt  ©ftler  thereto,  if  ih  the  Equations  rrsr+j,  and  1  + 

TT\  -;cf'  „  1+7.  j  +  2  ,<y     fef      l_   a 
====-» —  +    - — *— — ===== — r     eft.    t=r  —   x 

•f-ff  -  <r      :     ?+  1' :  ?+*  •  *  * 

*\        *-  — 

-1  +>-^3/  +-il;   /ijLgg<»- {**,  (ViW  l*  Art.  35©;*) 

tf+I.#       J+I.f  +  2.** 


* 


yai,  **Ue  ^ Jfrr  fV  and  ^  fbr  f*  *ltl  muJlipty  by  •— 


Afaxntr  of  making  Ffotnts  car 

kef 
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sh 


y©H  will  ba  W  < *c=2 +/>»  and   1  <-f- 

:p+l.x 

-» — — i— ■'. 

S  +  'l   .Cf 


-.    to.   =  —  X  1  + 


p+r. « 


» ■  »• » 


1  MartQvctft  if-Ch^^rficft  Terms  of  the  above  Seriesu  +. 


TW 


+  *=iv— 7S5sr to.  betaken,  and  thp.bft 


of  thcqi  be  denoted  by  j^,  it  it  plain  the  firft  of  the 


r— v+i 


remaking  /Term*  will  be  =  ^  x         ■    m  x  ■ — , 


* 

.# 


the  fecond 


r  — "v  «f  1 


=  ^x  — 


,«*<:. 


and  the  Sum  of  them  all  (putting  f  -f-  v  =  ft- and 

^ 


r—-v  =  J)  equal  to 


H  1  .  £«/ 


XI  + 


+ 


*+.';*. 


'•■'-,    *"<*.  =  iii^x  ^  x.+  ite2L 

/>*     .        «  p+i.a 


p+if+2.x* 


^^— ■ 


-x..a» 


+  f+f  -'+*  -Q.  #,.  (by  the  Equation  above)  and 
confequendy  the  Som  of  the  whole  Series  (14-  - —  l' 


r.r— r  .fVf 


'*   w» 


:  + 


fl+I    .  *  0+ I  .  fl  +  2.** 


^ 


^wwv 


1  +  '+I;*  +  H-i.i+a.^    +  &r*.    which, 

D  d  3  mul- 


•  • 


• 
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r^fn 


multiply  M  by    <— -t  fcim  the  Fluent  of 

*Ait.34S,  X /***}{***  J*"*})  whore  I  s  r—v,  ^aev 

s49*  +f,  i  (=i+^)  *  f+f  and  *=<*— <y\     I  (hall  put 

down  one  Example  of  the  Ufe  of  this  laft  general  Ex- 

preffion  ;   where  we  will  take  y  V%y-f.  <*  a^t?    * 

yh  (being  the  Fluxion  of  the  Area  of  Hie  Circle  whofe 
Radius  is  Unity  and  verfed  Sine  y)  In  which  Cafcf 
*=2,  c=ff  unrr,  *=£,  y*— 1={,  or  y *&  *= 
+i,  /=v+J,  i=a,  *=a— 7 j  and  therefore  the 


ir  %y     .  f  y* 

Fluent  fought  =  -—  into  i  +  |j—  5  ,  y>  + 

,  y1.  -  _ sl_  + 22! — .  ,«,;  i 

5b*  x  « +  -2J-  +       * -^  ,.    * 

21?+?.  2  *?  +  5      av  +  5.at;  +  7 

*•*•?*    ,    -  <fe     Which,    if  /  be  taken 

a      A       B     C 

si,  and  «=S.  will  become  =  j+  j -+-j 

11  ax  13  15  J7  J9 
(where  Ay  B,  C  lit.  denote  die  feveral  Terms*  re* 
fpe&ively*  without  their  Signs.)  In  bringing  out  which 
Conclufton,  fix  Terms  of  the  fecond  Series  are  required : 
But  if  y  be  taken  =i  the  Radius  of  the  forefaid  Circle, 
then  four  Terms  of  each  Series  will  be  more  than  fufE- 
y  cient  to  give  the  fame  Number  of  Decimal  ftjees.  And 

it  may  likewife  be  obferved,  that,  although  no  general 

Rule  can  be  laid  down  for  aifigning  the  Value  of  vf  & 

y  M  to  anfwejr  the  beft  in  all  Cafe*,  yet  the  Conclusion 

r  6  will. 
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will,  for  the  general  Part,  require  the  feweft  Terms, 
when  the  Number  of  thofe,  taken  in  each  Series,  is 
nearly  the  fame. 

354.  But,  after  all,  another  Theorem  or  Series,  (till, 
feems  wanting,  to  exprefs  the  Value  of  the  whole  Flu- 
ent, when  the  Quantity  under  the  Vinculum  becomes 
equal  to  Nothing  (which,  in  the  Refolutton  of  Problems, 
is,  commonly,  what  is  required*)  For,  it  is  plain  the 
laft,  above  given,  anfwers  no  better,  htrt%  than  that 
preceding  it;  becaufe  (the  Divifor  (x)  being  Nothing) 
the  former  Part  of  it  fails. 

In  order,  therefore,  to  determine  a  proper  Ftrm9  to 
obtain  in  this  Circumftance,  it  will  be  requisite  to  ob- 
ferve,  firft  of  all,  from  Article  286.  that  the  whole 

Fluent   of    *— hfi  X  J'*™*1*,    fuppofing  that  0f 

a—hfl    X  a**""1*  to  be  denoted  by  A7  will  be  truly 

-.,.       p        p+i        p±l    t   1      a°A 
expreffedby  f  x  <~   x  —    ( v)  x  _. 

which  /=:«!+/+ 1  ;  and  where  it  is  requifite  that  the 
Values  of  m  + 1  and  p  ihould  be  pofitive,  orherwife,  A 
being  infinite,  the  Fluent  (or  Comparifon)  fails.  Hence, 


becaufe  the  whole  Fluent  of*— W   x*      *,(whea 


In 


»-M 


-,  by  the  common 


* — At"  —  o)  is  found  ;=  ■: 

JB+lXlf* 

Way  *,  it  follows,  by  writing  this  Value  in  the  Room  of  •  A*.  77b 
Af  and  expounding  p  by   1,  that  the  whole  Flutnt  of  "^  7$* 

■to  w 

bz"*    X  *m  I  vM    *&  is  rightly  expreffed  by 


r_I«** 


w+3 

2 


»+4 


(v)x 


«+«+! 


m+a 
t 


~L- ,  or  by  -^^.  x 


!*+a        «+3  l  t,+  1  *  ***+« 

D44 


Whence 
Thai 


»  . 
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s. 


X 


9 


& 


That  of  a—'tsfTx  z*—*^  by  fubftituting  V  injjread  of 
ff+i,  will  confequently  be  equal  to   — i—  v    .■  2  ■■» 
3    V  i     **+'     *  "       • 

by  5;  then,  fy  the  Jam  Jrticky    the   Flueets  of  tl* 
feveral  Tertns  of  the  Series  i,  -*~%  * — --.  — —  &+ 

d/awn  into  the  general  Multiplicator  a — h?\  Xzr*~l*% 
will  be,  f efpci3tivelyf  expounded  by  thofe  of  the  Series  ^ 

r      r.r-fj   r  .  r+i.r-l-2..      ,  .  ^     _, 

~ JLL  ■    i.   ,      — g  &V,  drawn  into  £*  *  be* 

;If  now   the  Differences  of  the  Quantities  *,  S. 

V  J  V.  fcfc,  be,  continually,  taken  * ;  and  for  r — /  lt$ 

Equal  — w — i  be  fubftituted,  the  Value  of  any  Term 
of  the  Series,  whole  Diftance  from  the  firft,  cxclufive 
is  denoted  by  j,  or  whofe  correfponding  Term,   in  the 

Vx* 
preceding  Series,  is  — —  ,    will    be     univerfaljy    ex- 

preftcd  by  i   —  — -—  +      *- - 


I  .2    X  t.t+l 


s  .  J— I  •  i — 2  .  m+  I  .  M-f  2  .  m-f  2 

3 ,    7T    'ttt  ~  +    ^-     Where, 

1.2-3         X  /  .  /+i  .  *+.2  '    * 

jf  j  be  interpreted  by  0,  i9  2,  3  fcfc.   fucceffively,  you 

will  have  the  Values  r,  —,  -    — -*-  CSV.  above  «xnU 

bited;  But,  if  s  be  taken  asaFradion,  then  the  Value 
pf  fuch  an  intermediate  Term  will  be  found  as  will  give 

the 
•  See  ny  Mathematical  Jffiys,  p.  94.. 


i sin       

the  Fluent  of  -~*  *  ff-W^x  *       »i*ln-aay.  p*0- 

a   ,  . . .  

pofcd  CJrcumftance  of  *;  which  Fluent,  it  is  evident, 

wiJI  therefor?  be  cxyrtgbd  by  B  x  17*    '  .    + 


*--g'     ■■"•        — TT*r 


i.-<-i.»+'t.»  +  a  ^  or  its  Equal  1»      ^ 
.    .i.a.   *  •  <+  1.     fc  ..  m+t 


2  3 


■1  ■  •• 


X- 


fry  x  — —    into  1  —  '    ■■  — * 

♦  '    IT  I  m  A 


s~-i  ./g/M',  p      *-^a  m+3.,  g_*- 3-"*+4  „, 

2  .  r  +  1  3.7  +  2  4-'+3 

G  fcf*.  (where  E,  F9  G  Wc.  <Jepote  the  Terms  im- 
mediately  preceding  thole  where  they  faitf,  under  their 

proper   Signs.)     Whence,  dividing  by  :fL ,  we  h^ve 

t  -  -  4T~ 


*   '    "    x  1  —  r.«+  1 


'•" '  '  wt*  x  £,  6Te.  for  the  true  Fltient  «f  a— *»"l  K 


«     •       * 


» 


From  the  laft  Fluent  that  of  *  —  *a^  X  af  £ 
(in  which  p  denotes  any  pofitive  Fra&ion,  proper 
or  improper)  is  very  readily  obtained  ;  For,  if  the 
fajps  (when  a — bz"  =  0)  be  denoted  by  'Ai   then  the 

Fluent  of  a—bzrf  X  %****'*m*tx  will  (according  to  the 
Article  above  quoted)  be  expreffed  by     +  J||+  ,  * 

p+m+2      p+m+$  ** 

pofitive 
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pfitive Integer.    Therefore,  by  making  *-»Js*} 


•i. 


«"+'—'*  =  .«-r*^l"  x  s^"1*— l*,  or  r  +  i =f +  v, 
die  contfpooding  Fluents  muft,  alio,  be  equal ;  that  is, 

X  ^+lrr;  *  7^  X  '  -—^-^  And 
confequently  A  (the  whole  Fluent  of  a  —  bJi     x 

/  />+*  />  +  *     l     '     *+I 

.  x  — jf-  x  — i-  (r;  x  — r  X  into  the  Series  j  — 
«+2     m  +  31  wr/ 


»">» 


l*1  2.t+i  3./  +  1 

*~31*L.—  G  lie.  where /r=r"+m+i  and  j  =  *4- 
4'  +  3 


;   v  and  r  being  any  whole  pbfitive  Numbers  at 
pleafure. 

355.  An  Example,  or  two,  of  the  Vfc  of  this  CW 
clofion,  may~be  proper. 

1%  Let  the  while  Fluent  of  i— V|  **  (  exprefflng 
the  Length  of  J  of  the  Periphery  of  the  Circle  who! 
Radius  is  Unity)  be  demanded.  In  which  Cafe,  a  be- 
ing +  J,  J~i,  «  =  — «,  n  =  2,  ^  =  4,  fzrr+is? 

2r+  I  b         217—  2f  +   f 

-rj— •  and/=;tf— r+;=  *   T  \  the  Fluent 

fought  will,  therefore,  (by  fubftituting  tbcfe  Values)  be 
had  ~  -1  x  ±  x  ^    (v)  x    -X  -*  X  —  (r)    * 
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*r  2  •  2r  +  1  4  •  %r  +  3 

* s »  a 1  11      ■*  <?  Wr.  Which, 

6  .  ar  4-  5  8  •  ir  +  7 

by  expounding  v  by  5  and  r  by  3,  will  become  == 

^67,9  ^-bto .,-  J7J-H  Mmm£ii*+ 

^G+^^H+-^-/+efr.  =  1,570*.' 
S .  13      '   jo.  15        ,!*•  17  3/ 

la  the  bringing  Out  of  which  Value,  all  the  Terras  above; 
exhibited  art  rcquiffte  :  Bat,  of  the  common  Series,  t  + 

j—  +  - — - — -  +  9     .  **     "■  +  (**♦  more  than  xo 
a .  3      2 .  ,4.1      2.4.0.7 

times  that  Number  of  Term*  would  lie  neccflary  to  an* 
fwer  with  the  faine  Degree  of  Exa&ncfs, 

'  dx 

E*.  2°.    Lit  thi  FiuxU*  pwpo/U  be 


(whofe  whole  Fluent,  when  x  =  </,  e*prefles  the  Time 
of  Dcfcent  of  a  heavy  Body  in.  half  the  Arch  of  a  Semi- 
circle, whofe  Radius  is  </*.)    "  *Ait»to> 


• 


Here,    by    comparing   d%  —  x%]       X  x      £   with 


-\m 


a — bzs  Xar*  *,  we  have  tf=rf%  ^^5  r,  w^2,  pn—\ 
=  — 4*  of  ^=J;  alib  x  ft-r-T—  rj  =v— r  +  J, 
f  fr+»i  + 1 )  =r  r  -f  •  •  Whence,  bv  taking  r  and  v, 
each,    equal   to  4,  the  Fluent,  itfclf,    conies  out  := 

1         7        11        15    .         2       a        6         8 

—  x  —  x  —  x   —   into  —  X  —  x  —  x  —    x 

*      5      9      n        l     i     s      7 


8  4.9  '8.11       "12  .13  16.15 


I  J.  5.  30   ■    8a 


4U        7ke  Mem*  tf  Wking  Flaents^oWfr* 

£=  %*(ni%l  *  WKfsk  "  to  2  •*<*>  the  Time  of  {>*. 
fceot  alo^g  fhc  vesical  Diamfter  of  the.  forefaid  Circle^ 
as  2,6215  to  2,8184,  -er  a*  *go  to  108,  nearly. 

Ait??  thefacae  Manner  the  Fluent  will  be  found  Itk 
other  Qaies :  But,  with  tegafti  to  the  affignjng*  of  the 
Valve*  of  r  an/1  *,  it  npajfrfce  -ohforvfd,  that  *te  A*- 
fwer  willt  commoply,  be  fought  out  with  the  leaft 
Trouble  when  v  is  taken  grcatcj  by  an  U«t  or  two  .thai* 
r ;  which  laft  Quantity  muft  be  greater  or  lefs^  ac- 
cording as  a  greater  or  Idi  Degree  of  Exaftnef*  is.nc- 
ceflary.— — From  the  foregoing  Expreflioas,  by  vsryiag* 
the  Value*  of  v  &i  r*,a  grea*  dumber  Qf  THeorcmi^ 
for  the  Summation  of  Sejri^fes,  may  be  deduced*  But 
this  being  foreign  to  my  prefeat  Purpofit,  \  am  not  at 
LeiAirs  to  purfue  it  here  T 

356.  Hitherto  Regard  has  been  had  toTluxipns  of 
the  Binomial-Kind  :  Bur,  from  thence,  the  Fluents  of 
Trinomials  may  affo  be  founds  when  thefe  laft  can  be 
reduced  to  Binomials  (by  Art.  307.)  without  introducing 
new  Radical  Quahtities>-«^Be4idef  which  Method,  I 
(hall,  here,  give  another,  whidi  will  anfwer  where  that 
fails,  and  is  alfo  applicable  tp  Mukuimiab. : 

In  order  thereto,   let  the  Fluent  of.  a  +  « |     x 

%  *,  be  denoted  by  A;  and  let  it  be  required  to 
find,  from  thence,  the  Fluent  of  the  Radical  Multino- 
mial, or  Infinite. Series,  a +cxM+a'x*e+*x*"+fx*M&c.y' 
X*r        x. 

Make  cz  =  ex*  +  Jx™  +  ix*u  +  &c.  and  y  =  #**  s 

1 
then,  x"  being  =  >* ,  if  this  Value  be  fubftituted  for 

x\  in  the  firft  Equation,  it  will  become  r*"  =  cy*    + 

i    -  X  ■ 

#?  +  0*  fcfr.    Whence*  by  reverting  the  Series,  (by 

Art. 


<fbi'Manhtr  ofrhaking  Flwnis  trteotrge:        Vi 

'Art'.  WS-V >  W)   »  ^  c  ^  V^S+"  + 

Moreover,  by  taking  t}«  Fliixicp  *f  *bt  Equation 
thus  brought  t>ut,  and  dividing  byfw*  W*  have*         x 

_  >--  +  ill  x  «>+-,a  +4-2  xsr+4^'i 

•'  Now  let  this  Valte,  with  ttiat  of  c/  V**"  *  '*3§ 
+  Wa  (given  above)  Be.fiiMHtutW  ht^tlic. propofod 

Fluxion,  and  it  wti\  bpcome  *  +  cz*\    Xzf*"".*,i 


i   -  -  •■»- 


Alfo,  let  v  dehoR  «i?  Ptade,  or  Difta'nce,  of  anf 
Term  of  th'is  Series  from  tbe  firft,  exclufive  j  then  the 
Term  itfelf,  drawn  into  the  general  MuhiplicaCDr,  will 

be  expreffed  by  a  +  ail    X*~*r  A  *"  r  ..    *  (A 
being.  Uw  grroffiiding  (Soeflfchint  RVS\  #r  #*)  «** 

the  Fluent  thereof  by  ^~  A  *  *•+  «?}*      *  **"  x 

9 


- » ,.*d  w  i 


t*m*7+i{i"*~7 


21     '  p  C 


Where,, 


> 
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* 

Wliere,  f=r/+v— 19  *=r»+f, /=£+»*+ J,  and  the 
Sign  of  the  la$  Term  is  +  or  —%  according  as  v  is  *  ait 
even  or  odd  Number.  Now,  if  in  the  Fluent  thus  gi- 
ven* v  be  expounded  by  i,  a,  3, 4,  tlfc.  fiicceffively,  it 
is  evident  the  Fluent  of  the  whole  Expreffion  will,  in 
all  Ci re  um (lances  of  ft,  be  obtained,  but,  if  the  Co- 
efficient *  be  negative,  fo  that  a  +  cz*  may  (by  increasing 
ft)  becoaae  equal  to  Nothing  j  then,  in  that  Chrcum- 

Jtance,  the  Fluent  of  the  forefaid  general  Term  a  +  c%*\ 

J^      mmmJK9  making  —  f  =  b)  being,  J*r/£,  =  -*f-   x 

.A*.,«.f£  x  f±|  (v)  *t±:  x  4£*.,  it  follow,  that 
the  whole  Fluent  of  the  given  Expreffion,  or  its  Equal, 

4-te"1"  x  *'""'*  +  ^-i  *«/"+"~,i  WcwUl  be  truly 


■ww^w^— *■*■»<— >—^wieww« 


Kprcfentcd  by  ^ x  I  +  U^5f  +  /+':{+»•  *» 

' <*  *.*  +  !. 4* 

+  ^ — i—    l?~ —  6fo    In  which,  R=  t, 

S=tIB  *£  +  *T*T  ^pT^'IH  * 

£  +  &i£±i  x  ^  +  £  £*.  and  A=  the  Fluen? 
6—h?\  x  ft*""""1*,  when  £  —  ts?  =:  0. 

* 

357:  Hence,  if  the  Fluxion  given  be  of  the  Trfno- 
jnial  Kind  (then,  e9  /,  &V.  vaoifhing  the  wbol*  Ftumt 

;  Of 


Mtmitfr 


4«J 


of  a— bf  +  4**'l   X  /*~*x  (when  «— for»  +  &»" 
s  o)  wUl,  by  fubftituting  for  R,  St  T,  &c.  be  =  Jx 

,  +  /LiZH  x  g+*T^^JE5xgT-» 

1  T     1 . t        U        1  .  2  .    *   .  /  4- 1    w 


wmtm 


I.2.3     •      t    \t  +  l  .t+2      bb( 

358.  If  m+ 1  and  /►  are  the  Halves  of  any  odd  Afir- 

mative-Numbers,  the  Fbmt  of  a  —  b%  I    x  ^"""'it 
when  *— te'rio,  will  be  equal  to 
i.a.S.7frN-Qxi.a.s.7fr-ft)     «•+><? ' 

6  being  the  Periphery  of  die  Circle  whofe  Dimeter  it 
Unity.  Therefore  the  Fluent  of  «—***+  Jf+t*»  B cJf  , 

X  /""V,  or  its  Equal,  «— *"1  x  ^~" "i  +  iL±J 
.  > 

X  .Ra/*****1*  6fa .  is  found,  in  this  Cafe,  by  multiplying 
the  Exprcffion  here  given,  into  the  foregoing  Scries,  1  + 

th  . 

350.  An  Example  or  two  will  help  to  (hew  the  Ufc 
•f  what  is  above  delivered. 


Firft,    let    the   /7«fltf    of 


v/«m— **  — 


rM 


(when  the  Divifor  becomes  equal  to  Nothing)  be  re- 
quired* 

■ — 2?)-* 

Then»  by  comparing  •*-■-*■-*•  j£jl 


the 


4&       WtM*Wtf*atto£*ttoffttntoefgs; 

the  gAiertl  Tfinbmial  a  —  ***  +  «/***}*  x  /"""'^  jt 
ato«rf  that  rf*muft  be,  hert,  **>fe  }„  the  rot*,  of*, 
and  tint  »,-  w,-  j,  *  an*  <  will  be  interpreted  by  2* 

'"  k     i  •        -  t  •     -  *  . 

—  P*  "a »  **  and  ~~  Hh  ^Pe^n*^ : '  Whence  Wd 

have  <  0+*4i)  ±  i,  »^^i,jc(i-^ 
x       V*  =  2-,  and  t*4'  Ftoe&t  fougftt  ij  £  x 

or       *  2 


*  * 


j    j 


'   2.2T 


t.a-4.4r*       3.2.4.4.  6. 6r*^w'* 

jfo.  The  fecond  E*ampJe  (hall  be*  to  find  Hie  Fluent 
expreiW.  the  >/#£&  Angle  in  an  Orbit  defcribed  by 
means  Wk  centripetal  Fbfce  varying  accetflii!*  t6  ant 
iWrtfAe^iftahce.  *  7 

In  which  Cafe  the  given  fluxion  being 

where  A  is  fuppofed  the  higher  Apfcf  and  CA  (and 
confequently  Cb)  equal  to  Unity)  wc  fhalf,  by  putting 

x  —  P*  =  &  —r-  —  «>>  aridi  — x*:=:j,  reduce  it  to 

i*/t  — 0xj.    . 

*— y  x  V     £y  + - -u 

•       -  I  —  V 


♦  *..,, 


•  *  J  «  i 


vvv.tr— 2     .      v.v— 2.v — 3      ,      ; 


■  ■■Mi  i        ip     .  *  ■■■■»)■         m       i  . 

*J     >  +  /i  +  y>  +  >>  +  #'•     Where  the  Quan- 
tity 
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tity  under  the  Radical  Sign  (now  anfwering  to  the 
Form  above  prefcribed)  being  compared  with 

*— bx*  +  Jx**  +  ex*  Vc.V%   we  have  m  =  —  j» 

W*.  Alfo  the  Value  of  ^  with  regard  to  the  firft 
Term  (y~*y)  wUl  be  =  i  (becaufe  £»  —  1  =  —  i) 
like  wife  its  Value  in  the  fecond  Term  (y*y)  is  =  — ;  in 

Ae  third  =  ^-  &c.    In  the  firft  of  thefe  Cafes  we, 

2 


therefore,  haver  (*i+#+i)  =  1,  £  (p  x  y}  = 
?-~2    o  _  v — 3  •  4>v — 5  <**     f — 2  •  i6t^ — 37  V +22 

Whence  it  follows,  that  the  Fluent  of  the  firft  Term 

U-2  +  Z^=l.,*vA      x,-v)  wh<»  the 
%  2        a .  3  f  ' 

Quantity  under  the  Radical  Sign  becomes  equal  to  No- 
thing (or  the  Body  arrives  at  its  lower  Apfe)  will  be 

G  v— 2 

truly  exprefled  by      v~~  into  f  +    ~5T   v  0   + 


*»  ■!.      I  I         » 


-a .  4^5   a*  .    7  -  ?— *  -  i6v»— 37^  +  22      , 

^S? •'  +  6x48*' * 

+  far* . 

In  the  fame  Manner  it  will  appear,  that  the  Fluent 
of  the  fecond  Tcrm»    iq  that  Circumftance,    is  =2 

P     w  2.     A  .    c.v— 2   a»  . ,    35.v-2.2v— 3  nt 


4*8        *bcM<WKr.tfm*tiwfkem.*.cm)er$c 

Uc.    that  of  the   Thifd   ^    -=,  v  4;      a*  + 


,  Whence,  the  Fluent  of  the  whole  Serjej,  By  eoj- 
lcaing,thefe.feyer*»  Vahies  together,  win  conie  ©W  = 

...^*'  2,ow*— ew+a, 

■"         6  x  4.8»* '  0'  +  ^r*  Wh,en>  drawn  into 

ix  *  —  S  A  —  -fr*-— :  T*  /j* •-;  «f.   (the  Value  of 

ttc  general.  Multiplicator  J  VT^)  gives  *5=—   x 

'       V IV 

i    in 

j    4'    +   VT-»»  «trrlt     SJ        ^-r-X.  2P^L.  IJ^T 

X  ~  fcfr.  for,  the  true  Meafare  of  tip  Mgle  required* 

hi  Baffle  of  the  Radius*  or  Uhlty :  Ftom  whence*  by 
Siting  i8q.inftwd«  of  G,  we  (hall  have  the  &n*  Jri 
Degrees :  Which,  laft  of.  all,  by  reftqring.  n>  become* 


X 


18  ~  »+3' 

Where  n  i»  tlie.  Efcjtohent  of  the  Law  fcf  tlie-Fotee, 
whereby  the  Orbit  is  defcribed ;  and  0,  the  Defed  <* 
the  Sqo&ii  of  tJieMeafiireof  theQelerity,  at  the  higher 
Jfcft  below  That  whicfe  th*Bod?  odgKt  to  have  bton 
volvc  in  a  Circle,  this  la£  being  denoted  by  Ufcty. 

The 


*  ■  * 

*¥he  Mannet  of  making  Fluents  converge.        4x9 

The  fame  Conclufion  may  be  other  wife  derived,  by    » 
bringing  i— ^  in  the  transformed  Fluxion,  under  the 
Vinculum ;  but  this  Way  of  going  to  work,   though 
wr  twite  but  one  Strict  to  manage,  will  prove  rather 
more  troublefomt  than  the  foregoing* 

• 

It  will  appear  from  the  two  preceding  Examples,  ef- 
pecially  the  firft  of  them*  that  this  1  aft  Method  of  find- 
ing Fluents  is,  chiefly',  ufeful  when  all  the  Terms  of 
the  given  ExprefRon,  after  the  two  firft,  in  refpcft  of 
tfcefe,  are  but  fmatl.  Which  is  a  Circumftancc  that 
frequently  occurs  in  the  Refolution  of  phyfical  Pro- 
blem* $  fuchv  as  determining  the  Effibft  of  the  Atrao- 
fph^re'«  Refiftance  upon  the  Vibration  of  Pendulums ; 
and  the  Inequalities  of  the  Planets  arifing  from  their 
Action  on  each  other  .—In  ftiort,  wherever  the  Fluent, 
or  the  Quantity  it  exprefles,  would  belong  to  the  Circle, 
or  feme  other  of  the  Conic-Scttions,  were  it  not  for 
the  Interpofition  of  fome  fmali  perturbating  Force 
(whereby  new  Terms,  fmail  in  Comparifon  of  the  twef 
firft,  are  introduced)  the  faid  Method  will  be  found  of 
very  great  Service* 


£ e  a  SEC- 
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SECTION    VIII. 

fAe  Vfe  of  Fluxions  in  determining  tbe  Motion 
of  Bodies  in  refjiing  Mediums. 

PR  OB..  I. 

361.  Suppojing  that  a  Body,  let  go  from  a  given  Print 
A,  with  a  given  Celerity,  in  a  Right-line  AQj  is 
reft/ltd  by  a  Medium  (or  any  Force)  a&ing  according 
to  a  given  Power  of  the  Velocity :  To  determine  tbe 
Velocity,  and  alfo  the  Spaa  run  ever,  at  the  End  of  a 
given  Time. 

LE  T  the  given  Celerity  at  A  (meafur'd  by  the 
Space  which  would  be  unifofflily  defcribed  in  any 
propofed  Time  r)  be  put  =  c>  and  that  at  any  other 
Point  B,  =  v  j  moreover  put  AB  =  *,  and  the  Time 


A  B 

A) •— 1- 


Ci «B 

of  its  Defcription  2=  z  ;  and  let  the  Refinance,  or  Force, 
acting  upon  the  Body  at  A,  be  fuch,  that,  if  the  fame 
was  to  be  uniformly  continued,  the  Body  would  have 
all  its  Motion  deftroyed  thereby,  in  the  Time  wherein 
it  might  move,  uniformly,  over  a  given  Diftance  d 
(CD)  with  its  firft  Velocity  c :  Which  Time,  let  be  de- 
noted, by  U 

Then,  fince  the  whole  Celerity  c  would  be  deftroy'd  in 
tbe  Time  /,  that  Part  of  it  which  would  be  uniformly  ta- 
ken away  in  the  Time  r,  above  propofed,  will  be  truly  re- 

r  cc 

prefented  by  -  x  c  ;  or  by  -:  j  which  is  equal  to  it, 

becaufc  the  Spaces  (czndd)  defcribed  with  the  fame 

Cc- 


in  refifiing  Mediums.  4a* 

Celerity  are  always  as  the  Times  ( r  and  t)  of  Aeir 

_        r        c 
Defcription ;  and  therefore  -  =-j. 

Hence,  the  Refiftance  at  B  being  to  thtf  at  A  (h 

Hypothecs)  as  vn  to  e\  it  follows  that  the  Velocity 
which  might  be  deftroved  in  the  given  Time  r,  by  a 
Force  equal  to  the  Refiftance  at  B,  will  be  expreffed  by 


CL  x  — ,  or  its  Equal      *  »■  ;  Which  Exprefioo  ia, 

d      C  if     * 

therefore,  the  true  Meafure  of  the  Force  of  the  faid 

Refiftance. 

Now,  it  appears,  from  Art.  218.  that,  if  the  Force 
witfc  which  the  Body  is  aded  on  for  the  Velocity  it 
would  generate  in  the  given  Time  r)  be  reprefentcd  by 
F9  the  Relation  of  the  Meafures  of  the  Velocity  and 
Space  gone  over,  will  be  expreffed  by  the  Equation  ±v* 

if 
?z  Fx :  From  whence,  by  writing       _a    inftead    of 


Vnx 


F>  we  have  —  yv  =  %     (the  Sign  of.  vy   be- 

ing negative,  becaufe  v  decreafa  while  x  increafes  *.)  •  Ait.  5; 
From  this  Equation,    we  get  x  =  —  dT^v****  5 

whofe  Fluent  is  *  =  —  - *! +  j    which, 

2— n 

corrected  (by  taking  x  =:  0,  and  v  =  e)  becomes  x  s^ 


Moreover,  fince  the  Time  (*)  is  to  the  Time  r,  as 
the  Diftance  x  to  the  Diftance  v,  we  i\fo  have  *  (= 

rJL  )  =rWr4fc"*"V""*'Vi    and     confequently    *    := 


*  3 


-  ,4 
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■  kft  Equal  ^  J  :   From  ? 


«e  get   ■£  =    t  +  a—  *   x  ~\         :     Likewifc, 
ftom  Che.  preceding  Equation,  we  get  -*•  as 


— — — rj— » 

I  +  »— 2  x  j*/        :  Which  t#o  cqwl  Values  be* 
tag  compared  together,  there,  at  length,   refujts  at  =: 


d  —       £ 

• — -  into  *  +  «— i  x  — 
*—2  t 


—i,  for  the  required  Re- 


Utiaaof  *  ami*.  Sti&L 

Corollary. 
*  , 

362.  If  n  ss  2,  or,  the  Refiftftnce  be  in  the  Duplicate 

Ratio  of  the  Velocity,  the  Equation  exhibiting  the  Re- 
lation of  %  aj*d  v9  wijl  be--j;  =s.i  +  £-f  <wr  »  =t 

^ :  But  the  other  Equation  (the  Fluent  failirig) 

SB 

becomes  unpn&icable.    Here  x,  the  Fluent  of    — 
•  Ait. ui. 7>  wil1  te t*Plica*>fc  **  d  *  *>•'*»•-•»  orbyrf  * 


fc  c 

hjp.  £<jf.  1   +ri    be^aufe  v  a: 


z 

«  +  -• 


S* 


• 


r>&mg 


4*3 


4n  <heJike-Jtf*ih*r,^Wn'*»i>  $r  tte  Refiftinoe-ta 

tos'ihe'yclocity,  the  Relation  of  v9  *  *nd  «,  will  he 


exhibited  by  the  Equations-©  s;  0<-^r>  and  *  =  '  X 
*#.  J^jf .  —  =  /  x  hyp.  Log.  j^.    Which  Cafe,  and 

*     *  * 

that  above,  are  the  only  two  wherein  the  general  So- 
lution fails. 

1 

P  R  O  B.    IK, 

a 

4 

-  y  363.  If  a  Body,  let  go  frwagiven  Ppiwt 
A  with  a  .given  Celerity,  in  a  vertical  Line 
CAQi>  is  ailed  on  by  an  uniform  Gr#mtfr 
and  alfi  by  a  Medium,  reji/ling  according  to 
any  given  Power  of  4&e  Vel^cify,\  ^iifror 
pofed  to  dttermine  the  ^Relation  of  the  Ttmes^ 
the  Velocities  and  the  Spaces  gone  oyex< 


B 


A 


3. 


> 


Let  the  Notation  in  the  prKeding  Pro- 
blem be  retained ;  and  let  the  Force  of  Gra- 
vity, in  the  giygn  j&dimh  (meafured  by  the 
Velocity  it  might  generate  in  the  propofed 
Time  r  >)  Ibe  reprdanted  by  *b.  Th%n,  •  Art.  361 
this  Value  being   added   to,    or  ftbtra&tlf 


I      from 

c 


•) 


the   Meafure  of  the  Jfo 


fiftancfe^,  according  as  the  -Body  h  4n  its  #ftent,  ort*iMto< 


Tfofaartt,  xrt  thence  ge*  ■■  £  **  ' 

Force  (1P)  ^wbepty  the  Motion,   at 
Whence  (if  Art.  218)  *  (=  ~|*)  -   ^ 


fc 


tw 


^■i** 


*-» 


*.*'*=  ? *)  =  7^ :  ***  ^  * ^  *■ 


Ee  4 


may 
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may  be  bad,  by  the  Meant  of  circular  Area,  and  Log** 
ritbm$,  frm  Art.  331.  $.  £9  fm 

Corollary    I. 

364.  It  appears  that  the  Force  f  "1Z7  J  of  the  Re- 

ftftance  is  to  (b)  that  of  Gravity,  in  the  given  Me- 
dium, as  v*  to  bdcnmmm% ;  Therefore,  if  this  Ratio  be 
expounded  by  that  of  «*  to  a%  or  a"  be  put  =  bdc**~** 

it  follows  that  a  will  exprefs  the  Celerity  with  which  the 
Refiftance  wouid  be  equal  to  the  Gravity  (fince,  when 
v—a>  the  fatd  Ratio  becomes  that  of  Equality.)    Hence, 

alio,  by  fubffa'tuting  -j  for  its  Equal  dc       >  we  get 


■    •  n  - 

aw  — ra<u 


i  = ,  and  *  =: 


•  Ait.n6 


Corollary    II. 

365.  If  the  Refiftance  )*  in  the  Duplicate  Ratio  of 
the  Celerity,  our  two  laft  Equations  will  become  *  == 

—  a%wi>  ,  .  — ra*4>  ^ 

.   . '      ,     ' » and *  5s 7 — *     *    ■■»  :     From  the  for- 

,   wr  whereof  m  get  *  =  ~  £  x  ^.  Ug.  ™  **£ 

2*  *        °    w*j-aa         2  .     *   w+bd 

(becaufe,  here,  a*  zz  bd.)  From  whence,,  when  u$co, 
(fuppofing  the  Body  to  afcend)  there  comes  out  x  zd 

•*  x  /^.  £<&  1  +•-£,   for  the  Height  (  A%J  of  the 

whole  Afcent.    But.  if  ^  be  token  ;=  o»  or  the  Body 

9  "  -,     •  be 


4*5 


in  refifimg  Mediums. 

be  fu£pofed  to  defend  from  Reft,  we  (hall  then  hare 

d  W 

—  —  x  A#.  i^.  i  — —  =  the  Diftaace  AB  defcend- 

ed.  Whence,  xfNbt  put  for  the  Number  whofc  Hyper* 

1.x 
bolical  Logarithm  is  -j»  **  follows,  (becaufc,  Log.  k— 

S=—ar  =  -Loi.Wttat,-=SSjrt  and 

consequently  v—a\/  — — -•  Front  which,  the  Di* 

jRance  AB  being  given,  the  Velocity  acquired  in  the  Fall 
will  be  determined.  But,  if  the  Body,  firft,  afcends 
from  a  given  Point  Ay  with  a  given  Celerity  c%  and  the 
Celerity,  acquired  in  falling,  when  it  arrives,  again,  at 
that  Point,  be  required ;  the  fame  may  be  exhibited  in 
a  more  commodious  Form,  independent  of  Logarithms, 

and  will  be  equal  to  — *        -;   becaufe  2f,  in  this 

•x      .  cc 
on 

m 
'  f 

CC 

Cafe,  is  found  above  fo  be  —  I  +  — •  Furthermore, 
with  regard  to  the  Time  (*),  we  feave  already  found  ' 

that  *  is  =  i  ,  or  =  ■    (ss 

b  x  w  +  aa  #xto—  **  % 

t  i  ■'  i  )  according  as  the  Motion  of  the  Body 

b  X  tftf  —  ot/  ' 

is  from,  or  towards  the  Center. of  Force.  Therefore 
the  Time  itfelf,  in  the  former  Cafe,  will  be  =  -y 

drawn  into  the  Difference  of  the  two  circular  Arcs 

c  v 

whofe  Tangents  are  —  and—,  and, whereof  the  com- 
mon Radius  is  Unity  *  :  Whence  it  follows  that  the  •  Aitip, 

Time         ^^ 


4*5  Of  &  tfotim  tf  Btdies 

Time  oF  the  -wfeole  Afcent  wfll  be  denoted  by  2,  mtlf. 

4ptied  fcttrtht  *nner  of  the  AM  Arcs, 

But,  in  the  other  Cafe,  jthe  Fluent,  exhibiting  the 
Time  of  Defcent,  is  not  txjftcaHe  by  die  Arcs  of  a 
Circle,  but  by  the  Difference  of  the  hyperbolical  L<g> 

•  Art.i»6.  garithms  of  ^-^  and  ^— ^  drawn  into  ^  **    Therc- 

fore,  when  fab,  or   the  Body  falls  from  Reft,  the 

Tw*  «  *dl  fre  baiply  =  —  x  bfo  £v. 


2$  yr*  *     * V  £ 


rv  .   v:"     A 


X  fyp.  I,(g.  FT  +  ftr-l]  (hy  toMh'tuting  the  Value 
of  v  found  above,  and  ordering  jthe  Logarithm  as  in 
,/fr/.  303.)     This  Equation,  in  the  foreaientioned  fcir- 

camftance,  inhere  JVrf  1  +  — f  and  v zz  '   ■■'   ■  '  ■  =*^ 


acsassr— — **  ; 


becomes  *  =  -r-  x  *#•*  &£•  a/i  +  --  +  -*• 

*  aa      a 

S.c  H-QHU  m> 

366.  If,  according  to  Sir  /Kw  Newton^  we  fuppofe 
fte  Refinance  of  *he  Aic>  to  Spies'  motf  ng  ift  it,  td 
be  in  the  Duplicate  Ratio  of  the  Celerities  * ;  and  thatt 

1M  *  -^~- *  -  -     1    ■        ■  ~f  •  l-r    ■*     \ 

9  f%aT  the  Rtfipance  is  as  *hc.$o**r*4f  the  Celerity,  the 
Learner  may,  in  fome  meafure,  conceive,  by  eonfid&iug  that 
#*  jam  Body,  *«&* JmW*  toh&y,  mot  4nfy  fate  mtkrrtr 
Number  ,ofy  riffling  Particles  in  Motion,  in  the  fame  time,  hut 
mlfo  t&svfcn  eavBvjkh  a  donhkFiretj  and  therefore  nmjifuffer 
it  four-fold  Reftftance,  pr  a  ReMance  troportt'onal  to  the  Sonar? 
of  the  Fehciiy.  '  <fhh  4voM  &  ftrtBty  true*  nvere  */  not  time 
tie  Particles  fa.  put  in  Hotun  t'mAel  others  lying  before  them, 
and  thereby  prevent,  as  7/  were,  the  ABion  of  thi  Body*  Hhbar 
btwiation  fnm^tkrfartgwg  t>*w  maj  hme  arife,  %  v  uq$  t*jp 
to  determine.  This,  however*  feems  plain,  that  the  Refflahce 
«  ai  &  fitginm*  tfaftyuoey  faiftMo&Q.  frill  thi  dir  in-.tU 
Way  of  tot  Body  comes  duly  to  participate  of  that  motion)  vjtH 
he  greater  than  That  fuftained  by  another  equal  Body,  moving 
•with  the  fame  Celerity,  that  has  been  in  Motion  feme  time* 

*  Ball,, 


■ , 


I 


in  rejifling  Mfdituns.  4*7 

a  Ball,  in  the  Time  it  might  move,  uniformly,  over  a 
%»c?  {d)  vfcick  is  to  4  of  it*  Diameter  as  the  Derifity 
of  the  Ball  to  that  of  the  Medium,  would  have  all  its 
Motion  taken  away  by  a  Force  equal  to  that  of  the  Re- 
fiftance,  uniformly  continued  :  Then,  from  tbefe  Zfeto* 
applied  to  the  Theorems  in  the  preceding  Article,  we 
{ball  be  able  to  dexertniue  the  Velocities  and  the  Times 
of  the  perpendicular  Afcent  and  Defcent  of  Bodies  near 
the  Earth's  Surface;  allowing  for  the  Refiftance  of  the 
Atmofphere. 

Thus,  for  Itiftance,  let  a  Cannon  Ball,  of  four  Inches, 
Diameter  (whereof  the  Denfity,  orfpecific  Gravity,  is 
to  that  vof  Air  as  6000  to  i9  nearly;  be  fuppofed  to  be 
projected,  perpendicular  to  the  Horizon,  with  a  Velocity 
lumcient  to*  caufe  it  to  alcend  to  the  Height  of  half  a 
Mile,  or  2640  Feet,  in  vacuo ;  which  Velocity  (by  Art. 
203.  j  will  be  found  to  answer  to  the  Rate  of  about  41a 
Feet  per  Second:  Then,  according  to  the  Proportion  juft 
now  mentioned,  it  will.be  as  1  :  6000 : :  J.  x  4  f  6400a 
Inches,  or  5333  Feet ;  which  is  the  Value  of  d  in  this 
Cafe.  Therefore,  if  the  Time  r,  in  the  preceding  Ar- 
ticle (which  may  be  afiumed  at  pleafure)  be  here  inter- 
preted by  om  Second,  the  correfponding  Values  of  d,  c 
end  b  will  be  expounded  by  C333  F.  412  F.  and  32A 
F.  *  reipec^ively.  Whioh  Values  being  fubftituted  in  *  Art.  aos, 
the  fevcral  Equations  in  the  left  Article,  we  ihall  get 

i°.  a(zzVbd)  =  4x4  F.  the  Velocity,  per  fc- 
cond>  wherewith  the  Refiftance  would  be  equal  to  the' 
Gravity,  or  Weight,  of  the  Bell. 

d  U  _ 

a°.  —  x  hyp.  L?g.  1  +  —  =  1835  Feet,  the  whole 

2  OM 

Height  of  the  Afcent. 

3Q.  -y  x  Arch*  whofe  Tang,  is  —  =  10,08  Seconds % 

the  whole  Time  of  thf  Afcent  (which  is  lefs  than  the 

s 
f  ime,  in  vacuo,  by  2,73-) 


-  w 


428  Of  the  Motion  of  Bodies 

*        \        F 

4#.  v  (=-    .   y  \  =  292,  the  Velocity*  Jur 


Sctmdy  acquired  in  the  Defcent. 


«.+ — 


A     ■■    !■    ■■■■!<■ 

5«.  Laftly,  x  x  ^'  *«•  VI  +  —  +  ~ 

11,30  Seconds,  the  Time  of  the  Defcent. 

NoUy  In  this  Example  the  Meafure  of  the  aMblute 
Gravity  of  the  Body,  in  vaaio*  is  taken,  infiead  of  its 
Gravity  in  Air  (the  Difference,  there*  being  too  incon- 
fiderabie  to  be  regarded.)  But,  in  Cafes  where  the  fpe- 
cific  Gravity  of  the  Medium  bears  a  fenfible  Proportioa 
to  that  of  the  Body,  the  Force  of  Gravity  (b)  rauft 

be  expounded  by  32^  x  — ~—  (inftead  of  32A) 

a 

where  B  is  to  Afzt  the  fpecific  Gravity  of  the  Body  to 
that  of  the  Medium. 


PROB.   in. 


*i 


Ti  determine  the  Rrfflanee,   if  meant  whereof  a 
°fh<>  gravitating  uniformly  in  the  Dirt & ion  of  parallel 
Lines,  may  defer  tbt  a  given  Curve. 

Let  ABC  be  the  given  Curve,  and  BQ,  parallel 
to  the  Axis  (or  any  given  Line)  AH,  be  the  Dire&ion 
of  Gravitation  at  any  Point  B  :  Make  PBR  perpendi- 
cular to  AH  and  BQ^;  and  let  AP=;r,  PB=y,  AB=e, 
BM  (N*)  =  x,  MN  (B$)  —)y  BN  =  *,  and  the 
Velocity  of  the  Body  at  B  in  the  Direction  PBR  =  v. 
Then,  the  Decreafe  of  Velocity  in  the  faid  Dire&ion, 
•MtL  which  is  wholly  owing  to  the  Refiftance  •,  being  re- 
*°*  p'refented  by  —  v,  it  follows  that  the  corresponding  De- 
creafe of  Motion  in  the  Direftion  BN,  ariling  from  the 

•  •  • 

fame  Caufe,  will  be  exprefled  by  vX-vs— rj 

r  J  J  J 


ntx 


and,  that  in  the  Dirtaion  BM,  by  —  — .     But,  the 

Celerity 


\ 


in  rejifiing 

Celerity  in  this  laft  Dire&ion  being,  every  where," re- 

\  x  fix  +  *ux 

prefented  by  v  x  -r,  its  Fluxion  — r— 


will  be  the 


4** 


rvboU  Alteration  of  Motion  in  the  faid  Dire&ion,  arifinf; 
from  the  Refinance  and  the  Force  of  Gravity,  con- 

jundtly :  From  which  deducing  the  Part  owing  to  die 

•  •  .. 

vx  %yx 

Refiftance,  found  above  to  be  — ,  the  Remainder  — 

y  J 

will  be  die  ESe&  of  the  Gravity,    Which  being  to 

(—  ™)  the  Efiba  of  the  abfolute  Refiftance  in  the 

•  • 
Direction  BN,  as  i  to  —  — ,  the  Force  of  Gravity* 

muft  therefore  be  to  that  of  the  required  Refinance,  in 

the  feme  Ratio  of  z  to  —  — • 

vx 

Moreover,  the  Force  of  Gravity,  mcafured  by  the 
Velocity  it  would  generate  in  a  given  Part  of  Time  ( i ), 
being  denoted  by  Unity,  the  Velocity  generated  thereby, 

in  the  Time  (-£)  of  deferring  BJ,  with  the  Celerity  v, 

•  f      t  —  fu- 

lfill likewifc  be  truly  exprefed  by,  — ,  the  Meafure  of 

the 
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the  /aid  Time :    Which  being  put  =  to  /—  )  the  Va- 
lue of  the  fame  Quantity,  given  above,  we  thence  have 

•  ■ 

v%  =:  4  :    From  whence,  not  only  the  Velocityf  but 

the  Rcfiftance  will  be  found.    But,  if  you  would  have! 
the  Rcfiftance  exprefled  independent  of  v ;  then  let  the 

Fluxion  [ivit  =;— -rrj  of  the  laft  Equation  be  di- 

vided  by  the  Fluent,  which  will  give  —  =  —  ~ : 

•  • 
And  then,  by  fubftkuting  this  Value  in  .—  Ij^you  will 

get  -rrt  for  the  true  Force  of  the  Refiftance,  that  of 

Gravity  (or  the  Weight  of  the  Body)  being  expounded 
by  Unity. 

Tie  /ami  dtbtrwifc. 

x  Het  BO  be  the  Radius  of  Curvature  at  8,  aftd  let 
OQ.be  parallel  to  JPB,  meeting  3M,  produced  in  Qj 
Then,  if  the  abfolute  Gravity,  acting  in  the  Direction 
BC^,  be  denoted  by  Unity,  its  Force  in  the  Direction 
BO,  whereby  the  Body  is  retained  in  the  Curve,  wilt 

fcc  reprefented  by  ggf.    Therefore,  fince  the  Velori* 

ties  in  Circles  are  known  to  beta  tbe  Subduplicate  Ratio 
•Ariau.  of  the  Radii  and  of  the  Forces  conjunctly*,  the  Ve- 
locity *  B  will  be  rfghdy  ocpreffed  by  V/BO>S-i 

or  its  Equal  v'BQl  (For  the  Curve  at,  aqd  inde* 
finitely  near,  B  may  be  taken  as  an  Arch  of  a  Circle 
whofe  Radius  is  BO :  And  it  is  evident  that  the  Re- 
Sftajic*  has  nothing  to  do  in  frfoiflf  the  Body  him  dm 

Tangent* 


Tangent,  but  o*ty  ferns  toieierd  its  MotfQb  fa*  that 
it  may,  every'  wftere,  bea*  a  due  Proportion  to  the 

fiven  Force  of  Gravity  a&ing  in  the  Direction  BO«) 
fence,  putting  BQ^:=  j,  the  Increafe  of  the  Celerity 

in  the  Time  (— 7=.  T  of  defcribing  EN,   will  be  ex- 

pefigd  Ijy  ifc  Fk*iaa  tf  */£  or  — ~r     Mofecw, 

tfte,  Celerity  that  aught  bt  generated  by  Gravity  m  the 
fai4  Time  —=  bei#g  nietfujed  thereby*  the.  Incwafc, 

in  BN,  arifing  from  the  fame  Caufe,  will  therefore  be 

•  • 

t$  *  9C 

—  -7=  x  —  ss  -7=  5    Which,    being    taken     from 
tbe  whole  Increafe,  found  above*  the.  He- 


minder, 


J—  2x 

a/7 


thctf^d 


Whisk  ft' ta  the  Efied,  -£r,  of  the  abfolul*  Gravity 

v  s 

■ 

as  lZZ&  to  1.     Therefofe  the  Refifanoe  is  to  the 


42* 


Gravity  (or  Weight  of  the  Body)  as 


2* 


to  U- 


wty :  Whose  the  Signs  are  changed,  because  the  two 
Forces  a&  in  contrary  **—**•-— 


Qecarfc  BO  s?  ^5  ♦,  therefore  *  (BO  x4Js 
■rae^  ■■..  *'  (—  the  Square  of  the  Celerity)  whence 


j-  — — i^i *  **,    and    consequently   the  Re* 

fiflance 


** 
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fifboce  **=L  ~t±t±t  =*Lth  vny  Jam, 

Corollary. 

368.  tf  the  Refiftance  be  fuppofed  as  any  give* 
Power  of  the  Velocity  drawn  into  (D)  the  Denfity  of 
the  Medium;  thin,  from  hence,  the  Denfity  of  the 
Medium,  at  every  Point  of  the  Curve,  may  be  deter* 
mined :    For,  the  abfolute  Celerity  at  B  being  repre- 

fcnted  by  — *  the  Refiftance  at  that  Point  will,  according 

J  J 

to  the  faid  Hypothecs;  be  as  ^J  X  D ;  and  therefore 
the  Velocity  that  would  be  deftroyed  thereby,  in  the 
fl\  of  defcribing  BW,  as  9"  x  ^:  Which 

being  ptft  =  (— ^r\  the  Effcfl:  of  the  fame  Re* 
Mance,  found  above,  we  thence  get  D  ==  =r- 


»  

Which,  by  fubftituting  for  v  and  v,  becomes  D  s 

* 

In  this  Corollary,  and  what,-  elfewhere,  relates  to  uit* 
equal  Denfities,  the  Gravity  of  the  Body  in  the  Me* 
dium  is  fuppofed  to  continue,  every  where,  the  fame, 
or,  that  the  Attra&ion  incrcafes  with  the  Denfity,  fo 
that  the  Difference  between  the  fpecific  Gravities  of 
the  Body  and  Medium  may,  at  every  Point,  be  a  con^ 
fiaat  Quantity. 


EX- 


in  refijimg  Mediums.  4j« 

•  * 

EXAMPLE    I. 

369.  Let  the  proofed  Curve  ABC  be  the  common 

Parabola : 

Then/  x  being  here  =^-f  we  have  x  s  — $  -- 

Tand*=:o;  and  therefore  —  •  i.  alfo    =2    o:.^^ 

Whence  it  appears  that,  a  Body,  to  defcribe  this  Curve* 
muft  move  in  Spaces  intirely  void  of  Rcfiftancc. 

»  ■  • 

EXAMPLE    II. 

370.  -  Let  tbe  Curvi 
ABC  bi  taktn  as  a  $*a- 
drant  of  a  Circle,  wbofe 
Radius  BO  is  =z  a. 

In  this  Cafe  we  have  i 
(BQ)fc  **-*(=  AO 

— Ar)  whence  1  =:  —  x9 

_  •       • 
o.x*mmm  s 

and  therefore : —    -3 

2» 

3*        3PB 

r?  =  TSr\J*    P1001  which  it  is  evident,  that  tht*A-fc  mM  , 
a*        aAU*  ^^  J  Ait*  Ms* 

Velocity  is,  every  where,  as  /BQ,  and  the  Refiftance 
to  the  Gravity  (or  Weight  of  the.  Body)  as  3PB  to 
aOB. 

PROB.    IV. 

371.  tbe  Centripetal  Force  (F)  bring  given ;  a  find 
the  RiMana  and  Velocity  whereby  a  Body  may  defcribe  a 
given  Spiral  (or  any  other,  peffiUef  Curve)  about  tbe 
Center  of.  Force. 

Let  P  be  the  Center  of  Force,  and  BO  the  Radius 
of  Curvature  at  any  Point  B  in  the  propofed  Curve, 

F  f  and 


f  Aft.  367* 
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Oftbi  Mbtwt  ofBuiiti 

B 


and  let  OQ.  be 
pendicolar  to  B 
alio  let  BP  2=7,  B  . 
:=  s,  AB  cx,BM 
==  —  >•,  and  BN 
=  k<  Then*  it  is 
evident  from  Art.  367. 
that  the  Velocity  at  B 
will  be  ixpWed  by 


y 


*BO  x  *£x  ti 


or,  its  Equal,  •;£*;   And  therefore  its  increafe  in  the 
Jjp)  of  defcribing  BN  will  be  ^£== : 


From  which,  deducing  (F  x  ^  X  -f )  the 
fed  of  the  centripetal  Force,  in  the  fame  Time  and 

Direclion,  the  Remainder,^ *£&*  *>  *»  ***£ 

feft  of  the  Refinance.    Therefore  the  Refiftance  is  to 

,p  4.  fi  -f-  if* 
the  centripetal  Force  as  —  — — 


iV*F 


a  #* 


1% 
to  -t=b,  or 


EXAMPLE. 


S7».  Let  the  Meafore  (F)  of  the  centripetal  Force 

be  eltpbtthded  by  any  Power  /of  tke  pittance ;  abd 

let  the  Cum  be  to*  Iwgwf  ^j~ '  putwig  the 

+Ait.  61.  Co-fine  of  the  given  Angle  PBN  \  (to  the  Radius  r/ 

5fc    Then,  *  being  here  =  jt,  and  F«  »r*~>, 

we 


JAa.74* 
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*  1  T 

.    Hence  it  appears  that  the  Velocity  muft  be,  eyerjr 

where,  at  j  *  ;  aod  Ac  Refinance,  to  the  centripetal 

Force,  as  2~*  x  -  to  Unity.    But,  when  *  =s  -^  ^ 

-— »  x  —  becomes  =  o  >  therefore  the  Body,  in  this 

Cafe,  ouft  move  in  Spaces  intirely  void  of  Refjftaftce* 
agreeable  to  Art.  233.  And,  if  «+3  be  negative,  an 
accelerating,  inftead  of  a  refitting  Force,  will  be  required* 

Scholium. 

373.  If  the  Denfity  of  a  Medium,  wherein  a  Body 
moves,  be  either  uniform,  or  varies  according  to  a 
given  Law,  the  Nature  of  the  Curve,  or  Trajcfiory 
may  be  determined  from  what  is  delivered  in  the  pre- 
ceding Pages* 

Thus,  for  Example,  let  the  Denfity  be  fuppofed  every 
where  the  fame,  and  the  Refinance  as  the  Square  of  the 

Celerity;  that,  from  Art.  368.  we  have    -—  =  D$ 


KX 


which,  in  order  to  exterminate  £,  may  be  transformed 

to  ki  =  jp+jur  x  DVw :  Where,  D  being  a  conftant 
Quantity  (depending  upon  the  given  Denfity  of  the 
Medium)  the  Value  of  x  will  be  found,  as  is  taught  in 

y*       Dy* 
9$B.  a.  Art.  afig,  vju  and  comes  out  =  <-  +  -^ 

.   ZJ-  &.    In  which  p  i$  pit  to  deaote  the  Para- 

F  f  2  meter 
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meter  of  the  Curve  at  tbe  Vertex,  or  higheft  Point  A, 
(to  be  dctermin'd  from  tbe  Force  of  Gravity  and  the 

Even  Velocity  of  the  Body  at  that  Point.)  This  So- 
tion  anfwers  near  enough  when  the  Refiftance  is  but 
Jinall  in  Proportion  to  the  Gravity ;  in  other  Circum- 
fiances,  the  Series  not  converging,,  it  becomes  ufelefs: 
For  which  Reafon,  and  becaufe  tbe  Cafe  above  fpe- 
cified  it  That  fuppofed  to  obtain,  in  refpeft  to  the  Air 
jncar  the  Earth's  outface,'  and  its  Refiftance  to  Bodies 
moving  therein,  I  fhall  (hew,  by  a  different  Method, 
haw  the  Nature  of  the  Curve  may  be  inveftigated. 

In  order  thereto,  let  the  Celerity  at  the  higheft  Point, 
A,  above  the  Plane  of  the  Horizon  EC,  be  denoted  by 
c\  and  let «  be  the  Celerity  with  which  the  Refiftance 
is  equal  to  the  Gravity   (vid.  Art.    365.   and   366. ) 


.••*» 


♦  r 


Moreover,  let  d  be  put  for  the  Diftance  over  which  the 
Ball  might  uniformly  move  in  the  Time  that  the  Me- 
dium  would  deftroy  all  its  Motion,  was  the  Refiftance 
to  continue  the  fame,  all  along,  as  at  the  firft  Inftant 
(Which  Diftance,  according  to  Sir  IJaec  Newto*,  is,  al- 
ways, in  Proportion  to  \  of  tbe  Ball's  Diameter,  as 
the  Denfity  of  the  Ball  to  that  of  the  Medium.) 


vx 


Then  it  will  be,  as  d:  «  (BN)  ::  — , 


the  abfolut* 


Celerity  at  B,  to  C^r)  the  Part  thereof  that  would 


dj 

be  uniformly  deftroyed  by  the  Refiftance  in  the  Time 
of  defcribing  BN,    with  the  Velocity  at  B  :   Which 

{vid.  Art.  367.)  we 

there* 


Value  being  alfo  exprcficd  by 
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therefore  have  .-^r-  = r  I  whence  -j  =  -^-,  ana 

confequendy,  by  taking  the  Fluent,  -j  =  —  hyp. 
Log.  v  j  which  corrected  (by  putting  *=o,  and  vz=c) 

w 

gives  -r  ( =  hyp.  Log.  *— hyp.  Log.  v)  =  hyp.  Log.  -. 

Furthermore,  fince  (by  Hypothefis)  the  Refiftance 
with  the  Celerity  ^r  (at  B)  is  to  the  Force  of  Gravity, 

y 

or  the  Refiftance  with  the  Celerity  *,  as  — —   to  a  ; 

•         yy 

and  it  appears,  from  the  aforefaid  Article,  that  the  fame 
Ratio  is  alfo  univerfally  exprefled  by  that  of  .  to 
i,  it  follows,  from  the  Equality  of  thefe  Ratios,  that 
—  is  =: 5%    But,  in  order  to  th$  Refolution  of 

yy  & 

the  Equation  thus  given,  let  the  Tangent  of  the  Angle 
PBA  (or  N)  which  the  Ordinate,  PB,  makes  with 
the  Curve  (fuppofing  Radius  Unity)  be,  every  where, 

reprefented  by  w:  Then,  becaufe  £zzwy%  i  \V  >*+**) 

=  y  Vi  +  w\  and  x  =  <wy  (y  being  conftant)  we 
ihall,  by  fuhftituting  thefe  Values  in  the  forefaid  Equa* 

tion,  get  —  -^j-  =;  <w  V  i  +  %v%  %    whereof    the 

Fluent  will  be  given,  ^-  nJwVi  +«/*  +  *  hyp. 

Log.  w  +  Vi  +  «/*  • :   Which  corrected  (by  taking •  Art.  i%$> 

•  a*        '  ax  tnd  181. 

v  =  * and  w=o)  becomes  ~  —  1—  =  x  w y/ ,  +  w* 

+  i  hyp.  Log.  w  +  V\  +  w\    But,  to  (horten  the 

F  f  3  re- 
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remaining  Part  of  the  Procefs,  let  the  latter  Part  of 
the  Equatiatv  wr  the  Fluent  of  *  Yi  +  */*  be  de- 
noted by  Jg.;  then-—  being  =  —  +  5> ,  we  have  v  ^ 

aw      **     arc 


4? 


«/        -    -a  i  ""I  confequently  -J  {=  hyp.  L*&.  jj 

s  hyp.  Log. j S.=  J  hyp.  Log.  I  +  -^*\ 

From  which  tw&  Equations,  the  Velocity  of  the  Ball, 
and  the  Diftance  it  has  moved,  when  its  Direction 
makes  any  given  Angle  with  the  Horizon,  may  be  com* 

}mted,  let  the  Medium  be  as  denfe  as  it  will:  AJfo, 
irom  hence,  if  the  Celerity  anfwering  to  any  one  given 
Angle  of  Direction  be  known,  the  Celerity  correfpoad- 
ing  to  any  other  given  Direction  may  be  found,  together 
with  the  Diftance  defcribed  between  the  two  Portions* 
For  v  (in  the  Defcent  of  the  Body)  being,  vnbOerfaUjj 

Ot 

equal  to   j     ±  «,*ri*    *c   ^ue   *&  c*   **?&&*% 


the  Celerity  at  the  Vertex  A,  will  be  had  from  that 
Equatbo,  *nd  comes  out  =c     1,  ■      1       ,., ;    whence 

^  r  ma  —  zv  J^ 

alfo  «  (=  d  x  hyjx  Log.  ^Jrix   hyp.   Log. 

*  ...»  2W^ 

a=*=^  r=  —  {  i  x  hyp.  Log.  1  —  ■■■  ?*% 
00  —  at;  ^  jr       b  aa 

Fttfm  which,  the  Celerity  at  A  being  known,  the  reft 
is  obvious. 

But,  in  the  afcending  Part  of  the  Curve  EA,  both 
%  and  Q  muft  be  confidered  as  negative,  or  wrote  with 
contrary  Signs:  Aad  then,  fcftn  the  foregoing  Equations, 

m  av 

wc  (hall  alfo  get  v  =    .    ■    ■  ■  ■     ,  c  =        m  1  ■■■wrt 

ftn* 


■  1 
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2&3T     _  «    V   v 

and— x^idx  hyp.  Log.  I -—*  —  —  ,  •  x 

hyp.  Log*  1  +  22l£  .  and,  confequeady,  «  =  ~i  d 
x  hyp.  Log.  1  — 223s*  *  d  x  hyp.  t*£.  iTlS" 


aa 


zz  d  x  hyp.  Log.  — :  Anfwering  in  this  Cafe. 

It  ftiM  remains  to  take  fome  notice  of  the  Values,  of 
»  *id  y  (in  order  .to  have  the  Fqrua,  aa  well  as  die 
Length  of  the  Curve.)  Thefc,  indeed,  ate  not  to 
cafy  *o  bring  out  aa  That  of  «,  given  above ;  nor 
can  they  be  exhibited  in  a  genent  Manner,  ekher  hy 
circular  Arcs,  or  Logarithms  (that  1  have  been  able  to 
difcover)  but  may,  however,  be  approximated  to  any 
reauired  Degree  of  Exaanefs,  as  will  appear  from  what 
follows. 

Since  *   ( =  AB)  is    found  =  J  d  x  hyp.  Log. 

f  1        ^  by  taking  the  Fluxion  thereof,  we  get  k  =3 


4a 


aa  +  lccZl        aa  +  ic%$L  ^ 

k       \  €%dw 

Therefore  y  (  =  7=^)  =  „  +  ^l  and  i 


fdww 


(=  ti/y)  =  a£+  3U^=   Which  Equations,  by  taking 

•r  to  t,  as  *%  to  **  (or  as  die  Square  of  the  Force  of 
.Gravity  .to  the  Square  of  the  Refiftance  at  A)  are  re- 

a*w  ditto*} 

inccd  to  j  =  -+  ^aadxsz  r  +  i$l    WJhenot 


i 


«,  mi  •  -  4  into      *      +  t  x  i  +  «w|  — j 

Ff4 
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4=|p **-&.    And*=dmtm 

i 

jw*  Jwxi+  wuA    —  iQ 

ixi+uwf-i-lJZ  ^    Thcfc  £  ^ 

A  B 

(brought  out  by  affuming  ;^s  +  ^  +  &c. 

for  die  Fluent  Taught,  and  proceeding  as  in  Art.  340.) 
converge  very  faft  when  r  is  large  in  companion  to  Q  $ 
but  in  other  Cafes  the  required  Values  will  be  had,  with 
lefs  Trouble,  from  die  following  Method. 


Let  PKTK  and  AMTM  be  two  Carves,  whereof 
the  Ordinates  SK  and  SM,  to  the  common  Ahfctffa  w 

(=  AS)  are  exprefled  by  ^^  and  y    ™       refpec- 

tively  :  Then  it  is  plain,  from  the  foregoing  Equations, 
that  the  Meafures  of  the  Areas  of  the  faid  Curves,  mul- 
tiplied by  d%  will  truly  exhibit  the  Values  of  y  and  x ; 

an* 
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anfweringto  any  given  Value  of  «/  (or  AS)  the  Tangent 
of  the  Angle  of  Direflion ;  or,  or  fpeak  more  geo- 
metrically, a  Square  upon  AC  (fuppofing  AC  =  Radius 
=r  Unity)  will  be  to  either  of  the  faid  Areas  ASKP, 
or  ASM  as  the  given  Diftance  rf,  to  the  Value  of  y  or 

x  required But  now  as  to  a  Way  for  computing 

thefe  Areas  (without  which  what  has  been  faid  about 
them  would  be  to  very  little  Purpofe)  the  Method  of 
Equi+diftant  Ordinate*  may  here  be  applied  to  very  good 
Advantage  (when  the  foregoing  Seriefes  do  not  converge)  * 
By  means  whereof  the  required  Quantities  may,  with  a 
little  Trouble,  be  brought  out  to  a  fufficient  Degree  of 
Exa&nefs,  let  the  Refinance  be  as  great  as  it  will. 

According  to  the  fame  Way  of  proceeding,  the  Va- 
lues of  x  and  y,  in  the  Afcent  of  the  Ball,  will  alfo  be 
found,  if  the  Ordinates  ik  and  jj»,  generating  the  re- 
quired Areas,  be  taken,  every  where,  equal  to  — 

From  what  has  been  thus  far  delivered,  it  will  not 
be  very  difficult  to  calculate  (according  to  the  foregoing 
Hvpotbefis)  all  the  principal  Requifites  concerning  the 
Motion  and  Track  of  a  Ball  in  the  Air,  projefted  with 
a  given  Velocity,  at  a  given  Elevation  ;  as  will  be  more 
clearly  feen  by  the  Example  fubjoined. 

Suppofe  a  Cannon  Ball  of  4  Inches  Diameter  (where- 
of the  Weight  is  nearly  9  Pounds)  to  be  discharged  at 
an  Elevation  of  45  Degrees,  with  a  Velocity  fufficient  to 
carry  it  to  the  Diftance  of  one  Mile,  on  the  Plane  of  the 
Horizon,  were  it  not  for  the  Refiftance  of  the  Air.— 
Then  that  Velocity,  being  the  fame  as  might  be  freely 
acquired  in  a  perpendicular  Defcent  of  half  a  Mile  *,  *Art.  36$. 
will  be  found  to  anfwer  to  the  Rate  of  412  Feet,  per 
Second*  according  to  Art.  202.  and  366.  From  whence 
it  is  alfo  plain,  that  the  Diftance  d  (fo  often  mentioned 
above)  will  here  be  expounded  by  5333  Feet  j  and  that 
the  Celerity  (a)  with  which  the  Refiftance  would  be 
equal  to  the  Gravity  (or  Weight  of  the  Ball)  anfwers 
to  the  Rate  of  about  4 14  Feet  per  Secend. 

More- 
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Moreover,  finoe  die  Tangent  of  the  Angle  of  Ele- 
vation, or  die  firft  Value  of  w,  is  given  equal  t$  Unky 

(or  Radius)  we  have  4J,(*W  l/a/*  +  i  +  i  hyp.  Log. 
w  +  Vt#a  +  i)  ==  1.1478:   From  which,  and*  ( 


412  V  £ ),  we  get*  (=  i  ^  X  hyp.  Log*  1  +  ~7*V 
==  2015  Feet  =  the  Arch  described  in  the  whole  Af- 

cent.   Alio  [c  =  —  *  iA  s  199  i  Feet,  for 

the  Rate  of  the.  Velocity,  fur  Sec**d%  at  the  hjgheft 
PpuU:   Whence  r  (  5:  —J   ^  4,314;    ty  Meats 

whereof  the  greateft  Altitude  of  the  Ball,  and  the  ho- 
rizontal Diftance  correfponding  thereto  will  Hkewife  be 
found  :  For  let  AF,  in  the  preceding  Figure^  be  taken 
==  1  (the  given  Value  of  wj  and  let  the  fame  "be  di- 
vided into  three  Parts  by  equi-diftant  Ordinates  (which 
Number  will  anfwer  fufficiently  ex  ad)  then  the  fucceffive 
Values  of  w9  for  the  Ordinates  APj  Jb,  is  a?d  TF, 
**ing  0*  i»  7  ^d  J>  thofe  of  J^ will  be  0,0.3394,0.713, 
and  1.147$,  and  the  Ordinates  themfdves  (or  the  cor- 


3 


0*3463  a*d  0.4953,  refpe£Uvery*  From  whence,  by 
adding  the  two  Extremes  to  three  times  the  Sum  .of 
the  two  middle  Terms,  and  dividing  Che  whole  by  8, 
*re  get  0.3239  far  the  Value  of  a  mean  Ordinate  * : 
Whkh,  as  A*  is  here  equal  to  Unity,  is  alfo  the  Mea- 
fare  of  the  required  Area  AFTP :  Which,  therefore, 
being  multiplied  by  5333  (d)  gives  1727  Feet,  for  the 
Jtorizojual  Djftajrce  nude  good  in  the  whole  Afoot   In 


*  See  p.  1 17.  tfmy  Mathematical  Differtations% 
7  the 


w  riffling  Mediums.  ±*  + 


the  fame   Wiy  the  Area  AFro  if  found  zz  0.1828. 
Whence  the  greateft  Height  of  the  Ball  appears  to  be 

(-0-1828  x  S333)  -  975  pcct- 

By.  taking  ACci,  and  repeating  the  Operation  (only 
changing  r  —  2j£  to  r  +  2$)  the  Area  ACTP  will 


come  out  =  0.1883,  and  ATC  =  0.0875;    which 

5333  {as  above)  give  1004  F.  and  467 
F.  for  the  Amplitude,  and  the  Diftance  defcended,  from 


the  higheft  Point,  when  the  Direction  of  the  Ball  makes 
an  Angle  with  die  Horizon  equal  to  that  in  which  it 
was  proje&ed. 

But,  to  have  the  Dire&ion  when  the  Ball  ftrikes  the 
Ground,  and  the  whole  Amplitude  of  the  Projedion, 
we  muft  find  the  Value  of  die  Tangent  AB,  when  the 
Area  ABL  is  equal  to  (0.1828)  the  Area  AFm  (fo  that 
the  Defcent*  from  the  higheft  Point,  may  become  equal 
to  the  whole  Afcent.)  In  order  thereto,  let  0.0875 
(ATC;  be  deduced  from  0.1828  (AFm)  and  the  Re* 
mainder  0.0953  will  be  =r  CTBL ;  this,  divided  by 
TC  (0.1513)  quotes  0.63;  which  would  be  the  Value 
of  Co,  if  all  the  Ordinates  CT,  SM,  &V.  were  equal: 
B>ut,  wit  is  obvious  from  the  Nature  of  the  Problem* 
and  from  the  Law  of  the  Ordinates  already  computed, 
that  BL  will  be  fomething  greater  than  C T ,  and  con- 
sequently CB  lefs  than  0.63 1  therefore  fuppofe  the 

Value  of  CB  may  he  about  0.56;  and,  accordingly, 
proceed  to  compute  the  Area  of  CBLT  anfwering  to  thia 
Number}  by  means  of  CT  (0.1513)  and  BL  (0.1852) 
and  one  intermediate  Ordinate  SM  (0.17 15)  and  find 

.  re       *u    a         •     *•      Cr  +  BL  +  48M     „n% 
it  [from  the  Approximation -» — — E —  xCB) 

to  come  out  =  0.0955  :  Which  is  fo  near  the  required 
Value  0.0953,  ttart  k  vwH  be  altogether  needlefs  to  re- 
peat the  Operation.  It  is  evident  from  hence,  that  the 
Tangent  (AB)  of  the  Angle  ofDireftion,  when  the 
Ball  ftrikes  the  Ground,  is  1.56 ;  anfwering  to  570 :  ao': 
From  whence,  CBKT  being  found  =r  0.0752,  the 
whole  Area  ABKP  will  be  had  =  0.2635,  and  conse- 
quently o.  2635x5333^1405  F.  =  the  Amplitude  in 
the  Whole  Defccnt. 

Fur- 
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Furthermore,  from  the  find  Value  of  w  and  that  of 
t  (=  199  j)  given  above,  we  get  *  (=  I  d  x  hyp. 

Log.  1  +  2^)  =  1788  Feet,  for  the  Arch  defcribed 
aa   * 

in  the  Defcent ;  and  alfo  v  =:  142  |F.  which '  multi- 
plied by  1-8527,  the  Secant  of  57°  :  20',  gives  264  F. 
for  the  Celerity  of  the  Ball,  ptr  Second?  at  the  End  of 
its  FHght. 

Now,  by  collefting  the  principal  of  the  foregoing 
Conclusions,  it  appears, 


i°.  That  the  Velocity  at  the  higheft  Point  A  of  the 
Trajectory  will  be  at  the  Rate  of  199  j  Fcet,^r  &- 
tond :  '  Which  is  to  the  Velocity  at  the;  higheft  Point  a 
of  the  Parabola  (En)  that  would  be  defcribed,  were  it 
not  for  the  Refinance,  as  2  to  3,  nearly. 


3°- 
5°- 


EA  =  2025  and  TLa  =  3030  -> 
EF  jk  1727  and  E/=  2640  / 
AF  ==    975  and  af  r=  1320  >  Feet 
AC  =  1788  and  a e    =:  3030  1 
FC  =  1405  and  fc    =  2640  J 

Angle  C  =  57° :  20'  and  c  (  =  E)  =  450. 
Velocity. at  C  to  that  at  E,  as  264 
to  412,  or  as  2  to  3,  nearly. 


Thefe  Proportions,  between  the  Diftances,  in 
Air  and  in  vacuo,  hold  at  an  Elevation  of  45%  when 
the  Refiftance,  at  going  off,  ts  nearly  equal  .to  the  Gra- 
vity, or  Weight,  of  the  Ball.  If  the  Velocity  be  greater 
than  that  above  fpecified*  Or  the  Body,  projected,  be> 

either, 


r 


i ' 


/ 
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either,  left,  br  lefs  denfe*  the  Curve  will  differ,  y?//!/, 
more  from  a  parabola. 

Hence  it  evidently  appears,  that  the  Effed  of  the 
Air's  Refiftaace  upon  very  fwift  Motions,  is  too  con- 
fiderable  to  be  intirely  disregarded  in  the  Art  of  Gun- 
nery.-r— -'Tis  true  the  Method  given  above  is,  by 
much,  too  intricate  for  common  rra&ice;  but  when 
the- Law  of  the  Refinance  to  very  fwift  Motions  is  once 
fiifficienthr  eftabliihcd  (which,  according  to  fome  late 
Experiments,  feems  to  be  in  a  Ratio  greater  than  that 
of  the  Square  of  the  Celerity)  it  will  be  no  very  difficult 
Matter  to  find  out  proper  Approximations  to  correct 
the  Proportions  in  common  Ufe. 
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SECTION    IX. 

T'&e  Ufe  of  Fluxions  in  determining  the  At- 
traction of  Bodies  Under  different  Forms. 

•  ■ 

PROB    I. 

374-  CjUppofing  AC  perpendicular  to  AB,  and  that  m 
V  Corpufcle  at  C  is attracled  towards  every  Point 
or  Particle  if  the  Line  AB,  by  Forces  in  the  reciprocal 
duplicate  Ratio  of  the  Diflanees ;  to  determine  the  Ratio 
tff  the  whole  Force  whereby  the  Corpufcle  is  urged  in  the 
Direction  CA. 

Put  AC=*,  and 
Jet  AD  (confidered 
as  variable  by  the 
Motion  of  D  to* 
wards  B)  be  de- 
noted by  x :  Then, 
the  Force  of  a  Par- 
ticle at  D  being  as 

=-  (by  Hypothe- 


sis)  its  Efficacy  in 
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the  propofed  Dire&on  AC  wifl  (by  the  Rcfolution  of 

. «•  the  Fluxion  of  the  whole  Forces 

wbofe  Fluent,  which  (by  Art.  85.)  is  = 


AD 


«x  «*+*V 


^  CA  x  CD*  will>  whcn  AD=sAB,  be  as  the  Force 
itfclf.  g.  £.  /c 

PROB.    tt 

375.  Suppojhg  BCDE  fr  rjpr^fcvf  tf  iworAir  PAny, 
**rf  that  a  CorpufcU  H,  i/r  the  Axis  thereof  AH,  is  at- 
trailed  by  every  Point  or  Particle  of  the  Plane  by  Forces 
in  the  reciprocal  duplicate  Ratio  of  the  Dijlances  j  to  find 
the  whole  Force  by  which  the  CorpufcU  is  urged  towards 
the  Plane. 

Let  AH  —  a,  and 
H*=x;  then  *\b% 
=  **  —  a*\  Which 
multiply'*1  by  f>=; 
3,14159  ev.)  the 
Area  of  the  Circle 
whofe  Radius  is  U«- 

roty>pra^xjf— a% 

(or  the  Area  of  the 

Circle  Acdbe:  whofe 

Fluxion  is  =  %puxP 

But  the  Force  of  a 

fingle  Particle  at  k 

AH  a 

in  the  Dirc&ion  HA,  is  as  -g^-,  or  ^   (fee  the  Jaft 

Problem)  therefore  the  fluxion  of  the  whrte  Force  is 

truly 
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truly  defined  by  2pxx  x  -3  or  Its  Equal  '-V    and  the 

Force  itfelf  by  the  Fluent  of  -^  j    which    (properly 

2tia       2pa  -  a 

corrected)  is  —  —  +  —  =  2px  1— •—  =  tp  x 


*  *  *  * 


AH 
1 — gg*  when  *  a  HB.  j£.  E.  L 

376.  In  the  preceding  Problems,  we  have  fuppofed 
the  Attra&ion  of  each  l'article,  to  be  as  the  Square  of 
the  Diftance  inveffely  5  that  being  the  Law  which  is 
found  to  obtain  in  Nature:  But  if  the  Force,  according 
to  any  other  Law  of  Attradion,  be  required,  the  Pro- 
cefs  will  be  very  tittle  different. 

Thus,  let  the  Attra&ion  be  as  any  Power  (n)  of  the 
Diftance :    Then  (in  the  laft  PrebJ  the  Force  of  a 

Particle  at  *  (upon  H)  being  as  *%  its  Force  in  the 
DireAion  HA  will  be  as  —  X  x"  or  a**""1  ;  which 
Multiply^  by  ipx*  (as  before)  gives  2pax  x  ;  whereof 
the  Fluent  «Kfj«K*T  (  =  -g.  x 

rf II       *■      1 ■■  ■     V 

AH  x  BH"+'  —  AH"+\)  wUl  be  as  the  Force  required. 

PkOB,     HI. 

377.  T*  determine  tht  Attraction  tf  a  Cm  DHF  at 
Verti*\  the  jfttra&ien     '       '*--•■.• 

Square  of  the  Diftance  inverj 


its  Pert** ;  the  ltttraftien  ef  each  PartUU  being  as  the 

rfe/y. 


Put  the  Axis  EBzzq,  the  Length  of  the  Slant-Side 
HD  (ot  HF)  =  *,  and  AH  feonfidertd  as  variable) 
=x  x:   The*  {bj  Jim.  Triangles)    m  (HE)  :  b  (HF) 


•• 


:  jt 


I 
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::*(HA)  :  HB  =  -.    But,  by  the  laft  Problem, 


the  Attraction  of  all  the  Particles  in  the  Circle 
BC  will  be  meafured  by   if  X  1  —    «  ~  %P  * 

1  —  j  (becaufc  HB  =  j)  :  Which  therefore  being 
multiply'd  by  i,  and  the  Fluent  taken,  we  thence  have 
x  _  ??  for  the  Attraftion  of  ACHB :  And  this,  when 

*=*,  will  be,   ap  x   EH-~,  the  Force  of  the 

whole  Cone  DEHF :  Which,  if  HK  be  made  =  HEf 
and  KG  perpendicular  to  HE,  will  likewife  be  truly  de- 

EH*\ 
fined  by  2p  X  EG  (becaufe  HG  =  j)||/«      $2  &  '• 

Corollary. 
378.   Seeing  the  Attraaion  of  ACHB   is,  every 

where,  as  x  —  j  ,  or  -~  X  *,  it  follows  that  the 

Forces  of  fimilar  Cones,  at  their  Vertexes,  are  dire£Uy 

as  their  Altitudes. 

r  KUjji 
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PROB,    IV. 

379.  To  find  the  Force  of  a  Cylinder  CBRF,  at  emy 
Point  A  in  the  produced  Axis ;  the  Low  of  Attraction  being 
JtiU  as  in  the  preceding  Problems. 

Put    BG    (  =  CG  = 

RH)  -  b;    and    lee    AS 
(taken  as  variable)    =  *: 

Therefore  AT  =  Vb%+x\ 

AS 
andafx  !—  —  =  2/x 


1  — 


Vv  +  ** 


which 


s. 


^  Prob.  a.)  exprefib  the 
orce  of  all  the  Particles 
in  the  circular  Surface  1ST* 


m_ 

^fF 


XX 


Therefore  ip  x  £  -  7==;  is  the  Fluxion  of  the 

required  Forc£ :  Whofe  Fluent  (ip  x*  —  VF+jfil 
when  *  =  AG,  will  be  =  %p  x  A(j— AB ;  but  when 
x  =  AH,  it  will  be  =  2*  x  AH— AF :  Hence,  by 
taking  the  former  of  thefe  Values  from  the  latter,  we 
have  %p  x  AB+ BF— AF  for  the  Meafure  of  the  true 
Force  by  which  a  CorpufcJe  at  A  is  urged  towards  the 
Cylinder. 


:»* 


PROB. 


45# 


f4*  V/e  $f  Fjfcu*IW« 
P  R  O  B.    V. 

380.  The  Law  tftbt  Ftrtt  bting  ftiliyi 


tbtjkmtt 


let  BS  be  perpendicular  to  HG,  and  let  HB  be 
drawn  I  alfo  put  the  Radius  AO = j,  OH^.  AH  (*-*) 
(b  «,  H»  as  t,~*  and  HP  5:  $+#»  then  A»=j— «,  G» 


An 


ut-rj-f  f,  and.  epnfequentljs  irrgxaft^Tjt ■*•<•( W8 
xG«  =  B»2«»BJi*  —  H«*y=H^*-|,;  FkW* 


wt  get  /  as 


£frj|ffi<  (iMAWfe  **<=**•>    ***«»««  •»>  «*  X 


*i—»i 


•Art.  37$. 


HB 


Which  multiply'*1  by  — j—  =  jr  gives* ? 

ftilht  Fluxion  ofthcrequindRwcc  j  whtreofd*  Fluent 


r  determining  the  Attreftion  of  Bodies.         451 

■      ■■  *>i 


the  oCglUCftt 

ABS :  Which  therefore,  when  B  coincides  with  G  and 
?  it  zz  tay  becomes  -^—-,  for  the  Meafure  of  the 
Attraction  of  the  whole  Sphere*  Q  E.  L 

CotOLLAftY     L 

381.  Heneo  the  Attraaion  \Q\   at  the  Surface 

of  the  Sphere,  where  b  is  a  a ,  will  be  ^— \  and 

2 
therefore  i*  dtrt&ly  as  the  Radiu*  of  the  Sphere. 

-   CemouA&Y  XI, 

Aba* 

382.  Since  ^—  is  known  to  exprefc  the  Content  of 

$ 
Spher* whofe  Radio*  «*  •,  it  is  evident  that  the  4*#A<ti4S, 


tradioa  C^*jTf  of  any  Sphere  k,  uniw&tlfj 

Quantity  of  Matter  djre$ly,  and  the  Square  of  tht  QU 
fiance  from  its  Center  inverfejy  \  and  is,  moreover,  the 
very  feme  as  it  would  be,  was  all  the  Matter  in  tht 
Sptat  fc>  to  nnitfd  in  a,  Pomu  at  tfrc  Center. 

Corollary  I{L 

*  * 

S3*  If  inftead  of  a  Corpufclt,  or  a  fingTe  Particle 
attar,  at  H,wafqypo<e  another  Sphere,  having  it* 
Center  at  H?  Then,  uuce  the  two  Spheres,  at  O  and 
If,  *£t  up  each  other  with  the  very  fame  Forces,  as 
if  each  Mafs  wps  oontragfd  into  its  Center,  it  follow* 
tfrtt  t)ie  abfolute  Force,  with  which  two  fpherical  Bo- 
dies tend  towards  each  other,  is  as  the  Produft  of  their 
Maflcs  dircdly,  and  the  Square  of  die  Diftance  of  their 

G  g  z  Centers 
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Centers  inverfely:   And  therefore,  if  the  Mafies  are 
give*,  will  be  barely  as  the  Squatfc  of  the  D&ance. 

P  R  O  B.    VI. 

384.  To  determine  the  fame  as  in  the  loft  Problem,  the 
Fora  rf  each  Particle  being  as  any  Power  (n)  if  the 
Difiame. 

Let  HB  :=  *,  and  let  evcty  thing  elfe  remain  as 
above;   then  we  Hull  have  y  =  **+**+**  =  j  + 

^  (by  putting  d  =: —  )  and  confcqucntly>  =  —  . 

,  Now  the  Attradion  of  all  the  Particles  in  the  circular 

Surface  BS,   U  m-J-  x  ttfxHB^'-fti*^    (b, 


Art^b.)  —  -31  x^1  _/+».  Which,  multi- 
ped ^  i,  gives  -^-  xZ+j^-y^fortheFlo^ 
wnof  the  required  Force :  Which,  becaufe  yy  is  =3 

* "*"  3  x  T  =  ~  +  "J?*  wiU  likcwifc  be  exprefled 


by 


iL  v  A***rf 


«+i  *  — j —  +  ~%P y     *:  Whereof  the 

Fluent  is  -^-  x  g*  - —  +  —  2 

*+1      W+3X*       »+5  x  a*x       »+3: 

Which,  when  B  coincides  with  A,  or  *=y=f,  wU  bee: 

— *-  x  - — +  s== ; —  :  But,  when 

*+I      *+3X*      »  +  5X2i*      *+3 

6  B  co- 
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B  coincides  with  G,  or  x  =  y  =s  ia  +  c  (=r/J  it.  will 

bccome=-f-  xJL — -  + -=£ £~ 

Therefore  the  Difference  of  thefc  two,  which  is  = 
Jp/"+3      *+ix*M— **%+m+3  X/%  _  2pf+* 
n~+i       *  7+3Xn+5X2r  ■+! 

;r+7x  aw—  tf-»-n^. 


if+3  x  H-5X*** 


n+i  x«+3X»+5  x  b% 
(becaufe  /*  =  a+b9  and  2<#  =  **  +  %ac)  will  be  the 
Attra&ion  of  the  whole  Sphere.      ■     *  A  £•  /. 

Corollary. 
385.    Hence,  the   Attra&ion   at   the  Surface   of 

the   Sphere    (  where  c  =  o  )    will   be  ~-  x 

T+^x^'^  +  S+l  xo+>,    w 

_: j — 1     ■     1  :    Which,   if  n+t  be 

pofitive,  will  be  =  -.-■  ■ ;   but,   otherwife,  in- 

H+3X/1+5 

finite. 

.  386.  Suppofing  ADB3A  to  be  a  Cuneus  of  uniformly 
denfe  Matter  9  empriz'd  by  two  equal  and  fmilar  elliptic 
Planes  ADBEA  and  Adbefli,  inclined  U  each  other,  at 
the  common  Vertex  A,  of  either  their fr/l  or  fecond  Axes* 
in  an  indefinitely  fmatt  Angle  B  e\b  >  To  determine  the  At- 
traction thereof  at  the  Point  A,  fuppofing  the  Force  of 
oath  Particle  of  Matter  to  be  as  the  Square  of  the  Diftanco 
inverfebf. 

Gg3  t« 


*J4  TAe  Vfe  ^Fluxion* 

Let  DE  bt  any  Ordinate  to  the  Axis  AB,  tad  kt 
AD  be  drawn ;  alfo  put  AB=*,  BC=*,  CD=^  and 
the  Sine  of  the  Angle  BA4,  forawd  by  the  two  Planes 


(to  the  Radius  i)  =d;  end  let  the  Equation  of 
C«rve  be  f  rzfx  —xx  —  gx%i  Which  will  Mfwar, 
to  the  Conjugate,  or  Tranfverfe  Axis  fhftreof*  according 
as  the  Value  of  g  is  positive  or  negative. 

Now  it  will   be,  i  (Radius)  :  d::  a—*  (AC)  :  C? 


=r  d  x  a  —  jt,  the  ThJckAefc  of  the  Cunsus  at  the  Or- 
dinate (or  Se&ion)  DE :  Moreover,  becau/e  AD*  ±1 


AC»+CD%  we  have  AD  i=*  VS=3*+/« 

DE  X  Gc 

Whence*  ^C  x'Ab<  cxpidSng  [hydrt.  374.)  the  Attrac- 
tion of  the  Particles  in  the  indefinitely  narrow  Re&angle 

*d\7* 


DE**,  will  ^  defined  by  y^+j^^: 

Which  therefore,  multiply^  bv  *,  will  give  the  Fluxion 
0/  the  Force  to  be  found.    But  when  fx  —  xx  —  g** 

be- 
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becomes  =  o,  *  will  be  =  ^  (=?AB)  =«  j  there, 
fere,  by  lubffltutiitg  for  /,  our  Flufcidrl  will  be  tfanf- 


aWUMWifcMMb 


M   M        idxV  i  4-*  X  ax  —  i  +  JL*** 

fortiHd  to    ■'  '.fl  „      r*1  ",m    ■  '*'  ■N^,v"i 

ldxVi+fXax  —  x*         aJyVi  4-/  X  x 


*+£*f*  J* 


* 

s 

a 


_g  +  .Ml£_  3-V^  y,.     Whereof    the 
sw       4  »4«         l.+.o«* 

Fluent,  when  »  tt  at  will  be  i  -f  gf  X  garf  x 

1  1 

Which,  bectufe  'f+fl  X  g  fa  =/x  Hil    *  =  /  X 

I  — .  £  4-  *3£>  *--  f       ft  "*•  w^  (^  multiplying 
the  ttro  Serfefe*  together  &VJ   be  reduced  to  fif  % 

3        3-5        3-5-7  3-5.7-9 

It  may  be  obferved,  that  the  Fluent  given  above 
quy  be  brought  out  without  an  Infinite  Series  (h  Art* 
iao.  and  27&J  But  the  Solution  here  exhibited  is  belt 
adapted  to  what  fallows  hereafter  *  to  which  the  fa* 
pohticm  itfdf  is  prcmilcd  as  a  lumma. 

Gg4  P*0* 
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PROB.    Vffl. 

■ 

387.  To  determine  the  AttraRwn  at  any  Point  Q_  in  the 
Surface  of  a  given  Spheroid  O  APES. 


Let  QRL  be  perpendicular  to  the  Axis  PS  of  the 
roid,  andQT  perpendicular  to  the  Tangent  F/* of  the 
generating  Ellipfis  at  Q^  meeting  PS  in  T :  Moreover, 
let  QMb  be  a  Section  of  the  Spheroid  by  a  Plane  per* 

genicular  to  that  of  the  Ellipfis  AP£S,  and  thro1  any 
oint  r,  in  the  Axis  thereof,  draw  CB*  and  rh  parallel 
to  AE  and  PS :  And  make  the  Abfciflk  Qr=*»  its  cor- 
refponding  §emi-Ordkiate  ra  {or  rh)  =  y>  QR  =  *, 


F       W 


and  RT  =  *;  alfo  let  the  Sine  (NG)  of  the  Angle 
ftQD  (to  the  Radius  NQ=  1 )  =  £,  its  Co-fine  QCJ 
£  0 ,  and  the  Ratio  of  OA*  to  OP\  as  any  given 
Quantity  b  to  Unity.  Now,  by  reafon  of  the  fimilar 
Triangles  QrL  and  QNG,  we  have  rL  (BR)  =  /*, 
and  <5L  =  **,  and  therefore  Br  (RL)  =  <w  —  *  : 
Alfo,   from  the  Nature  of  the  Ellipfis,    AO* :  PO* 


(A;i)::RT   (b)  :  OR 


=  j;LikcwifeAO*:PO*. 

(b.l) 
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(*:i)::QR*:OP*~ OR*;  and  P04:AO*(i:*; 
::  OP*  — OB*  :  BC*=r  b  x  OP*  — OB*  =  h  x 


QP*— OK + KbJ*=*  x  OP*— OR*— 2OR  x  RB— RB* 

=QR* + Ax— aORxRB— RB%  bccaufc  (by  the  former 

Proportion)  QR*=*xOP*— OR* :  Whence,  by  the  Pro- 
perty of  the  Circle, Cacb,  we  get/  (BC*— Br*)  =QR*— 

Br*— A  x  2OR  xRB  +  RB*=**  —  £^*  —  bx 


%b 
b 


T  X  P*  +  f*1,  —  a$  —  bp  *  2x  —  q%  +  hp*  X  x% : 


Which  Equation,  by  making  1  +  B  =  A,  becomes /  = 

*q—bpx  2x—q*+p%+Bp*Xx%=aq—l>pX2x  —  x% — 

.fyV  (becaufej*  +  p*=l=QN*:  Which  being  only 
of  two  Dimenfions,  the  Curve  Q^Hi,  whereto  it  be- 
longs, \h  an  Ellipfis. 

The  Equation. of  the  Curve  Q*H£ being  now  ob- 


tained, let  its  Axis  QH  be  fuppofed  to  revolve  about  Q^ 

3s  a  Center  (the  Plane  of  the  Curve  being  always  perpen- 
icular  to  that  of  the  Ellipfis  APES)  and  let  the  Fluxion 


of  the  Arch  MN  (expreffing  the  Angle  defcribed  from 
die  time  the  faid  Axis  begins  its  Motion  at  the  Position 

ALD)  be  denoted  by  A:    Then,  it  is  evident  from 

the    preceding    Problem,     that,    %aq  —  zbp  x  %A  * 

■*._*.&*  a-4-fcJy  ^  wiI1  ^  ^  Fluxioil 
3         3-5  3-5-7 

of  the  Attraction  of  the  corresponding  Part  DQH  of 
the  Solid,  upon  a  Corpufcle  at  Q^  confidered  as  acting 
$n  the  Dire&on  HQ.(  which  ExpreiSon  is  found,  by, 

barely,  writing  iaq  —  2*7,  Jf  and  Bp\  in  the  faid 
problem,  for/,  J,  and  {  rcfpe&ivcly.) 

Hence, 


45*  rbiVJktf  FAtrxittft 

Hettee,  by  the?  RrfblutkM  ef  Forces,  the  Fluxion  *f 
tbe  Attra&ion*  in  the  Direction*  QR,  and  Qw  (per- 

pendkular  to  QR)  will  be  truly  exhibited  by  %aq—zbp 
*         3  3-5  3-5-7 


i.     ■  ■  ■  ■         2      %      2  .  4B** 2.4. 62*y  -,, 
2«y-afr  x  2^/  x  -j-  -^^  +  -^  j  ■   -f  ■  *ft. 

Let  flow  another  Plane  QA  be  fuppofed  to  revolve 
about  the  Point  Q^  the  contrary  Way  to  tbe  formerxfrom 
towards  Q/;  and  let  (ng)  tbe  Sine  of  the  Angle 


b  be  denoted  by  /\  *nd  its  Co-fine  (Q£).  bi 


Then  the  Fluxion  of  the  Attraction  of  the  Tart  D 


in  the  forefaid  Directions  Qft  and  Qw  (by  writing  —  P 
jfifteftd  of  >   and    J£  iftftead  of  fj  will  appear  to  be 

3        3  •  fS    '        3-5-7 

tod  a*^.+  ibP  x  —  a^P  x  «i  -u  3  ■  -  ■*:?£    + 

3  3-5 

1  '  *  '■6?*f4  GTc.    Which  being  added  to  thdfc  Of 
3  •  5  •  7 

At  farmer  Part,  in  the  fame  Dire&ions,  and  J!  and 


•A*.  14a.  £  icfpeaively  fubffitutcd  inftead  ofJ*,wt  have 

3  _  O'J  _^ 

+  4*  into  4  x»— #— 2^*5  x  P*P~-fp&t. 
3  3*5 

And 

44  into  -  xJPTP?-  if^  x  ft-pptfe. 

for 
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for  the  Fluxion  of  the  Attraction  of  both  Parts  together 
in  the  Torefaid  Dirtdions :  Whereof  the  Fluents,  whoa 
N  coincides  with  f ,  and  n  with/,  will  be  the  Attrao- 
tion  of  the  whole  Spheroid  in  thofe  Directions.  But 
flow*  in  order  to  determine  thefe  FJuenu  with  as  little 
Trouble  as  poffible,  let  m  be  aflumed  to  denote  any 

whole  pofitive  Number  $  then  the  fluent  of  ^-^>  °* 


■   ??  P  ..  *    will    be    univerfclly   =  ^£  x   W**~4 

+  »'3»|'»-«»— »  x  the Atth  (MN)  whofcSiae 
2  *4.o>.«2n 

/>**>  P"P 

Up*:   And  th*t  ©f  — «-»  or  ^m====   (in  tht*Art.s»fc 


•— ^ ^Mrfta^k 


*»  m»»)  =  =*  x  p" + |=S  x  y-» 


^  .  '.f^a'jV^T,1- x  Arch  (M»;  whoft Sine 

is  P.  But  when  N  coincides  with  F,  and  *  with  f9 
the  SiAes  ^  and  P,  Of  the  Arches  MF  and  M/;  be- 
coming equal,  and  (the  Co-fine)  J^=  —  (Co-fine)  f, 

}t  Is  evident  that  the  Sum  of  the  Fluent*  of  -*-*&  and 

F"*M  will*   In  that  Cafe,   be   truly   exhibited  by 

*  .  

i»j.{>"  *3/w — 1    x  jjp  ^  1*3.  5.  .  ..aw— -1  x 

4t4«6**«     2*  I.4.6.  ••    2M 

W>  *  its  Equal  '    ^f^*'?*"1  *  *W*>  «*- 

-■  ft  •  4  4  0*  •  .    2M 

caufe, 


»     » 


460  Tie  XJfe  of  Fluxions 

caufe,  then  all  the  reft  of  the  Terns  (by  reaftm  of  the 
equal  Quantities  P,  p  and  J^,  — q)  ddfaoy  one  another. 
After  the  fame  Manner  the  Sum  of  the  Fluents  of 

tf *">  and  SUP"?,  in  the  fbrefcid  Circumftance,  will 

•A*.w.  appear  to  be  =  !>3>S-7>^-t^M/t 

2. 4,6.8... 2^1  +  3     * 

Now,  to  apply  this  to  the  Matter  in  hand,  let  the 
Exponent  of  B>  in  any  Term  of  either  of  the  above 
found .  Fluxions  be,  univerfally,  expiefled  by  *  ;  theto 
the  numeral  Coefficient  (annexed  to  B)  will  be  defined 

by  *-*-6.-.M+J9  md  ^  vaiiablc  Quantitiea 

1  .  3  .  5  .' . .  2*  +  3 

multiplied  thereby,  in  the  firft  Line  of  the  former 

Fluxion,   will   be   qp^p  +  %P*P :    Therefore 


2  -  4  •<>.  •  •*»  +  2  • : ■— ; 

neral  Term,  (from  whence,  if  n  be  expounded  by  1, 
2,  3  (ic.  fucceffively,  that  whole  Line  will  be  pro- 
duced.) But,  the  Fluent  of  qp^p  +  $/**£  in  the 
Circumftance  above  Specified,  (putting  mrzn  and  FM/ 

=  i)  appears  to  be  =      -  3  *  5  -  7  • « •  m^^mt  X  i: 

2.4.6.8...2JV  +  2 


Which,  therefore,  multiplied  by 


2  .  4  .  6  . .  .  a«  +  2 


'  *3*  S  *  7  *  '*2? — *  VE  *4*  6'* « .2*4-2 


3  .  5  .  . .  2»  +  3 

x  J",  gives  — *.  J    ■ ==tX- 

.   .  2.4.6 . 8.. . 2«+2         3«5***2»+3 

...  •  . 

x  B»l  =  ^*  *  j  for  the  true  Fluent  of  the 

2»  +  I  XM  +  J 

faid  General  Term :    Wbich,  if  *  be  expounded  by 


« 
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< 

*  o,  1, 2,  3  tic.  fucceffively,  will  become  equal  to  j— ^ 

J»  .   ITk_    m  rcfpcaively  5   and  therefore  the 

3  •  5    5  •  7    7  •  9 

Fluent   of  the  whole  Line  (drawn  into  the  general 

-  xj  jo* 

Multiplicator  4*  J  is  =  4**  x  -r-r  —  7-7  +  T~L  ~~ 

1  •  3      3#5      5-7 

J^Lbfc.     But  now,  for  the  Fluent  of  the  fecond 
7-9 

Line :    This,   it. is  plain,  will  be  =  4J  into  —  x 

— -  — .  £-  — x  — —  —  tic.    Which,  in  the 

a         %  3-5         4       4 

foreCud  Cirfcumftance,  when  P  =  p9  intirely  vaniihes. 

Therefore  it  appears,  that  the  Attraction  of  the  whole 

Spheroid*  in  the  Diwftiop  QR,  is  truly  exprefled  by 

Aai  x  -i + ,   or  its  Equal 

4  i-3       3-S        5-7       7-9  ^ 

^       1.3      3-5     5«7 

After  the  fame  Manner  the  Fluent  of  the  firft  Line, 
in  the  latter  of  our  two  Fluxions,  will  be  found  to 

vanifh  :    And  — T  x  /».  x  £_£  + 

1 .  3  .  5.. .  a*+3  J 

P**+»i»  will  be  a  General  Term  to  the  fecond  Line* 
Whereof  the  Fluent  (by  expounding  %m  by  ^+_a) 

appears,  from  above,  to  be  =  -  * 

3«  5  •  1  •  •  •  •  a*  +  3 

jtt  x  i-,V5.--^Mr=J2-:Whicb,  when 
t  .4,6. .  •    2U+2      a»+3 

II  if 
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*  i«  interpreted  by  O,  I,  7,  3  &#*  fucc*ffiTcJy» 

out  equal  to  —  *  — ,  — -  &<.  refpcOivclj  :    Time- 

fore  tbe  Attrition  of  the  Spheroid,  in  the  Direffion 

Qjr,  is  exhibited  by  —  Ahk  x  X _  iL  +  £1 '.'£. 

1  S         5  T  7        9 

&r.  and  confequently,  That  in  tbe  oppofite  Dira&ian 

T — *"  a'- — IF* — t!S  m 

.      Qy,  by  4Wx~  _£..£!_£.  =  4^x4.^. 

3         57         9  3 


J1 1 


^. +  £-«*.  xRT  =  4i  x  I+Ixi^i.  + 
5        7  3         J 

—  «r.  x  OR  (becaafe  iTB  x  OR  =  RT.) 

from  which  in*  the  ?<m»  mi  tkf  Dlredio*  QR 
(hum*  above)  not  only  theBlKftkm  of  the  ahfetae 


AttraSioi)*  kilt  that  Atfca&ioo  itfrlf  mil  W  in«w0  & 

For,  let  RI  be  taken  to  QR,  at  the  Force  in  the  Di- 

it&on  Qv  to  that  in  tbe  Direftion  QR  *  and  then,  by 

io  the 
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the  CpppofitiQn  of  Forces,  QI  will  be  the  Pire&ion  of 
the  Attraction,  or  the  tine  in  which  a  Corpufclc  at  Q_ 
tends  to  defcend ;  And  the  Atfra&ion  itfelfi  in  that,  Di- 
rection, (being  to  that  in  QR,  as  QI  to  QR)  will  be 

defined  by  4*  x  — —  +  —  &c.  x  QI  $ 

1.3       1-t       5.7 


which,  fince  4!  is  cpoftant,  will  ajfp.  be  as  —i— 
'  *-3 

.£_  +  -51  V*.  x  QJ.  £.£. /. 

3-5      5.7  ^*     . 

CoftOLLAKV. 

388.  Sinct,  "by  Conftractton,  W  » Qjt  : }  iTfl  k 


3         *         7  """  9        '  »  •  3       3  • « 

5»  7  *  •  3       3  *5 

fi?  *  -  r — 'fc  w  'ft* 

4-7  3        5        7 

whence  (to  Divifton)  —  —  -^*-  + fife. :  3£ 

^  '  *-3      3-S      5-7  35 

-£  +  £*»<*(•.*&>*>* 

-r7+7^^s:QT:01* 

JJenca  it  appears,  that  the  Dtreffipji  QI,  of  the 
abWute  Attraction,  diyides  the  Part  of  the  Axis 
OT,  intercepted  by  tfee.  Center  and'  Normal,  in  a 
«irtn  Ratio :  And  $at  the  AttacHon  itfctf  (bong  do- 

fined 
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fined  by  — —  +   —  fife,  x  QJ)   is  tvttf 

*  •  3      3*5       5-7 
wher*  as  die  fiud  Line  of  Direftion  QJ. 

Scholium. 

389.  Altboagh  the  foregoing  Conclufions  are  ex* 
lubited  by  infinite  Seriefes,  yet  the  Sums  of  thofe  Se- 
Tiefes  are  explicable  by  means  of  the  Arch  of  a  Circle. 

1       B      B* 

Thus,  let  the  Series +  —  &c.  (which  U 

3       5        7 
one  of  the  two  original  ones  above  found)  be  piit  =  S9 
and  let  B  zz  f ;  then  by  Substitution,  and  multiplying 

the  whole  Equation  by  t\  we  fliall  have  —  —  —  + 

t7  P       t%       & 

.—  Gfe#  =2  l**S,  and  confcquently  t  —  —  4.  —  — — 

7  J  3^57 

&c.  s  *  —  **S :  Where,  the  former  Part  of  the  Equa- 
tion is  known  to  exprefs  the  Arch  of  a  Circle,  whofe 

•Ait.  14*  Tangent  is  t  (B%)  and  Radius  Unity  * :   Wherefore, 
^putting  that  Arch  =  J%  we  have  A—t — tlS>  and  coa- 

fcquently  S  =  — p—  =  j j  +  y  fcfe. 

Moreover*  fince  it  appears  that 
B        B*      B'  "I 

B       &      B*„      I  35     5.7     7-9 

5        7         9  J     •    •      <«• 

(where  the  Sum  of  —  —  '•-  +  «--  **<•  »  already 

3  5  7 

^nd  -  lZL£  x  B  =^~,  «w»  whew  Tha* 
•  of 
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B       B% 
of  —  —  +  —  &c .  by  the  fame  Method  will  come 
5  7 

out  = 3 — —  J  it  is  evident  that — 

^         /  3'5       5-7 

+  —  a.  =  -7-  + ?-*-  = 


2g» 

7-9 


l - = L— $   and  consequently  - — 


■s 


t 


3 


-5      JL 

3-5  +  5-7 


1  -3 


=  ^X  '+<*— ' .  Which  is  the  Value  of  the  other 
original  Series  found  above  :   From  whence  that  of 

-3 -3*L  +   -2^1  will  alfo  be  had  = 

3-5         5-7        7»9 

3/  +  2t*  —  3//  x  1  +  r* 
2/' 

Hence,  if 

t—A  1       i       2?      J5*       S«\  . 


a*'  v     »-3      3-5     5*7  *} 


And 

y+^^H7  (  -  JL  _  3»    3g!  w;}  ,f 

at*  V      3-5       5-7     7-9 

it  is  evident  that  OT  will  be  to  OI,  in  the  conftant  Ra- 
tio of  g  to  b  j  and  that  the  Forces  in  the  Directions 
QI,  QR,  and  Qy,  will  be  ug  x  QJ.fx  QR,  and/x 

1+2*  x  OR  refpeahrely :  Where  i+B  a  =  ^ . 

1 

H  h  P  R  O  B. 


-I. 


4*6 


TbtUJkvf  Fluxions 


PROB.    IX. 

300*  To  determine  the  Attraction,  at  any  Point  D  within 

*  given  Spheroid  OApES. 


Let  Oapes  be  another  Spheroid,  concentric  with,  and 
iimilar  to,  the  given  one ;  vtbofc  Surface  D#M  &c. 
paffes  through  the  given  Point  XX  ;  alio  let  FDf  and  HDA 
be  taken  as  two  oppofite,  indefinitely  /fender,  Cones 
.  (or  Pyramids)  conceived  to  be  formed  by  drawing  innu- 
merable Lines  HDF,  bDf  &c.  through,  the  common 
Vertex  D)  whkh  Cones,  (or  Pyramids)  having  the 
fame  Angle,  may  be  confidered  as  fimilar ;  and  fo  their 
•  Art. 378.  Force5,  at  D,  will  be  as  the  Altitudes  DF  aniDH*: 
And,  there£pce,  the.  Excefs  of  the  former,  atove  the 
latter,  or  the  Force  whereby  a  CorpufcJe  at  17,  tends 
towards  F,  through  the,  contrary,  A6tion  of  die  two  op- 
>ofite.  Cones,  will  be  as  DI? — DH,  or  as  PM>l  becaufe 
*hj  tht  Property  of.  the  Biliffis)  AfF  is,  in  all  Pofitions, 
equal  to  DH. 

Hence  it  appears  that  the  Parts  of  Matter  FM»jf 
and  BDA,  without  the  Spheroid  apes  (a&tng  equalhr, 
in  contrary  Direfiions)  can  hare  no  Effe&  at  i>: 
And  this>  bein^  every  where  the.  Cafe,  the  whole*  effi- 
cacious Force*  at  &  rnuft  therefore  be  that  or  the 
Spheroid  Oapes. 

Hence,,  if  the  Ratio  of  CV  ta  Op%  (or  of  OA1  to  OP*) 

be  denoted  by  that  of  1  +5  to  i,  as  in  the  laft  Problem, 

10  it 
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it  follows,  from  thence,  that  die  Attraction  at  D,  in  the 
Direftiona  DM  and  DN  (perpendicular  to  PS  and  AE  j  * 

fee  the  next  Fig.)  will  be  expounded  by +  — 

*-3      3*5      5-7 


B 


^ 


B* 


&c.  x  DM,  and   1  +  £  x  — +  —  ^  — 

3        *5  T  -7  9 

&te.  x  DN  refpedively,  or  by  their  Equals  g  x  DM 

and  /  x  1  +  J5  x  DN  :  Where  the  Values  of/"  and  £ 
are  the  fame  as  given  in  the  preceding  Article. 

Corollary. 

391*  Hence  the  Force  wherewith  a  Corpufcle,  any 
where  within  a  given  Spheroid,  is  attraded,  either, 
towards  the  Axis,  or  the  Plane  of  its  Equator,  is  di- 
itfily  as  the  Diftance  therefrom* 

PROB,    X. 

392.  Suppojmg  every  Particle  ef  Afyttir  in  a  Spheroid 
fa  have  a  Tendency  to  recede*  botb9  from  the  Axis  PS,  and 
from  the  Plan*  of  the  greaUfi  ChreU,  by  Means  of  Fofcei 
that  ant  as  the  Diftance t  from  the  faid  Axis,  and  Plane  f 
refpe&ively ;  to  find  the  Direction  DI  wherein  a  Corpufcle* 
at  any  Point  D,  tends  to  move  through  the  Aclion  of  the 
faid  Forces  and  the  Attra&ionjonjunfify ;  and  Bkewife  the 
whole  compound  Force  in  that 


Let  DM  and  DN 
be  perpendicular  to 
PS  and  AE,  and  let 
the  given  Forces,  in 
the  Direction  of  thofe 
Lines*  ( independent  of 
the  Attra&ion)  be  ex- 
prefled  bymxDMand 
axDNrcfpcftively. 


Hha 


Xhcrc- 
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Therefore,  fince  (by  the  laft  Problem)  the  Force 
of  Attra&ion  in  the  faid  Directions  is  defined  by  g  x  DM 

and  /  x  i  +  B  x  DN,   the  whole  refulting  Forces 

will  be  truly  denoted  by  g — mxDM,  and/x  i  +5— n 
X  DN :    Whence  (by  the  Composition  of  Forces)  it . 

will  be,  g—  m:  /  x  7+B  —  »::DN(OM)  :MI; 
whence  the  Point  I  is  given  : 

Alfo  DM  :  DI  ::  g— m  x  DM  (the  Force  in  the 

Dircdion  DM)  :  f^n  x  DI,  the  Force  in  DI.    $>.  E.  I. 

PROB.    XL 

393.  Evtry  thing  bang  fuppofed  as  in  the  preceding 
Problems,  it  is  required  to  determine  the  Force  of  all  tkf 
Pendicles  in  the  Line  (or  Column)  QDO  tending  to  the 
Center  O  of  the  Spheroid* 

.  Let  IH  be  perpendicular  to  QO  produced  (fee  the 
lajl  Fig.)  then  theabfolute  Force,  in  theDire&ion  DI, 

being  g — m  x  DI,  that  in  the  Diredion  DH,  whereby 
a  Corpufcle  at  D  is  urged  towards  the  Center,  will  be 

g  —  m  x  DH.  Let  now  OD  (confidered  as  variable) 
be  denoted  by  x ;  then  becaufe  the  Ratio  of  OM  to  MI 

is  given  (being  every  where  as  j— m  tofx  i  +  B  —  n9 
h  the  Precedent)  and  the  Triangles  ODM  and  lOH  are 
fimilar,  it  follows  that  the  Ratio  of  OD  to  OH  will  be 

fiven*  or  conftant;   and  confequently  that  of  DH  to 
)H,  like  wife :    Let  therefore  this  Ratio  of  DH  to  OH 
be  expreffed  by  that  of  r  to  r,  and  we  {hall  have  DH  z= 


rx 


,  and  confequently  (g—m  x  DH)  the  Force  at  Df 


rx 


equal  to  g — m  x  —  ;    Which  therefore  being  multt- 

plied 
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plied  by  xy  and  the  Fluent  taken,  there  comes  out 

Force  of  the  Line  pr  Column  OD  at  the  Center. 

Corollary, 

3Q4*  If  the  given  Forces  m  and  n  be  fuch  that  the 
Ratio  of  OM  to  MI,  (which  is  found  to  be  univerfally 

as  g  —  m  to  f  x  1  +  B  —  n)  may  become  as  1 : 1  +  B 
(or  as  pOx  :  aO%)  it  is  evident  (from  the  Property  of 
tl}e  Ellipfis)  that  the  Line  of  Direction  DI  will  be  al- 
ways perpendicular  to  the  Surface  of  the  Spheroid  Oapis. 
In  which  Cafe  OD  x  DH  is  alfo  (by  the  Nature  of 


the  Ellipfis)  =  Oa*  ;  And  therefore  the  Force  {^—^ 
*  OD  x  DH)  of  OD  is  =£=^  x  CV:    Which, 


when  D  coincides  with  Q,  will  become  ti x AO*; 

and  is,  therefore,  a  conftgnt  Quantity. 


Moreovfe    fince  in  this  Cafe,  £ — m  :/xi+  £— » 

::  1  :  i+B  (by  Hypothefis)  we  have  m-. —5  =  g 

l  +  zf 

_/ :    Which  Equation,  if  n  b*  taken  =  0,  gives 
But,  if  m  be  taken  =r  o,  it  will  then  give  »  =  —  1  +  B 


iB       4«*       b/F 


Xf- /=—  i  +  ix~  —  7— •  + tf*.  Whew, 

*     y  35      5-7      7-9 

x 

f  =  B%  and  if  =  the  Arch  wbofe  Tangent  is  /,  and 
Jt^dius  Unity* 

Hb3  PROP, 


"H 


W  4  *f 


•/ 


v. 
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PROP.    XII. 

#»t  //  *n  oUate  Spheroid  QAPES,  whtreaf  thi 
Square  of  the  Equator eal  Diameter  AE,  is  to  that  of  the 
Axis  PS,  in  any  given  Ratio  of  i  +  B  to  I,  revokes 
about  ks  Axis*  in  fuch  a  Tirney  that  the  centrifugal  Force, 
at  the  Equator  A,  is  to  the  Attraction  at  the  Surface  of 

%B 

4  Sphere  tuhoji  Radius  is  O  A,  in  the  Rat  jo  of  —  — 

3  •  S 
iff*        62?*  i 

7-5  +  — :  & •  *>  T  :   7  .£*  *  '***  Gift  nw? 

5*7         7-9  J 

Particle  of  the  Spheroid  will  be  it\  Eqislibrio ;  Jo  that9 
though  the  Cohefim  of  the  Parts  was  to  ctafe,  the  Figure  itfilf 
would  remain  unchanged. 


For,  the  Attradion  of  the  Spheroid,  at  A,  being  <fe? 
fined  bjc  —^-,  —  +  ^  tgc.  x  AO  (At*  $l) 


1      i-S      5-7 


AO 


it »  evident  (by  conceiving  5  =  0)  that :::—  .will  re* 

prefent  the  Atfrt&fo*  at  the  Surface  of  the  Sphere 
igkofe  Radius  is  A^-    Whence  (hy  Hypothefi?)  tha 

2JB         4.B* 
centrifugal  Force  at  A  (puling  w  =  — -  —  ^—  + 

fefcj  will  be  truly  defined  by  jw  x  AO;  and  conT 

fequently 
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fcquently  That,  it  aoy  other  Point  D,  by  m  x  DM  (be* 
caufe  the  centrrfu&aj  Forces  of  Bodies  describing  unequal 
Circles*  in  equal  Times,  are  known  to  be  dire&ly  as 
the  Radii  *.)  Hence,  and  from  the  Corollary  to  the  laft  •Art. 213. 
Problem,  it  appears  thfft  the  Dire&ion  of  Gravitation 
DI  is  ad  ways  perpendicular  to  the  Surface  apes\  ahd  * 
that  the  Force  of  all  the  Particles  in  the  Line  (or  Canal) 
OD  or  OQ_,  towards  the  Center  O,  will  continue  in- 
variable, take  the  Point  Q.  in  what  Part  of  the  Arch 
APE  you  will :  From  which  laft  Confidtration,  ft  fol- 
lows that  the  Force,  or  Prefliire  of  every  Canal  QO, 
at  the  Center  0>  (confideririg  the  Body  in  a  fluid  State) 
will  be  the  fame  :  Whence  (by  the  Principles  of  Hy- 
drostatics) a  Corptrfcle  at  t>  has  rio  Tendency  to  movtf, 
either  Way,  in  the  Line  OQj  And  therefore,  as  it 
hath  no  Tendency  to  move  in  the  Direction  of  the  Sur- 
face Dpi  (the  Gravitation  being  perpendicular  thereto} 
it  is  evident,  fr$m  Mechanics^  that  no  Motion  at  all 
can  cnfue,  in  any  Direction.  jg.  £.  D. 

Corollary    L 

3go.  Since  m  15  ss  —  - — -  -f  —  w.  the 

™  3-5        J  •  7      7  •  9 

Gravitation  (g  —  mx-Hl)   at  any  Point  D  in  the 
Spheroid  will  therefore  be  as   —  — ■  —  4.  —   fcfr. 

xDI  =  ^5~  x  DI  (fit  Art.  389. 

Corollary    H. 

* 

397.  If  the  Time  of  Revolution  be  given  =:  p,  and 
f  te  put  to  denote  the  Time  wherein  a  (folid)  Sphere, 
of  the  fame  Denfity  with  the  Spheroid,  muft  revolves 
fo  that  the  centrifugal  Force,  at  the  Equator  thereof; 
may  be  equa!  to  the  Gravity  :  Then,  as  this  laft  Time 
is  known  to  continue  the  lame,  whatever  the  Magnitude 
of  that  Sphere  is  t  i  and  the  centrifugal  Forces,  in  equal  f  Ait.  »i«r 

H  h  4  Circles,  «*  j«i. 
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Circles,  are  alfo  known  to  be  inverfely  as  the  Squares 

of  the  periodic  Times it  follows,  that  p% :  q% : :  \  AO 

(the  Attra&ion,  or  centrifugal  Force,  refpe&ing  the 

Sphere  OA,  revolving  in  the  Time  a)  :  — — A — 

3-5      5-7 

+  — -  &c.   x    AO,    the   centrifugal   Force  of  the 

Spheroid  at  A,  reyolying  in  the  Time  p.    From  which 

Proportion  we  get  —%  =7-7—  —  +  —  »«.  = 
?P       3*5      5*7      7-9 


3  +  /*Xi/— 3/ 


f^rf.  394.)   Whence,  by  Help  of  the 


Trigonometrical-Canon,  the  Value  of  /  (  =  Bz)  and, 
consequently,  the  Ratio  of  the  two  principal  Diameters*, 
Will  be  found  j   fo  that  all  the  Parts  of  the  Spheroid 

may  remain  in  Equilibria.     But,  when  -*-£  is  fmall, 

3£ 
the  Solution  by  an  Infinite  Series  is  preferable :  For,  then 

lB  LB%  q% 

the  Series  — r  —  —~  &c  (  =  -p)  converging  fuf* 

ficiently  fwift,  we  {ball,  by  the  Reverfion  thereof,  find 
*»       S<?        25  x  6a4        125  x  27tf6  -. 

*  ~  §»  +  T5r#  +  tt#  *•  *  ■** 

Cafe  the  Ratio  of  the  Equatorial  Diameter  to  the  Axis* 
if  we  take  only  the  firft  Term  of  the  Series,  will  be,  a* 

s/\  +  f£  '■  *t  9*  M  x  +  #*  ncarl7- 


Which,  if  ~  =  289,  or  die  centrifugal  Force  at 

the  Equator  be  to  the  Gravity  as  1  to  28Q  (that  being 
•  A*         the  Proportion  at  the  Equator  pf  the  Earth*)  will 
,a  7*  come  out  as  231  to  230. 

Cor 
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Corollary   HI. 


3o8-  Becaufe,    3  +  f  *^— y,  the  latter  l?aft  of 

our  foregoing  Equation  will  be  equal  to  Nothing,  both 
when  t  is  Nothing  and  Infinite,  it  is  evident  that  the 
Value  thereof  cannot,  in  any  intermediate  Circumftance 
of  /,  exceed  a  certain  affignable  Quantity, 

Wherefore,  to  determine  this  Limit  of  .the  Value  of 

-—  (beyond  which  the  Problem  becomes  impoffible) 
let  the  FJuxion  pf  3  *'**? ""3*,  or. its  Double 

?+**,*  4  —  4  bp  takep  and  put  =z  o,  and  you  will 

have  —  9  +  P  x  At   +  3/  +  /*  x  A  +  tti  =   0  : 

Which,  becaufe  A  =  — -— •    *  will  be  reduced  tq  0/ 

i+t*  *•  Art.  14a. 

+  jt?  —  1  +r*x  9  +  ^x^  =  0}  where  /  is  found 
~  2,5293*  from  whence  the  correfponding  Values  of 

v'i+z*,  and  -j  come  out  =  297198,  and  0.5805 

&€.  refpe&ively.  Hence  it  appears  that  it  is  impof- 
fible for  the  Parts  of  the  Spheroid,  in  a  fluid  State,  to 
continue  at  Heft  among  themfelves,  when  the  Time  of 

Revolution  is  fo  great  that  —  exceeds  0,5805    &r. 

And  that,  of  all  the  Spheroids  which  can  be  afllimed  by 
a  Fluid  revolving  about  an  Axis,  That  whofe  Equatoreai 
Diameter  is  to  its  Axis  as  2,7198  to  Unity,  will  per- 
form its  Revolutions  in  the  (borteft  Time. 

Thus,  for  Example,  if  a  (folid)  Sphere  of  the  fame 
common  Denfity  with  the  Earth  was  to  revolve  about 
jts  Axis  in  the  Time  pf  84J  Minutes,  the1  centrifugal 

Force 
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Force  at  the  Equator  thereof  would,  it  is  known,  be 

84.J-/       a  \ 

equal  to  the  Gravity*:  Therefore,by  taking— -(  zz^-  ) 

•Ait.*i7.    n  P  V     pJ 

r=   0*5805    &c.    the    Time   p    will    come    out    == 

M  H        M 

146  or  a  a6.  Which  Time  is  the  leaft,  pofiiWe, 
wherein  a  Fluid,  of  the  fame  common  Denfity  with  the 
Eirth,  can  revolve,  fo  as  to  preferve  its  fpfoeroidal  Fi- 
gure. And  this  holds  univerfally,  let  the  Magnitude  of 
the  Body,  or  Fluid,  be  what  it  will* 

Corollary    IV. 

300.  Hence  alfo  may  be  determined  the  Spheroid, 
which  a  fpherical  Body  (of  Ice  or  any  other  Matter) 
revolving  in  a  given  Time  x,  will  converge  to,  when 
reduced  to  a  fluid  State  *. 

For,  fince  the  Momenta  of  Rotation,  in  eqtol  Spheres 
%  and  Spheroids,  are  to  one  another,  in  a  Ratio  com- 
pounded of  the  dire&  Ratio  of  their  Equatoreal  Dia- 
meters, and  the  inverfe  Ratio  of  the  Times  of  their 
Rotation,  it  follows,  if  d  be  put  =  the  Diameter  of 
the  given  Sphere,  and  E  zz  the  Eqaatoreal  Diameter  of 

d       E  ^ 

the  required  Spheroid,  that—  =:  —  (becaufethet&an- 

tity  of  Motion  about  the  Axis  is  not  affe&ed  by  the 
Action  of  the  Particles  one  upwi  another,  while  the 
Figure  of  the  Fluid  is  changing.)  Moreover,  fince 
the  Maffes  of  the  Sphere  and  Spheroid  are  alfo  equal  to 
each  other  (by  Hypothefis)  we  have  d3  (=rAExxPS)  =: 

£r    ;    From  which'  two  Equations,  exterminating 

.         1 
4  there  arifes  p  =  1  +  rf*  '»  *«  the  Time  of  Re- 
volution of  the  required  Spheroid :  Whence,  try  fub- 

ftituting  this  Value  of  p  i*  the  general  Equation  jp 

•  The  Author  in  a  Note,  page  135  of  his  Ut/ctUantous 
traat  in  4/*,  has  correaed  an  Overfight  in  this  Corollary, 

by  taking  here  -J    *    *    (inftead  of  -J    *    s )  whereby 

the  remaining  Part  of  this  Article  is  rendered  erroneous^ 
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2?  B     3' 


■3,f  e  */ £j   from  die  Solution  of  which  the 

Value  of  f,  and  the  Sphenoid  itfelf,  will  be  given. 

But,  fince  the  Value  of  the  latter  Part  of  the  Equa- 
tion can  never  exceed  a  certain  afSgnaUe  Quantity,  the 
Matter  propofed  can  therefore  be  only  poflible  under 
certain  Limitations :  In  order  to  determine  thefe  Limi- 

tations,  let  the  Fluxion  of  1  +  tx\   x  - ■  .  ■  ■  ■  J 

be  <yW>n  and  put  =  o,    and.  it   will  be  found  that 

/4+*4f*+27  X  A  —  is*3  —  27*  22  o :  Whence  t 
comes  out  =   7.5,    and  the  correfponding  Value  of 

Z-  =  0*927,  nearly. 

Hence  the  Parts  of  the  Fluid  cannot  poflibly  come 
to  an  Equilibrium  among  themfelves,  whtfi  the  Time 

/  is  lefs  than  — — ,  but  will  continue  to  recede  from 

<v»a7 

the  Axis,  in  Infinitum. 

M 
If  q  be  taken   =5  8iJ  (as  in  the  Example  to  the 

M  H       M 

preceding  Corollary)  s  will  be  equal  91  =  1  :  31. 
From  which  it  appears,  that,  if  the  Earth  (or  a 
fpherUal  Body  of   the  fame   Denfity)  was  to  revolve 

H     M 
about  its  Axis  ir>  lefs  than  1  :  31  ;  and,  in  the  meait 
time,  be  reduced  to  a  State  of  Fluidity,  the  Parts  thereof 
towards  the  Equator  would  afcend,  and  continue  to  re? 
cede  from  the  Axis,  in  Infinitum. 

Corollary    V. 

400.  Seeing  the  Values  of  t  and  A  are  given  when 
the  Spheroid   is   given,    it   follows   that  the  Gravi- 
tation 
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tation  (  -p— •  X  QI)  at  any  Point  in  the  Surface  of 

a  Spheroid,  whereof  the  Parts  are  kept  in  EquHibrio* 
by  their  Rotation  about  the  Axis,  will  be  accurately  as 
a  Perpendicular  to  the  Surface  at  that  Point,  continued 
to  the  Axis  of  the  Figure.  Therefore  the  Gravitation 
at  the  Equator  is  to  that  at  either  of  the  Poles,  as  the 
JSquatoreal  Diameter  to  the  Axis  inverfly. 

Corollary    VI. 

401.  But,  if  the  Spheroid  differs  but  little  from  a 
Sphere,  the  Excefs  of  QI  above  AO  will  (by  the  Pro- 
perty of  the  Ellipfis)  be  nearly  as  OR*.  Whence  it 
appears  that  the  Increafe  of  Gravitation,  in  going  from 
the  Equator  to  the  Pole,  is  as  the  Sqnare  of  the  Sine  of 
Latitude,  nearly. 

Corollary    VII. 

4*2.  Moreover,  fince '  the  Ratio  of  the  EquatoreaJ 
Diameter  to  the  Axis  is  found,  in  this  Cafe,  to  be  that 

x  .  „  .„  of  1  +  *k  to  1 1»  the  Excefs  of  that  Diameter  above  the 

Axis  will  be  to  the  Axis  as  ~  to  Unjtyi  that  is,  as  — 

4r  4 

of  the  centrifugal  Force  at  the  Equator  to  the  mean 
-  force  of  Gravity.  Whence,  as  the  centrifugal  Forces, 
in  unequal  Circles,  are  universally  as  the  Radii  direfily, 
and  the  Squares  of  the  periodic  Times  inverfly,  it  fol- 
lows that  the  forefaid  Excefs  (in  Figures  nearly  fpherical) 
will  be  as  the  Radii  diredly,  and  as  the  Denfity  and  the 
Square  of  the  Time  of  Rotation  inverfly  :  From  which 
Proportions,  the  Ratios  of  the  great  eft  and  leaft  Diameters 
of  the  Planets  may  be  inferred  from  each  other  j  fup- 
pofing  the  Times  of  {heir  Rotation,  about  their  Axes, 
fo  be  known* 

,  PRO,. 
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P  R  O  B.    XIII. 

403f  To  determine  the  Figure  wbkb  a  Fluid  will  ac- 
quire  wben9  bejides  the  mutual  Gravitation  of  tbt  Parts 
thereof  *  it  is  attracted  by  another  Body,  fo  remote^  that 
all  Lines  drawn  from  it  to  the  Surface  of  the  Fluids  may 
be  taken  as  Parallels. 

Let    OAPES    be  the 
propofed  Fluid,   and    let 
MPS  and  MQ^  be  Right- 
lines,  drawn  from  the  re- 
mote Body  M ;  whereof 
the    former  MPS   paffes 
thro*  the  Center  of  Gra- 
vity O:    Moreover,    let 
the  Plane  AE  be  perpen- 
dicular to  the  Axis  MOS ; 
and  put  NQ=*  and  OM 
(the  Diftance  of  the  re- 
mote Body)    =  d\    alfo 
put  the  Semi-diameter  of 
the  Body  (at  M)    =  r, 
and  let  its  *  Denftty  be  to 
that  of  the  Fluid  APES, 
as    any   Quantity   v  to 
Unity.    Then,  fince,  according  to  the  foregoing  Cal- 
culations, the  Attraction  at  the  Surface  of  a  Sphere  (of 
a  given  Denfity)  is  expreffed  by  \  of  the  Radius,  it  fol- 
lows that  the  Attraction  of  the  Body  Af,  at  its  Surface, 

varying  according  to  the  Square  of  the  Diftance  in-  *  **•  3** 
vcrfly  *,  it  will  be,  d%  (MN*) :  r*  ::  ^  :  ^  the 


Attraction  of  Af,  at  the 
(M<£)  :  r*  : 


vr* 


3    jxrf— a\ 


3     3*' 
MN:    Alfo5=a* 

its  Attraction  at  the 
Diftance 
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Diftanc*  MQt    Whence  the  Difference  of  thefe  two, 

fcfo  J  w3!  be  as  the  Force  whereby  a  Corpufcfe  at  Q„ 
endeavours  to  recede  from  the  Plane  AEr  Which  be- 
cavfe  (by  Hypothefis)  d  is  very  great  in  refpefl  of  a9 
will  (by  rejecting  all  the  Terms  after  the  firft)  be  ex- 

prefied  by  — -~-  x  * ,  or  its  Equal  —%  x  NQ. 

In  the  very  fame  Manner,  the  Force  whereby  a 
Corpufcle  at  qy  below  the  Plane  AE,  tends  to  recede 

2OT* 

therefrom*  wiE  be  defined  by  — -*  x  Kf . 

Now*  therefore,  feeing  thefe  Forces  are,  every  where, 
as  the  Difances  NQ,  Nf ,  from  the  Plane  AE,  it  appears 
(by  Art.  393.  and  394.)  that  the  Figore  OAPES  will  be 
a  Spheroid;  whereof  die  Equatkm,  for  the  Relation  of 

2Vt*\ 

its  two  principri  Diameters  (putting  n  =:  -rj)  is  n  = 

—  ITS  X    ^_i£!+HT  fcfc.      (In  which, 

3-5       5-7       7-» 
the  Ratio  of  PS*  to  AE*  is  denoted  by  that  ef  1  to* 
1  +  B.)    Hence,  by  reverting  the  Series,  we  have  J?=s 

_Ii7—2ii£  tf<.  and  coafcqueotly  PS  :  AE  ::  i  : 
2  28 


-^  11     .  ii  1  1 1 1  ■  » * f  Cft 

Which,  by  refforing  tfce  Value  of  «i  become*  PS :  AE 
••  1 : 1  —  Tjf*  %•&'  I* 


*P 


9» 


_~  -  J 
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Corollary, 


T 

404*   Becaufe  -j-  exprefles  the  Sine  of  the  apparent 

Scini«diajDiettr  of  the  Body  Af>  to  the  Radius  1)  feen  at 
the  Diftance  OM,  it  follows,,  if  the  faid  Sine  be  de- 
noted by  c,  that  PS  :  AE  ::  1  :  1  —  52    x  ,*.    ^j 

eoofequeoftip,  by  Divifion,  PS :  PS  —  AE  ::  1  :  —  x  A 

Hence  it  appears,  that  the  Forces  of  the  Planets,  to 
produce  Tides  qf  the  Earth's  Sudace,  are  to  one  an- 
other as  their  Denfities,  and  the  Cubes  of  their  apparent 
Diameters  coniundly*  (For  the  Sines  of  final!  Ares  are 
nearly  as  the  Arcs  themfelves.) 

EXAMPLE. 


40  J.  If  c  be  taken  z=  the  Sine  of  16'  (expeeffing  the 
mean  Apparent  Semi-diameter  of  the  Moon)  and  v  zz 

«-  (the  Ratio  of  her  Denfity  with  refpeft  to  that  of 

4 

the  Earth)  our  laft  Proportion  wilt  become  PS  :  PS  — 
AE  ::  i :  0^00000051  c :  Whence*  if  PS  be  taken  = 
42000000  Feet  (the  Meafure  of  the  Earth's 

P 
PS  —  AE  will  come  oirt  sz  13,23. 


SECT, 
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SECTION    X. 

Of  the  Application  ^Fluxions  to  the  Re- 

folution    of  fuch  Kinds  of  Problems   De 

Maximis  et  Minimis,  as  depend  upon 

a  particular  Curve,  wbofe  Nature  is  to  be 

determined. 


1 


SHALL  begin   this  Sedion  with  premising  the 
following  ufeJful 

THEOREM* 

406.  If  the  Relation  of  two  flowing  Quantities  y  and 
u  ho  required;  fi  that,  when  the  Fluent  of  y  u  becomes 

V    X  lilt  "T"  VVl 

equal  to  a  given  Value,  that  of  7  ■  —JJ  may  be  a 
Maximum  or  a  Minimum  ;  /  fay,  their  Relation 
mufl  be  fuch  that  I — *^"X  ™*l   he,     *><*J 

where,  the  fatne$or  equal  to  a  conftant  Quantity. 

The  Demonftration  hereof  depends  upon  the  fub- 
fequent 

Lemma. 

407.  If  a&  +  bfi  =  ^.t  wherein  «  and  0  are  inde- 
terminate, the  Value  of  A%  **±#f  +  B*W+Pp\* 

A* 
wiU  be  a  Maximum   or    Minimum,   when   —     x 

Z±$Tl  and  ™  x  JFEtPT1™  «P*  to  «* 

other 


I 

1 


r 
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other.  For,  by  taking  the  Fluxions  of  both  Expref- 
fions  we  have  a«  +  J0  =  0,  and  in  At*,  x  **  ±ppT~l 

+  2»500  x  0JPF7?)        =  °  :   Frbm  whence,  «  and 
0  being  exterminated,  there  refults  —  x  M^pp^1 
Bg        

Hence,   if  a*  +  fy  +  cy  +  d*  fcTr.   =  £  (where 
*y  0.  >,  <A  &c.  are  indeterminate)  it  follows  that  A 

x  <ue±#)»  +  B  x  ft?  +  #]•  +  c  x  >v±Ha 

+  2>  X  7F±Jp\"  &c.  will,  be  a  ^nm  or  J//- 

nimum,  when  all  the  Quantities  —  x  *«  ±  /pi*"""1, 

fl0     j >     t   Cy        - k 

T  x  *  ±  »1      >  "T  X  ^I^)""1  <*•    arc  equal 

to  each  other.  For  that  Expreffion  is  a  Maximum  (or 
Minimum)  when  it  cannot  be  increafed  (or  decreafcd) 
by  altering  the  Values  of  the  indeterminate  Quantities 
involved  thereto  ;  but  it  may  be  increafed  (or  decreafcd) 
by  altering  only  two  of  them  (as  *  and  0)  whilft  the 

reft  remain  unchanged ;  unlefs  —  x  ««  ±  pp?~l  and 
£0 


Y  x  W  ±  #i*~f  are  equal  to  each  other.  (This  is 
proved  above.)  Therefore,  when  A  x  <I±7?r  +  B  * 
00±7i>  +  C  x  »±#>1*  +  C*.   is  a  Maximum  or 

Minimum,  the  Quantities  —  TT?)^1  and  — 

. *    x  ft*  —  rri  i, 

*  W  ±  fpY""1  cannot  be  unequal :  And,  by  the  very 
fame  Argument,  no  other  two  of  the  Quantities  above 
ipecihed  can  be  unequal. 

J'  If, 


■ 
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If,  in  the  Right-line  PR,  there  be  now   aflume<J 
NN  =  «,  NN  =  0,  &c.  and  upon  thefc,   as  Bafes, 

i,  Ah 


R     IT 


Re&uigles  l&K,  #£  be  fuppofed,  whole  Altitudes  NIC, 

NK  tsk.  are  denoted  by  *,  b%  c>  dlit.  it  is  evident  that  a* 
+  *0  +  cy  +  d*  &c  f  =  &)  will  he  expreffed  by  the 
Sum  of  all  the  /aid  Re&angles,  or  the  whole  Polygon 
N/. 

Moreover,  if,  in  the  Right-line  PL  (perpendicular 

to  PR)  there  be  taken  MM,  tJiM  &c.  each  equal  to 

p,  and,  upon  thefe  equal  Bafes,  Reclangles  MV,  1s/tff 
&c.  be  conftituted,  whofe  Altitudes  are  denoted   by 

A  X  **  ±  pt\\  B  X  W±M,   Uc.   it    is  likewife 

P  P    >  -, 

olain  that  the  Value  of m*n    + *£-,     " 

Cx»±#l*  wi|!  ^   ^y   reprefented  by  the 


.iff— 1 


whole 
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Whofe  Polygon  MA.     Which   Polygon  (as  p  is  coh- 
ftant)  will  be  a  Maximum  or  Minimum,  when  A  X 

**±ppi"  +  fix  ft*+#r  +  ^«     is  a  Maximum  or 
Minimum;    that  is,  when  all  the  Quantities    —    x 


lui+pp.—*  B&      f»  ±pp\*~mJ      crf  1 

— " "ILL    »  T2  X       ^V  .     >    &fr-     are    equal    to 


each  other  (as  has  been  proved  above.) 
Let  noilv,  Ay  B9  C9  D  Gfr.  be  expounded  by  any 

Powers,  (MPr,  MPr,  MP' ,    &ci)    of  the  refpeftive 

Diftances  from  a  given  Point  P ;  and  Jet*   at  the  fame 

time,  the  correfponding  Values  of  a,  b9  c9  d  &c.  be 

t-   m 
interpreted  by  any  other  propofed  Powers  MP",  MP  , 

MP»  &c.  of  the  fame  given  Diftances :    Then    the 
Area  of  the  Polygon  N/  will  be  exprefled  by  MP*  X  * 

+  MP"  X|j  +  MPm  x  >eV.(=£)i  andthatof  the 

Polygon  MA,  by  MP'  x  ^3^+  fa  x  SjBf 
P  P*~ 

-—  +  &c*    And  the  forefaid  equal 


d*  *  **±pR~*  ba  x  w  ± ppr~l 


Quantities  —  x      ^n      .  -f-  x  "» JJP y,# 


*xm±PP\*    l    J. 


*ill    become    MP        x  "*      »Tff7 %  MP""" 


x  g*M,f  »,*",  ^  rfpeawy. 


~P 


Now  let  the  Number  of  the  Re£hngles  be  fuppofed 
indefinitely  great,  and  their  Breadths  indefinitely  fmall, 

I  i  2  fa 
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fo  that  the  Area  of  each  of  the  two  Polygons  N/  and 
MA  may  be  taken  for  that  of  its  circumfcribing  Curve  : 
Moreover,  let  u  and  y  be  put  to  reprefent  the  Diftances 
of  any  two  correfponding  Ordinates  EF  and  GI  from 
the  given  Point  P ;  and  let>  be  every  where  expreffed 

by  p  (=MM=MM=  &e<)  Then,  u  being  a  general 
Value  for  any  of  the  Quantities  a,  p,  y,  J*  i$c.  (or  NN, 

NN  faff.)  it  follows  j  Firft,  that  the  Fluxion  of  the 
Area  of  the  Curve  NEFK  (the  Ordinate  being,  every 

where,  =  7  )  will  be  truly  defined  by y  u\  Second- 
ly, that  the  Fluxion  of  the  Area  MGlV  (by  fubfti- 
tuting  yf  u  and  y  inftead  of  their  Equals)    will    be 


,rx 


>* 


-2L-  i    and,  laftly,   that  the  Value  of  each  , 


of  the  equal  Quantities,  MP         x    j=^ > 

P 

MP^»  x  **&±Pp\m~t    fgCm  above  fpecified,  will 
be  expreffed  by  I X  *  X  "^ Wh<na 

y 

$he  Theorem  is  manifejl. 

408.  If  R  and  S  be  affumed  to  denote  any  FuniHons 
of  y  (that  is,  any  two  Quantities  expreffed  in  Terms  of 
y  and  given  Coefficients  \  then,  in  order  to  have  the 

Fluent  of  S  x  — a   Maximum   or   Minimum, 

y 

when  that  of  Rl>  becomes  equal  to  a  given  Value,  it  is 

requifite  that-^  x  vu±yy   -     (hould  be  a  conftant 

"  y 

Qpan- 


« , 


depending  upon  a  particular  Curve. 

Quantity :  This,  alfo,  is  evident  from  the  preceding 
Demon  ft  rat  ion ;  and  may  be  of  Ufe  when  the  above 
prcraifed  Theorem  is  not  fufficiently  general. 

PROB.    I.    ' 

400.  To  determine  the  Nature  of  tb*  Curve  ACE  5  fi 
ih«ty  the  Length  of  the  Arch  AE  being  giveny  the  Area 
ABE  Jhall  be  a  Maximum. 

Calling  (as  ufual)  the  Ab- 
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fciffa  A 


15, 


x  ; 


the  Ordinaie 


DC,  y9  and  the  Arch  AC, 

2,  \jre  have  x  =  Vzx  — j** J 
and   therefore  yx  \  =   y  x 

zz-~y)F  =  thc  Fluxion  of 
the  Area  ADC.  Now, 
fince,   by  the  Queftton,  the     A 

Fluent  of  y  x  zz  —  jj\*  is  to  be  a  Maximum,  when 
That  of  z  becomes  equal  to  a  given  Quantity  (ACE)  let 
thefe  two  Fluxions   be,   refpeftively,   compared   with 


r       ~ T 

y  x«*       ™ 


and  ym  u    (as    given   in   the  foregoing 


Theorem  t«)     By  which  means,  n  ==  *,  r  =  i5  *  =  *»  t  Ait. 406. 

y 

andw  =  oj   and  confequcntly    - 


•       •  •       • «i 


.»«—  1 


=£  yz  X  zz-—)y]  *  1  Which  (according  to  the  faid 
Theorem)  being,  every  where,  equal  to  a  conftant 
Quantity,   we  (hall,    by   putting  that  Quantity  =  a, 


jk'% 


Qy 

and  ordering  the  Equation,  get  i*  =  qX  _   .,   and  x 
(^i^?)  =      ,  yy    -}    and,    confequently,    (by   • 

I  i  3  ttktaf 
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taking  the  Fluent)  jt  =  a  —  V  ax  —  y%,  or  lax  —  xx 
=  f-%    which  is  the  common  Equation  of  a  Circle. 

%i  £.  /. 
Corollary. 

410.  It  follows  from  hence,  that  the  greateft  Area 
that  can  poffibly  be  contain'd  by  a  Right-line  ( AE) 
joining  two  given  Points,  and  any  Curve-line  ACE  of 
a  given  Length,  terminating  in  the  fame  Points,  will 
be  when  the  (aid  Curve-line  is  an  Arch  of  a  Circle. 

PROB.      II. 

411.  The  Length  of  the  Arch  AE  (fee  the  preceding 
Figure)  being  given,  to  determine  the  Nature '  of  the 
Curve ,  Jo  that  the  Solid  generated  by  the  Rotation  thereof 
may  be  a  Maximum* 


y/b+—y*  Vb+—f 

Whence  2  and  x  will  be  known.  £K  E.  I. 

P  R  O  ]J>    III. 

412.  The  Superficies  generated  by  the  Arch  of  a  Curve, 
'    in  its  Rotation,  about  its  Axis,  being  given  ;  to  determine 
the  Curve,  fo  that  the  Solid,itfelf,  may  be  a  Maximum. 


+  AtL  Becaufe  the  Fluent  of  f  X  £*— ; y%  .  f  «  to  be  a 

Maximum,  when  that  of  yk  becomes  equal  to  a  given 

Quan- 


•Ait.145.      Since  the   Fluent   of  /   x  «5-^T    (=/*•) 

is  required  to  be  a  Maximum,  when  that  of  z  has  a  1 

given  Value  ACE,  every  thing  will  remain  as  in  the  ' 

Uft  Problem ;  only,  r  muft  here  be   =  2  :  And  there- 

fore  (by  the  Theorem)  we  have  yxz  x   **— ; yjH         =  *• 

Whence  k  zz    ,         -;    and    confequently   x    (=  V 

y  a  •— y4 

vV  _  i»)  -    t:  :     Which    Values,    if  F  be 

put  =  a  (in  order  to  have  the  Powers  homologous) 

bxy                  .               y%y 
will  become  *  =:     ■  and  x  r= 
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Qoafttity  i  let  the  Fluxions  here  exhibited  be  therefore 
compared  with  *  *uuJ^yy      and  fmu  (given  in  the 

Theorem.)     By  means  whereof  (r  being  =2,  u   =:  £, 

n  =  i»  and  01  =  1 )  we  have  jri  x  ** — yx\        =  a  (a 
conftant  Quantity  *  5)  which  is  the  very  Equation  found  *  Ait.  406* 
in  Prob.  I.  belonging  to  a  Circle. 

If  the  Solid  be  fuppofed  given,  and  the  Superficies  a 
Minimum,  we  fhall  come  at  the  very  fame  Conclusion  : 

For,  y*x  and  y  x  **  +  yy\    (which  are  refpedively  as 

r      •  •       •  •  ]« 

their  Fluxions)  being  compared  with  jru  and  J- ££- 

we  have  m  =:  2, »  =  *,  r  =  1,  and  n  =  i;  and  there- 
fore  — .  equal  to  a  conftant  Quantity  :   Which 

being  denoted  by  —  (fo  that  the  Terms  may  be  ho- 
mologous) there  comes  out  ax  —  y>/ x%  -\- yx \  whence 
%ax  —  x%  =  y *  (as  before*) 

PROB.    IV. 

413.  To  determine  the  Curve  HFB,  from  whofe  Re- 
volution a  Solid  BK  /ball  be  generated  \  which,  moving 
forward^  in  a  Medium,  in  the  Direction  of  its  Axis  DA, 
will  be  lefs  refifled  than  any  other  Solid  of  the  fame  given 
Length  DA  and  Safe  BC. 

If  AE  =  xy  EF  =  y,  F^=  x  &c.  it  is  evident,  from 
the  Principles  of  Mechanics,  that  the  refilling  Force  of 
a  Particle  of  the  Medium  at  F  (being  as  the  Square  of 
the  Sine  of  the  Angle  of  Inclination  p?q)  will  be  truly 

reprefcnted  by  j^-r.  ^K^  %      Moitover,    fine* 

I  i  4  the 


] 
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the  whole  Number  of  Par- 
ticles ading  upon  FHKG 
is  proportional  to  the 
Area  of  the  Circle  FG, 
or   as   y1 ;    the    Fluxion 

hereof  (zyy)   drawn  into 

•  • 

yy 


xx  +  yy 


will    therefore 


give 


V? 


for    the 


•  •    •    •  • 

xx  +  yy 

Fluxion  of  the  Refiftance 
upon  FHKG. 

Now,  fince  it  is  required  (by  the  Queftion)  to  have 
the  Fluent  of    ..&  ..    (or  225  ** 


Maximum,  when  That  of  x  becomes  equal  to  a  given 
Quantity  (AD),  let  thefe  two  Fluxions  be  therefore 


___  • 

and  fu  *.     Whence 


•  Ait.  406.  compared  with  /  *  —  +  jy' 

•  •Js^^*a. 

y 

(r  being  =  1,  *  ==  *,  a  =  —  1,  and  m  zz  o)  we  get 

t  Alt.  406.  mx    X    XX  +    fi?'~* 

<■ ■* —  =  a  (a  conftant  Quantity  t)  ;   and 


confequently  yylx  zzax  xx  +  yy)*  :  Whereof  the  Flu- 
ent will  be  found,  by  Art.  264.  That  the  Curve  docs  not 
meet  its  Axis  in  the  extreme  Point  A,  but  has  an  Or- 
dinate AH  at  that  Point  (as  reprefented  in  the  Figure)  is 

evident  from  the   foregoing  Equation.     For  xx  +  yyf 

(F^)4J  being,  always,  greater  th2n  y*x  (pq\*  x  Tp)f 
y  muft  therefore  be  greater  than  a9  in  the  fame  Propor- 
tion ;  and  fo9  can  never  be  equal  to  Nothing. 

Now,  as  it  is  demonfrrable  that  the  Angle  AHF  muft 
be  1-  of  a  Right-Angle,  AH  (the  leaft  Value  ofy;  will 
therefore  be  =  4*  (fince  x  and  y  are,  in  this  Circum- 

ftance, 
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fiance,  equal  to  each  other.)  But,  what  0,  itfel^ 
ought  to  be,  muft  be  determined  from  the  given  Values 
of  AD  and  BD,  and  the  Refolution  of  the  forefaid 
Equation. 

P  R  O  B.    V. 

414,  To  determine  the  Solid  of  the  leqft  Refinance ^  fup- 
po/mg  the  Area  of  the  generating  Plane  AHBD,  and  its 
greatefl  Ordinate  DB  to  he  given  ;  (fee  the  preceding 
Figure.) 

Since  (by  the  laft  Article)  the  Fluxidn  of  the  Re- 
finance is  cxpreffed  by^X***f'— ',  and  that  of  the 

y  3 

Area  AEFH  by  yx>  it  is  plain  (from  the  premifed  Theo- 
rem *)  that  fiif^±lr!    is    a  conftant  Quantity,  f  Art. 406. 

Whence,  .  -ffL     ,   or   its  Equal  &£l±,    being 

xx+jrj]  qF* 

every  where  the  fame,  the  Angle  pYq  muft  alfo  be  in-  " 
variable  5  and  confequently  HI1  B  a  Right-line.  There* 
fore  the  Solid  of  the  leaft  Refiftance  is  (in  this  Cafe) 
either  a  whole  Cone,  or  the  Fruftrum  of  a,  greater, 
Cone.  But  it  is  eafy  to  fhew,  that9  when  the  Area  of 
the  generating  Plane  AB  is  given  fo  fmall,  that  the 
Angle  B  may  be  taken  equal  to  the  Half  of  a  Right- 
angle  j  I  fay,  it  is  demonftrable,  in  this  Cafe,  that  the 
Fruftrum  fo  arifing  will  be  lefs  refilled  than  a  whole 
Cone,  or  any  other  Fruftrum,  whereof  the  Bafe  and  the 
Area  of  the  generating  Plane  are  the  fame. 

In  like  manner  the  Solid  of  leaft  Refiftance,  when  its 
Bulk  and  greateft  Diameter  are  given,  may  be  deter- 
mined:   The  Equation  of  the  generating  Curve  being 

y     x  X  xx  +  yy I  I 

— <—=:-»    maxy*=yx  ii+#\%* 

Whereof  the  Solution  h  given  in  Art.  364. 

PROB. 


490         Of  Problems  Dc 


&  Minimis. 


P  R  0  B.    VI. 

415.  To  determine  the  Line*  along  which  a  H**}*  h 
its  own  Gravity*  willy  defcend*  from  one  given  Point  A 
to  another  B,  in  the  Jhortejl  Time  poffible. 


A 


P       c 

D 

! 

' 

k 

Q. 

J 

3^- 

E 


V 


Let  AD  be  parallel,  and  BC  perpendicular,  to  the 
Horizon,  interfering  each  other  in  C  j  and  let  QP  be 
any  Ordinate  to  the  Curve  parallel  to  BC :  Then  (calling 
AP,  x  j  PQ^  J»  &c.)  the  Celerity  at  Q.will  be  expreffed 

by  f%  ;  alfo  the  Fluxion  of  tho  Time  of  Defcent  thro' 

•Ait. 204.  AQ  will  be  truly  defined  by  -7  *>  ox  ita  Equal  jpi 

X  xx  +  3]  •    Here,  therefore,  the  Fluent  of  /""$  x 

■ 

xx  +  jj>- 1    is  to  be  a  Minimum*  when  that  of  x  arrives  to 
fAit.405.  a  given  Value  (AC).      Whence,    by  the  Theorem  f> 

X  1 

y~**x  x  **  +j^)     *  muft  be  =  a  conftant  Quantity  : 
Which  (to  have  the  Terms  homologous)  let  be  denoted 


by  a 


(or  -J=l\     Then  akx  =/  x  *»+ifl*i 


whence  *  =  -2_4_  =  .    yjt,    ,.  ;  *  s?  (%/ **  +  y) 
va-*y       \'ay-ryyt 

9  = 


(ktftlfag  Kfr*  a  pertfcukt  Curve. 
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=     . ;    and  consequently  z=2*—  iaT  *a  — /. 

*a — y 

Therefore,  when  y=zay  %\s  =:  ia\  which  two  cor- 
responding Values  let  be  denoted  by  DV  and  A  V ;  and 
let  QE,  parallel  to  AD,  meet  DV  in  E  ;  then  VE 
(VD  —  ED)  being  =  a  —  y,  and  VCL  (AV  —  AQJ 


=  %a%y  a — y,  it  follows  that 

VD  (a)  :  VE  (a-y)  ::  VA*  (4*1)  :  VQ!  (4*  x"^J 
Which  is  one  of  the  moft  remarkable  Properties  of  the 
Cycloid  ;  the  Curve  which,  therefore,  anfwers  the  Con- 
ditions of  the  Problem. 

If  the  Celerity  be  fuppofed  a$  any  Function  (S)  of 
the  Quantity  y,  the  Problem  will  be  refolved  in  the 
fame  manner:    The  Equation  of    the  Curve  being 


> —  -y 

X  X  xx+jy\  1    m 

S  a 


•  A1U40S, 


P  R  O  B.    VII. 

41$.  To  find  the  Nature  of  the  Curve  AQE,  along 

which  a  heavy  Body  mujl  defend  from  an  horizontal  Lint 

RC  to  a  vertical  Line  CD,  fo  that  the  Area  CAE  may 

he  given*  and  the  Time  of  the  Defcent  a  Minimum. 

« 

If  the  Ordinate  PQ^    R        4  p  C 

(parallel  to  CD  )  be 
called  •  y,  and  the  Velo- 
city at  Q^be  denoted  by 


y  J 


it  is  evident   that 
the   Fluent   of  y~*  X 

^+irl    (  -  ~7  t  } 


njuft    be    a    Minimum 

when  that  of  yx  amounts  to  a  given  Value. 


ThtEcAre 
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Therefore  (by  the  Theorem  already  mention  *d    fo 


often)  we  have  y 

cocfcquently  x  =z 


ji+i. 

J     y 


.vV«+2  —  v»*+* 


j     and 
;  which  >  by  wri- 


,  _      J*  J 


Whence 


ting  i  inftead  of  »,  becomes  x  =      _ : 

x  will  be  known.    But,  if  the  Celerity  was  to  be  every 
where  uniform,   then  (n  being  =  o)  we  (hould  have 

*  =:  77  _       ■ ;   and  therefore  *  =:  a  —  VV— jf: 
V  a  —  j 

Which  anfwers  to  a  Circle. 

Lemma. 

417.  If  upon  a  Tangent  EP9frem  any  Point  C  in 
the  Circumference  ef  a  Circle  r  EC,  a  Perpendicular 
CP  fc  to  fall,  the  Chord  (CE)  >ijwiij  that  Feint  and 
the  Point  of  Cental,  will  be  a  Mem-Propertienal  be- 
tween tbe  /aid  Perpendicular  CP  and  the  Diameter  CF 
of  tbe  Ore  U. 

For,  the  Angles  P  and 
CEF  being  both  Right; 
and  alfo  CEP  =  F,  the 
Triangles  CPE  and  CEF 
are  iimilar:  And  there- 
fore CP  :  CE  ;:  CE  :  CF. 


prob,  vim 


r   418.  U  the  mixt-Und  Triangle  ACB,  tbe  Lengths  ef 
all  tbe  Sides  (whereof  Ch  and  CK  are  Rigbt~Bnes)  are 
fitppefed  given ;    9tis  required  to  find  tbe  Nature  ef  tbe 
Curve-fide  AEB,  fo  that  tbe  Area  may  be  a  Maximum. 

Put 
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Put  the  Arch  AE  =  s, 
and  the  Ordinate  CP  =  y ; 
then,  the  Fluxion  of  the  Area 

ACE  being  ^  V*x  —j\  * 


the  Fluent  of  y  X  kk  —  yy)\ 

generated  in  the  Time  where- 
in y,  from  CA,  ipcreafes  ta 
Ca9  muft  be  a  Maximum: 
Therefore,  by  the  Theorem  t> 


we  have  yk  X  kz  — yy\ 
—  a  f,  or 


* 


•Art  ix J. 


f  Art.  406. 


, . ,— =?  =  -.    But,   if  CP   be  fup- 
pofed  perpendicular   to  the   Tangent  EP,  then  will 


k         f£  ,         CE 

**«  —  yy  V^r 


CP' 


and   confe- 


±  -  JL 


quently  y  =  <jp;  or,  CP  :  CE  (y)  ::  CE  (^  :*: 

Which  Proportion,  by  the  Lemma,  anfwers  to  a  Circle ; 
whereof  the  Quantity  a  is  the  Diameter. 

Now,  that  AEB  muft  be  an  Arch  of  a  Circle  is  alfo 
evident  from  Prob.  1.  but,  that  the  fame  Arch,  con- 
tinual out,  will  pafs  thro9  the  Angle  C,  does  not  appear 
from  thence.  This  is  known  from  above ;  and  is  re- 
quifite  in  finding  the  particular  Circle  anfwering  to  any 
propofed  Data. 

PROB.    IX. 

419.  To  find  the  Path  AEB  which  a  Body  muft  de- 
Jcribe  in  moving  uniformly  from  one  give*  Point  A  to 
another  B  ;  fo  that,  being  every  where  afted  on  by  a  Force, 
or  Virtue,  which  varies  according  to  the  Inverfe- Duplicate- 
Ratio  of  the  Diftances  from  a  given  Center  C,  the  whole 
Aclion  upon  the  BodyjbaU  be  a  Minimum. 

Putting 
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_,          , ,      r,  c*          -  r         Putting     AE   =     x, 
F  Y.— IS ,R     CE  =  ,?  d,  (infinite- 
ly farill)  =  >*,E«=£, 
and     Erf    (  /i1  —  >*) 
=     ■  ;      we   have     — r 

t  =  y1  *  »a+^'r) 

for  the  Mcafure  of  the 
Force  which  ails  upon 
the  Body  in  defcrihing 
the  Particle  E*  fij  .- 
Moreover,  if  from  the 
Center  C,  with  any  gi- 
ven Radius  (r)  an  Arch  KTrS  of  a  Circle  be  defcribed, 
toterfcaiog  CE  in  T,  we  (ball  have  Tt  (the  Meafure 

of  th*  Angle  EC*/  =  —  •    Therefore,  fince  the 

Fluent  of  f*  X  im+]jt  »*  required to  be  a  Mi- 
wjrfw,  and  the  cotemporary  Fluent  of  j  '  i  (between 
CA  andCB)  a  given  Quantity;  it  follows,  from  the 
Theorem  premifed  at  the  Beginning  of  the  Scdion, 


mull  be  equal   to  a  <ron- 
and    confequently       -       ■-» 


tion  found  in  fte  preceding  Problem.  Therefore,  if  thro* 
the  three  givm  Points  A,  B,  and  C,  the  Circumference 
of  a  Circle  W  defcribed,  the  Arch  thereof  terminated 
by  A  and  B  will  be  thePath  of  the  Body.        £.  E.  I. 

Corollary. 

410    If  FR  be  a  Tangent  to  the  Circle,  at  the  Ex- 
trcmitv  of  the  Diameter  CF,  and  CA  and  CE  be  pro- 
duced 
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duced  to  meet  it  in  R  and  Q.,  it  follows  that  the  whole 
Adion  upon  the  Body,  in  defertbing  the  Arch  AE, 
will  be  proportional  to  the  correfponding  Part  RQ.  of 
the  faid  Tangent.  For,  if  Ce  be,  alfo,  produced  to 
meet  FR  in  *,  and  EF  be  drawn,  it  is  plain  that  the 
Triangles  CEF  and  CFQ^,  as  alfo  CE*  ?nd  Cq  0, ,  arc 
fimilar :   Whence  it  will  be,  CE  (y)  :  CF  (a)  : :  CF  (a) 

:  CCL  (or  Cq)  =  - ;  and  CE  (,) :  E,  (A) ::  Cf  (  j) 
:  Q  a  =  — :    Which  (a  being  conftant)  is  as  l-r-J 

yy  y  Tf 

the  Force  that  a&s  upon  the  Body  in  dcfcribing  E*  (£). 
And,  at  this  every  where  holds,  the  whole  Adion  in 
defcribtfig  AE  mutt  therefore  be  proportional  to  RQ. 
Which  Force  (it  is  cafy  to  prove)  will  bfe  to  that  ex- 
erted on  the  Body  in  moving  through  the  Chord  AE,  as 
the  Chord  to  the  Arch. 

PROB,    X. 

421.  To  deter  mint  the  Path  in  which  a  Body  may  move 
from  one  given  Point  A  to  another  B,  /*  the'jhotteji  Time 
pojftbte  j  fuppofing  th$  Velocity  to  be,  every  where,  propor- 
tional to  any  Power  (y*)  of  the  Di/fante  from  a  given 
Center  C.     (See  the  laft  Figure. ) 

Here  every  thing  will  remain  as  in  the  preceding 
Problem;,    only  f-t   muft  be  wrote  inftead  of  j—*. 

Therefore  we  have  yT*    *  X  u  X  uu  +  yy**  =  .a 

conftant  Quantity :  Which  Quantity  (to  hare  the  Terms 

b 
homologous)  let  be  denoted  by  -r ;  then,  by  Reduction, 

a? 

bf*1  *  (      EA         CP         CP. 

J     ~    •£+£    V=  Ee)    ~   CE  -    y    ' 

And  confequently  CP  =  -r-.    Hence,  if  p  =:  o,  or  the 

of 

Ve- 
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Velocity  be  conflant ;  then  CP  being  every  where  =r  A, 
the  Body  muft,  in  this  Cafe,    defcribe  a  Right-line. 

h 
But,  if  p  =.  i,  then  CP  being  =  —  j  the  Curve  will 

•  Art.  74.  1^  a  logarithmic  Spiral,  whofe  Center  is  C  * :    Except 
in  that  particular  Cafe,  where  CA  =  CB,  when  it  de- 
generates to  a  Circle. 
Laftly,  if  p  =  2,  the  Curve  will  be  a  Circle  (by  the 

treading  Lemma)  whofe  Diameter  is  -7-,  and  whofe 

o 

Periphery  pafles  through  die  given  Point  C. 

After  the  Dune  manner,  the  Value  of  CP  (upon 
which  the  Nature  of  the  Curve  depends)  may  be  de- 
termined, when  the  Velocity  is  expounded  by  any  given 
Fundion  (S)  of  the  Diftance  (y)  from  the  Center  of 

f  Aft.4c;.  Force :   And  (by  writing  S  in  the  room  of  f  \  &c) 

1        ^         bS 
will  come  out  CP  =  —  ;  where  *  and  c  reprtfent  con- 

flant  Quantities. 

When  the  Velocity  is  That  which  the  Body  may  ac- 
quire, in  defcending  through  BE,  by  a  centripetal  Force 

expreffed  by  /,  then  the  Value  of  S  (the  Meafure  of 
J  An.  ml  that  Velocity)  being  interpreted  by  V/+I— jf^"1  % 

(where  CB=  d)  we  therefore  have  CP= - Z 

c 

for  the  Equation  of  the  Curve  of  the  fwifteft  Defcent, 
according  to  this  laft  Hypotbefis  of  a  centripetal  Force 
varying  as  any  Power  p  of  the  Diftance. 
•  422.  Befides  the  Problems  already  refolved  in  this 
Sedtion,  there  are  others  of  the  fame  Nature  which  are 
confined  to  more  particular  Rcftri&ions,  and  require  a 
different  Method  of  Solution* 


Thus, 
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* 

Thus,  if  Q9  R  and  S  be  fuppofed  to  denote  any 
given  Powers,  or  Fun&ions,  of  the  Ordinate  (y)  of 
a  Curve  ANM,  and  the      a  p  jyj[ 

Nature  of  the  Curve  be  r" 
required,  fo  that,  when 
the  Fluent  of  §g  be- 
comes equal  to  a  given 
Quantity,  the  Fluent 
of  Rx  may  alfo  be- 
come equal  to  another 
given  Quantity,  and  That  of  Szy  a  Maximum  or  Mi- 
nimum :  Then,  becaufe  there  is,  in  this  Cafe,  a  fecond 
Equation,  or  new  Condition,  beyond  what  is  to  be  met 
with  in  any  of  the  foregoing  Problems,  the  Method  of  So- 
lution hitherto  explained,  will,  therefore,  be  inefficient. 
But,  by  a  Procefs  fimilar  to  that  whereby  the  faid  Method 
was  demonftrated  (affuming,here,  three  £xpreffions,and 
three  indeterminate  Quantities,  inftead  of  two*)  a  ge-#Art«4** 
ncral  Anfwer  to  this  Problem  (under  all  its  Reftriftions) 
will  be  obtained  :  And  is  exhibited  by  the  Equation, 

z         pR  +  qS  .       ,  _        _ 

r  ==  £ — §>-  »    wherein   p  and  q  denote  conftant 

Quantities* 

423.  Though  it  feems  unneceflary  to  put  down  the 
Invention  of  this  Equation,  after  what  has  been  hinted 
above,  yet  it  may  not  be  improper  to  obferve,  by  way 

of  Corollary,  that,  if  £:=  1,  R  s=  1,  and  S  =  /,  the 

Equation  will  then  become  -r  =  p±  qf\  expreffing 

the  Nature  of  the  Curve,when,  the  whole  Abfcifla  (AM) 
andcorrefponding  Arch(  AN)being  both  given  Quantities, 

the  Fluent  of  fk  is  a  Maximum  or  Minimum*  according 
as  the  Value  of  n  is  pofitive  or  negative  :  In  both  which 
Cafes,  it  is  very  cafy  to  perceive,  that  the  Curve  muft 

be  concave  to  AM,  and  that  the  Value  of  4-,  or  its 


Kk 


Equal 
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Equal  t  ±  if*  mu*'  therefore,  decreafe  as  y  increafes  j 
whence  we  may  infer  that  the  Sign  of  qf  muft  be  neV 
eachre  in  the  former  Cafe,  and  pofitive  m  die  latter. 

Ex.  Let   the  Curve   ABDE,  be    the  Cataummj 
formed  by  a  flender  Chain,  or  perfectly  flexible  Conf, 


D 


fufpended  by  its  two  Extremes  in  the  horizontal I  Line 

AE  •     Then,  fince  its  Center  of  Gravity  muft  be  the 

Ioweft  poffible,  the  Fluent  of  «,  when  AC=AE,  muft 

•  At.,,,,  therefore  be  a  Maximum*:.  Whence  (n  being  here  =i) 

our  Equation   (4-  =  P  ±  if  )   beco'ne»  f  =  > 


£\    in  order  to  reduce  it  to  a  more  convenient 
FoSnJe  the  Sfti.ce  (DF)  of  the  Ioweft  Point  of  the 
ffi  from  the  horizontal-Line  AE  be  put  =  b  ;  then 
when    f  (BC)  becomes  =  i,  *  will  be  =  *  ;    and 
therefore  the  Equation,  in  that  Circumftance,  is  I  =  /> 

—  ,*  j  whence  /  =  I  +  J*,  an*  confequently  -r-    = 

,  +  qb  _  f,  =  i  +  q  X  r=7;    Which,  by  putting 

i  —  y  (DH)  =  i  and  «  =  -i-  «  reduced"  to  -j  =  i 


«  +  i]s 


X  1^7;  and  confequently  BD  =  ^w  +  "•  .., 
XFor  another  Example  (wherein  the  Exponen  » rjdf 
be  negative)  let  the  requnfll  Curve  be  1  hat  aong 


I  ■ 

.  depending  Upon  a  particular  Curve*  4£gh 

•which  a  BofJy  may  defcend,  by  its  own  Gravity,' 
from  one  given. Poidt  A  t<*  another  B,  in  Icfs  Time 
than  through  any  other  Line  of  the  fame  Length.    In 

which 'Qrfe,  the  Fluent  of  if  *  being  a  Minimum) 
When  x  and  %  become  equal  to  given  Quantities,  oar  E- 
quation    (by    writing—  *  for  n)  will    here- becoirie 

V  =  £  +  £7    *  :    From  whence  exterminating  x9  or 

x,  by  means  of  the  Equation  x%  4  j%  =  **>  the  FJuent 
may  alfo  be  determined. 


SECTION    XL 

The  Refolution  of  Problems  of  various  Kinds v 

PROB..L 

424.     JNY  hyperbolical  Logarithm  (y)  being  givtnj 
•"  i>  if  proofed  fjuid  the  natural  Number  anfwer- 
ing  thereto* 

If  the  Number  fought  be  denoted  by  I  +  >,  we  (hall 

(by  Aru  126.)  have  ^  =  ,  or  >  +  *j  —  *  r:  o. 

i  +  # 

Let  4r  +  By%  +  Cv*  feV.  -  x .  then  ^  +  2B& 
+  3Py%y  &*•  =  *>  and  otir  Equation  will  become 
"      i+    4tf  +    W+    Cfy&e.\_ 

^-Ay  —  lByy  —  ^y^tDyiyVcS  -  Q# 

Whence,  by  comparing  the  homologous  Terms,  we 
get  ^  =  r,  B  =  —  =  -,  C  =  -  =  — ,  Z?  = 

+  =  TTJTt"1'  Therefore  f  +  '  +  I  +  £i+ 

rfrj + » . 3^4 . 5 Wfc  is(  =  I  +  *;  the  Nunw 

be'r  fought. 

Kka  PR  OB. 


»  ••    » 
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prob.  n, 

425.  Tbi  Rm&us  AO  and  any  Arch  AB  rf  a  Circle 
ABD  bang  given  1  ufatd  tbi  Sim  BC,  and  Co-ftnt  OC 
tftbat  Arch. 

Let  AO  (BO)  =  r,  AB  =  *,  AC  =  x>  BC  =  * 


B*  =  *,  B«  =  x,  and  bn  =} :  Bectufe  of  the  fimilar 
Triangles  OBC  and  B«fr,  it  will  be 

OB  (r)  :  BC  (y)  ::  Bb  (x)  :  B«  (*) 
And  OB  (r)  :  OC  (r—x)  ::Bb{i):bx  (j) 

From  which  we  have 

ykzz.rx 
And  ry^zrx^-  x*. 

Let  *  =  Jz+Bz*+Cz*+Dz?+Ez*  lie. 

And;  =  oc  +  ***  +  «'  +  dsf  +  «J  &fc. 

Then,  by    Subftitution  and    Tranfpofition,  our  two 

Equations  will  become 

•   +azz  +  bz*x  +  cz'z  +  dz+z  &c.  I  || 

— rJx—2rBzz—yCz%±— ^Dzlk— %rEz*k  &Tr.   S  o 

And 
r4&  +  %rbzx+lrcz%x+4fdsPz+$re7?x  fie.      I   _ 
~r*+Jzz+Bz%z+Cz'z+Dtfz  &c.  i  ~° 

From  which,  by  equating  the  homologous  Terms,  we  get 
Jzzo9  *=2ri?,  *=3r<?,  bzz+rD9  dzzyE  &c. 

Alfo  «=,,*:=-£,<  ==--|,  *=-£  «*- 

There 
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Therefore  irB  =  1,  *rC  =  —  — ,   irD  =  —  — ', 

C  1 

5r2?=  — — ,  far*,  and  confequently  B=  — »   C=of 

3  .  4*"  2,3. 4r*'  > 

5  .  6r*       2  .  3  .  4  .  5  .  6  .  r5 

Whence,   alb  *  (zzyC)  =  0,  c  (=4rDJ   ss  — 

2  .  3r* 
Hence  it  is  evident  that  y  (  =  a%  +  te*  +  cz*  He.) 
x*  z*  z7 


2  .  2r%      2  •  3  •  4  •  5r*       2.3,4.  5.6.  7V* 


%* 


+  »*.  And  that*(==j/*+Ba*+Ca3(^.)  =  —  -_ 

*♦  z*  _,    ^ 

i  +      '  *  ■«  —  He.  t 

2  .  3  .  4r        2  •  3  •  4  •  5  •  6r* 

P  R  o  b.  in. 

4*6.  ft  jfa*/  /£/  fWp*  ^*  at,  when  x*  is  a  Minimum* 

The  Logarithm  of  x*  is  =.*  x  / .  x  ;  whofe  Fluxion 
x  x  /.  x  +  *  being  =  o,  we  have  /:*:=  —  i.  But 
(by  Prob.  1.)  the  Number  whofe  hyp.  Log.  is  y  will 


»*         r  v4 

be  1  +  f  +  —  +  T—  +  — - He.  Therefore,  by 

1        a       2.3^2.3.4  '  ' 

writing  —  1  inftead  of  /,   we  have  *  =  1  —  1   + 


t  Tbe  Subftanet  of  this  Solution  (being  tbt  moft  mat  and 

artful  I  bave  fun  to  that  ufeful  Problem  J  I  bad  from  a  Letter 

fiptd   "  —      Needier ;  <wbieb  was  put  into  my  Hands  by  a 

friend*  who  reeeiitd  it  from  tie  late  Dr.  Hallcy,  to  <wbom 

it  was  wrote. 

Kk3 
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*       a.3Ta.3.+      2.3.4.5  ^^'  7 

P  R  O  B.    IV, 

427.  To  <£t/uk  a  £tv*»  Number  {a)  fi  that  the  eon* 
tinual  Product  9/ all  its  Parts  may  be  a  Maximum. 

It  is  evident  (from  Art.  23.)  that  all  the  Parts  muft 
be  equal :   If,  therefore,  any  one  of  them  be  denoted 

by  x,  their  Number  will  be — ,  and    we  fhall  have 


*l*  a  Maximum:  And  therefore  ks  Logarithm  —  x 

9  x 

* 

£ .  jr  a  Maximum  alfe :  And  its  Flurioa  — ;  xl.r 
»  Ait.**.  —  ~%  =0#:  Whence  H-£.  *=r,  and  confeqttently 

W*.  Therefore  the  next  inferior,  or  fuperior.  Num- 
ber to  2,71828  &c.  that  will  exa&Iy  meafure  the 
given  Number  0,  is  the  required  Value  of  each  Part : 

Thus,  let  a  =  10 ;   then  becaufe  o„v,rf     =  4 

nearly,  the  Number  of  Parts,  in  this  Cafe,  will  be  4.} 

and  the  Value  of  each  =  —  =:  2  .  5. 

4 

P  R  O  B.    V. 

418.  To  divide  a  given  Angle  AOB  into   two   Parte 
AOC  and  BOC,  Jo  that  the  Produft  of  any  given  Powers, 

AP"  X  BC£,   of  tkek  Sines  AP  and  BQL  may  be  a 

Maximum. 

Let 


fj 


of  various  Kinds. 

■ 

Let  AP,  produced,  cut  the  Radius  OB  in  D,  and 
the  Arch  AB  in  F  ;  likewife  let  FE  and  AL  be  perpen- 
dicular to  OB,  and  join  O,  F  :  Putting  AO=r,  AP:x* 

and  BQjry.     Then.  Kcaufe  xnym  is  to  be  a  Maximum^ 


i . 


m 


we  have  nx     'x  a  y"  +  x*  X  my 
fequently  nyx  =  —  mxy* 

Moreover,  fince  the  Fluxion 

rx 

of  the  Arch  AC  is  =  "tt ■ 

vV— x% 

and  that  of  BC  =    -7== 

y  r  —~y 

(Art.    142.)     we    alfo    have 

ry  rx 

=  0, 


■«•— . 


j—Oi  and   con- 


vV*—  1 


vV— ** 


or 


_y  — —  x 

■y.  ■       =        jl~  ^ }   which    multiply'd    by  the 


former  Equation,  fit*,  gives    *^= 


»y 


m* 


yV  — *" 


jv^1^ 


or  11  X                    =    mx .    Whence,    becaufe    OQ_ 
•r*—  jr  ^* 

(•?3y)  :  QB  (jr)  =:  OP    (yV— **)  :  PD  = 

yy/r%  —  x% 

'yi         -  we  have  n  x  PD  (=/»*)   =  m  x.  AP; 
Vr—  jr 

and  therefore  PD  :  AP  ::  m  :  n\  whence  (by  Cora- 
pofuion  and  Divifion)  AD  :  DF  ::  w-f  n :  «— »:  But 
(£y  fun.  TrJang.)  AD  :  DF  ::  AL  :  EF  ;  confequently 
m+n  :  m  — n  ::  AL  :  FE ;  that  is,  as  the  Sum  of  the 
Indices  of  the  two  propofed  Powers  is  to  their  Dif- 
ference, fo  the  ttne  of  the  whole  given  Angle  to  the 
Sine  of  the  Difference  of  its  two,  required,  Parts. 
This  Proportion  is  given  in  Words^  at  length,  becaufe 
it  will  be  found  of  frequent  Ufe  in  the  Solution  of  me- 
chanical Problems. 

K k  4  PROB. 
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PROB.    VI. 

429.  To  Jbew  that  the  leaft  Triangle  that  can  be  de- 
fcribid  about*  and  the  greatefl  Parallelogram  in,  a  given 
Curve  ABC,  concave  to  its  Axis,  will  be  when  the  Sub- 
tangent  FT  is  eoual  to  the  Safe  BF  of  the  Parallelogram, 
or  balftbe  Bafe  BT  of  the  TriangU. 


It  appears  from  Art.  25.  and  is  demonftrablf  by 
common  Geometry,  that  the  greatefl  Parallelogram  that 
can  be  infcrib'd  in  the  Triangle  BTR  (fuppofing  the 
Pofition  of  TR  to  remain  the  fame)  will  be  that  whofe 
Bafe  BF  is  half  the  Bafe  BT  of  the  Triangle  :  There- 
fore, as  a  greater  Figure  cannot  poffibly  be  infcribed  in 
the  Curve  BAC  than  in  the  Triangle  BTR  circum- 
fcribing  it,  the  greatefl:  Parallelogram  that  can  he  in- 
fcribed, either  in  the  Triangle  or  the  Curve,  mu#  be 
That  above  fpecified. 

But  now,  to  make  it  alfo  appear  that  the  Triangle 
BTR  is  a  Minimum  when  FT=BF  ;  let  B/r  be  any 
other  circumfcribing  Triangle,  and  let  the  two  Tan- 
gents TER  and  ter  interfed  each  other  in  P.  Then, 
ER  being  =  ET,  it  is  plain  that  RP  is  lefs  than  PTf 
and  ?r  (lefs  than  PR  lefs  than  PT)  lefs  than  Pr :  There- 
fore, the  Sides  PR  and  Pr  of  the  Triangle  RPr  being 
left  than  the  Sides,  PT  and  Pt  of  the  Triangle  TP/, 
and  the  oppoftte  Angles  RPr  and  TP/  equal  to  each 
other,  it  follows  that  the  Triangle  PRr  is  lefs  than  TP/; 
and  confequently,  by  adding  the  Trapezium  BTPr  to 
both,  it  appears  that  BTR  is  left  than  B/r. 

9  Co- 


A 
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Corollary, 

430.  Hence  the  greateft  infcribed  Parallelogram  13 
half  the  leaft  circumscribing  Triangle. 

In  the  fame  Way  it  may  be  proved,  that  the  greateft 
infcribed  Cylinder,  and  the  leaft  circumfcribing  Cone, 
in,  and  about,  the  Solid  generated  by  Revolution  of  a 
given  Curve,  will  be  when  the  Sub-tangent  is  equal  to 
twice  the  Altitude  of  the  Cylinder,  or  \  of  the  Altitude 
of  the  Cone :  And  that  the  two  Figures  will  be  to  each 
other  in  the  Ratio  of  4  to  9. 

P  R  O  B.    VII. 

431.  Three  Points  A,  B,  C  being  given,  to  find  the 
f option  of  a  fourth  Point  P,  fo  that,  if  Lines  be  drawn 
from  thence  to  the  three  former,  the  Sum  of  the  Producls 
a  X  AP,  b  X  BP,  and  c  xCP  (where  a>  b  and  c  denote 
given  Numbers)  Jhall  be  a  Minimum. 


If  CP  and  BP  be  produced  to  £  and  F,  it  will  appear 
from  Art,  35.  and  36.  that  the  Sine  of  BPE  muft  be  u> 
that  of  APE,  as  a  to  « ;  and  the  Sine  of  CPF  (BPE) 
to  that  of  APF,  as  a  to  c  Therefore,  the  Sines  of 
the  three  Angles  BPE,  APE,  and  APF  (which  Angles, 
taken  all  together,  make  two  Right-ones)  being  in  the 
given  Ratio  of  a9  b  and  c,  it  follows,  that,  if  a  Tri- 
angle RST  be  conftruded,  whofe  Sides  RS,  ST  and 
RT  are  in  the  (aid  Ratio  of  *,  b  and  r,  the  Angles 
T,  R  and  S  oppofite  thereto,  yp\l  be  refpe&irely  equal 

to 


»i 
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to  the  fore-mention'd  Angles  BP£,  APE,  and  APF* 
From  whence,  all  the  Angles  at  the  Point  P  being  gi- 
ven, the  Pofidon  of  that  roint  is  given  by  common 
Geometry. 

But  it  is  obfcrvable,  that,  when  one  of  the  three 
given  Quantities  a*>  £,  c  (fuppofe  a)  is  equal  to,  or 
greater  than,  the  Sum  of  the  other  two,  a  Triangle 
cannot  then  be  formed  whofe  Sides  are  proportional  to 
the  faid  Quantities :  In  that  Cafe  the  Point  P  will  fall 
in  the  Point  (A)  correfponding  to  the  greaOeft Quan- 
tity (a ).  For,  it  is  plain  that  b  x  AB  is  lefs  than  b X  BP, 
+  *XAP;  and  that  cX  AC  is  lefs  than  cxCP+cxAP  ; 
whence,  by  adding  the  Lefc  to  the  Lefs,  and  the  Greater 
to  the  Greater,  it  alfo  appears  that  b  x  AB +cX  AC  mud 

be  lefs  than  bxBP+c  x  CP+b+c  X  AP  iefs  than 
JxBP+*xCP  +  tfXAP;  becaufe  a  (by  Hypothecs) 
is  equal  to,  or  greater  than,  b+c. 


PROB,    VIII. 

4.32.  To  determine  in  what  Latitude  a  Right-line  per- 
pendicular to  the  Surface  of  the  Earth,  and  Amther 
drawn^  from  the  fame  Point,  to  the  Center^  make  the 
greateft  Angle,  pofftbley  with  each  other  \  the  Ratio  of  the 
Axis  and  the  Equator  eal  Diameter  being  juppofed  given. 

Let  AE  reprefent  the  Equa- 
toreal  Diameter,  and  SP  the 
Axis  of  the  Earth  (taken  as 
an  oblate  Spheroid)  alfo  let 
RO  and  RM  reprefent  the 
two  Lines  /pecified  in  the 
Problem,  whereof  Jet  the  latter 
(perpendicular  to  ARS)  meet 
SP  in  M  }  and  let  RB  be  per- 
pendicular to  SP. 

It  is  evident,  from  the  Property  of  the  EJJipfis,  that 
SP*  :  AE*  ::  BO  :  BM.     And  (by  Trigonometry)  BO 
:  BM  :;  Tang,  BRO  :  Tang,  BRM  >  whence,  by  Equa- 
lity, 
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lity,  St**  :  AE*  ::  Tang.  BRO  :  Tang.  BRM;  there* 
fore,  by  Compofition  -and  Divifion,  AE*+SP* :  AE* 
— SP* ::  Tang.  BRM  +  Tang.  BRO  :  Tang.  BRM— 
.  Tang.  BRO.  But,  the  Sum  of  the  Tangents  of  any  two 
Angles  is  to  their  Difference,  as  the  Sine  of  ihe  Snrn  of 
tbofe  Angles  to  the  Sine  of  their  Difference  *;  whence  it 

follows  that  AE*  +  SPa  :  AE*— SPa ::  Sine.  BRM  + 

iRO  :  Sine.  BRM  — BRO  (ORM). 

Now,  fince  the  Ratio'  of  the  two  firft  Terms  is 
conftant,  or  in  every  Part  of  the  EUipfis  thefoae,  it  is 
obvious  that  the  Angle  ORM,  or  its  Sine,  will  be  the 
gteateft  pofiiblc,    when  ks   Antecedent  (the  Sine  <sf 

BKM  +  bKOJ  is  the  greateft  poffible,  that  is  when 
BRM + BRO  =  a  Right- Angle  and  its  Sine  =  Radius. 
Therefore,  in  the  propofed  Circumftance,  when  ORM 
is  a  Maximum,  our  laic  Proportion  will  become  AE2  + 
SP* :  AE*—  SP*  ::  Radius  :  Sine  of  ORM  ;  And  half 
the  Angle,  fo  found,  added  45°,  will  give  (BRM)  the 
Complement  of  the  required  Latitude;  becaufe  BRM 
+  BRO  (or  2 BRM— ORM)  being  =  90",  ft  is  evi- 
dent that  i£RM=90+ORM,  and  Goafequemtly  BRM 
=  45°  +  i  ORM. 

fROB.    IX. 

433.  Of  all  the  Semi-cubical  Parabolas,  to  determine 
that,  whereof^  the  Length  of  the  Curve  being  given,  the 
Areajhallbe  a  Maximum. 

The  general  Equation  is  ax%  =  y*  :•  Moreover,  the 

i 

Vr 
Area  is  univerially  =  — ,  and  the  Length  of  the  Curve 

I 

_±E±^1 !f  (fig  Jrt.  137.)    J*t  the  laft  of  thefe 

""* ~-  *  2? 

2ja 

be  put  =  c,  and,  by  ordering  the  Equation,  you  will 


•  Fid.  f.  0.  of  my  Trigonometry. 


^»- 
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^7=-Lxa^+M=if;    Whence,  ST  (and 

9  y* 


consequently 


being  a  Maximum^  it  is  evident  that 


\  or  its  Equal  a17  x  zjc  +  8«1 


—  44*  muft  likewife  be  a  Maximum :  Which,  put  into 
Fluxions  and  reduced,  gives  a  =  c  x  Q  ■3 — — ; 
Whence  x  and  /  will  alfo  be  found. 

PEOB.    X. 

434,  To  dtttrmmt  the  Ratio  of  the  Periphery  of  any  given 
Pllipfis  to  thai  of  its  circumfcribini  Cirde. 

Call  the  Semi-tranfverfe  Axis  CB,  a ;  the  Semi-con- 
jugate CE,t;  any  Ordinate  Dr,y;   and  its  Diftanc* 


C      D     B 

CD  from  the  Center,  x:  Then  (by  the  Nature  of  the 
Curve)  j   being  =  —  V  *«  —  **»    we    have  ^   = 


e*x 


*  /  0a  —  ** 


;  and  confequendy  £  (/"*T"+~FJ    = 


*V  tf  —  a*  — 
*y  aa  —  xx 


*    *  *    :    Which    by   making  rf  = 
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V  aa  —  dxx 


will    be  reduced   to  *  = 


ai  vaa—xx 


Vaa  — 


y^S—  X  .  -  ^  _ -£L — ^u«- 

V*<* —  xr  2*  2 .  4a4        2  .  4  .  o<r 

(bv  throwing  the  Numerator  into  a  Series)  whereof  the 
«/&&  Fluent,  when  x  becomes  =  af  will  be  %  (ERB) 

_.f>Ci  -     d  **        -     *•*'** 

2.2        2.2.4.4        2.2.4.4.6.6 

3-?'5«5-7^         ^    /^  ^  2g6  j  whc|C  ^ 

2.2.4.4.6.6.8.8  v  '  ' 

denotes  the  Length  of  the  Arch  GjiB,  or  4  of  the  Pe- 
riphery of  the  circumfcribing  Circle. 

Hence  it  follows  that  the  Periphery  of  the  Ellipfis  is 

d 
to  that  of  its  circumfcribing  Circle,  as  1  —  —  — 

* _  —2 — a — ^  &c.  or  as  x  -^ 

2.2.4.4        2.2.4.4.0.0 

mXjf+Trix*+  6TrxC+iT8xZ> 

ttV.  to  Unity :  Where  J9  B9  C,  D  tiV.  denote  the 
preceding  Terms,  under  their  proper  Signs. 

P  R  O  B.    XI. 

475.  To  determine  the  Difference  between  the  Length 
#/*  the  Arch  of  a  Semi-hyperbola  infinitely  produced^  and 
its  Jfymptote. 

Call  the  Semi-tranfverfe  Axis  (AC)  a\  the  Semi- 
conjugate  (or  its  Equal  AE)  j  b  the  Diftance  (CF)  of 
any  Ordinate  from  the  Center,  x ;  the  Ordinate  itfelf, 
y,   and  the  Arch  correfponding,  %:  Then,  from  the 

/       Nature  of  the  Curve  we  have/  =  - 1 f- ;  whence 

•      - 


|io 
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C  N 


A 


hxx 


J  a   »  ■  jm  i  m;  and  coAfequcatJy  »  ( zs^+f) r* 

±     faaxx  +  bbxx 
\f  71 —  «  *» 

:  Which,  making  d*zz  f^p 


*r  xx  —  aa 
CA 


/      CA*\  * 

\  ^  5E*/         u  =  ~  **^  ^c  transformed  to  »  = 

-_  x         ^  ;    whereof  the  upper  Surd,  cx- 

d*u*      d+tfi 
ponded,  is  =  f —  —  — g-  e*r .  And  therefore  ire 


•r  into 
a 


—  K 


+    *" 


dXU 


d+uxu 


«Vi  — •«*       2Vr  —  uu    '    8  /r  —  uu 
%f  Vto  3  .  5  d  V« 


-   + 


a  A4/- =  t   - — .    p    ,■  &k.     Now  the 

8  <  oVi  —  tot       8.  6. oKi  —  a* 

Fluent  of  the  firft  Term  hereof,  -j-    into  ~"  , 

*  u%  V  i—  uu 

=  d^rrr^)    is  UI«VCTfal,7    expreftd    By 

V  x%—  a  .      »?      i  BF  X  CE      _^„         .    _VT 
j—,  or  its  E^ual  — -gg —  :    Whfch,  if  BN 

be.  parallel  to  the  Afymptotc  EC,  will  (becaufe  AE  : 

CE  :i 
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CE  ::  Br*  :  BN)  b*  alfo  truly  represented  by  BN  :  And 
this  Line  BN,  when  x  or  z  becomes  infinite,  will  co- 
incide with  the  Afymptote.  Therefore  the  Fluent 
of  the  reOKunmg  Terms  is  the  Difference  fought : 
Which  Fluent,  when  »r=  1,  w;so  (putting  A fbf 
i  of  the  Periphery  of  the  Circle  whofe  Radius  is  Unity) 

willbe=^x  ~  +  — —  + LiJ^-—  + 

2       2.2.4        2  .  2  .  4  •  4  •  6. 

2.2  .  4.  4.6.6.  8      2. 2. 4. 4. 6.6. 8.  8. 10 

(fy  Art.  286.}  but  zz:  o  when  *  =  o  (or  j  is  infinite). 
Therefore  the  Excels  of  the  Afymptote  above  the  Curve 
is  truly  exhibited  by  the  preceding  Series.  j£.  £.  A 

If  a  be  taken  =  1,  and  4  =  0,  then  i  will  become 
='  1 :   And  therefore,  the  Curve  in  this  Cafe  falling 

into  its  Axis  AG,  we  have  A  x   —  -f 


2  2.2.4 


, 111 — T  +  V3-V,&         &Cm  -CA, 

2.2.4.4.6       2.2.4.4.6.6.8 

or  Unity.    Whence  it  appears  th*t  the  Sum  of  the  S*» 


ries  —  +  — -* —  +  ▼  ■  *  ■■  -r  h  the  Reciprocal 

2^2.  2.  42.  4.  4.  *•&  r 

of  j  of  the  Periphery  of  the  Circle  whofe  Radius  is 
Unity.  And*,  from  the  Problem  preceding  the  kft,  it 
will  likewife  appear  that  th*  Sum  of  the  Series  1  — 

—  - 2 -.   J'3'S*    z  fcf ^ will  he 

2.2  2.2.4-4  2.21.4.4. 0.6 
denoted  by  the  fame  Quantity ;  and  confequemly  that 
thefe  two  Seriefes  are  equal  to  each  other.  From  the 
Addition  and  Subtraction  of  which  and  their  Mul- 
tiples* various  ether  Seriefe*  may  bt  produced,  whofe 
Sums  are  explicable  by  means  of  the  Periphery  of  4 
Circle. 


PROBi 


r 


and.  fuppofii 
CM,    aCT ( 
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PRO&    XII. 

496.  To  determine  the  Nature  of  the  Curve  CDH* 
soto*  «wff  inttrfeQ  any  Number  of Jbnilar  and  concentric 
EEpfes  AMB,  am*  beat  Right- Angles. 

Let  the  Tangent 
DT,  which  is  a 
Normal  to  tho  El- 
lipfis  AMB,  meet 
the  Axis  AB  in  Tj 
iag  AC, 
Cm  &c. 
to  be  the  principal 
Semi-diameters  of 
their  refpeftire  Ellipfes,  let  the  given  Ratio  of  AC*  to 
CM*(or  of  *C*  to  Cmx&c.)  be  that  of  1  ton;  Put^ 
tin*CE  =  *,  ED  =  y,  Df  (Ee)  =s  *, 2nd  dp  =>. 

It  b  a  known  Property  of  the  ElUpfis  that  AC1: 
CM*  ::  CE  :  ET  j  therefore  ET zznx:  Moreover ET 

(«r)  :  Df  (x)  ::  ED  (y)  :  pi  (j)  by  fimilar  Triangles) 

•  m  •  • » 

whence  —  =  —  *  or  —  =  -  j  whereof  the  Fluent 
nx       y  x         y 

Ait  !»*.»  I*  :  * — ^  :  a  —  "**  :  /-~*L :  *  *  (where  a  denotes 
any  conftant  Quantity  at  PkafureO    Hence  we  alfo 

« 

hareL  :  —  =:  n  x  L:—  =  L:  — *  and  confequent/y 
a  a  u* 

m 

—  =  ~%  or  a       4T=jr. 

P  R  O  B.   xm. 

437.  7#  /»</  rir  Equation  rf  a  Curve  ERD  li*/  w/7/ 
«tf  any  Number  of  Ellipfes,  or  Hyperbolas,  having  the 
fame  Center  O  and  Vertex  A,  at  Right- Angles. 

Let  RT  be  a  Tangent  to  any  one  of  the  propofed 
Conic  SeSions  ARF,  at  the  Interferon  R,  meeting 

the 


xf  various  Kinds. 


S*$ 


O  T 

the  Axis  AO  in  T  i  and  put  AQzza,  OB=,r,  BR=yf 


a*—  x% 


nr=x,  R»=—  y;  Then  {per  Conies)  BT  =  - — -,    fi **,<*+*** 


in  the  Ellipfis,   and  = 


x 


-,  in  the  Hyperbola : 


Whence,  by  reafon  of  the  fimilar  Triangles  TBR, 


and  Rrn,  it  will  be 


a*nx% 


(BT)  : ,  (BR)  ::  - ) 


ax 


XX 


a%* 


(R»)  :  If  i  (r») :  Therefore  +  #  = 

—  **,  and  confequently  +  —  +  d%=sa*xL:  — — 

*  #*.    Where  d  denotes  a  conftant  Quantity,  depending 
on  the  given  Value  of  AE.  * 

PROB.    XIV. 


438.  Ltf  taw  Afefc  it  andm  move,  at  the  fame  time, 
from  two  given  Pofttions  B  and  C,  with  equal  Celerities, 
along  two  Right-lines  BA  and  BC  perpendicular  to  each 

ul  «•  F'M'A  u  ^ermine  the  Curve  ASC,  to 
winch  a  Right-tine  joining  the  /aid  Points  JbalL  always, 
he  a  Tangent.  J 

het  DS  and  ev  be  parallel  to  BA,  and  Sr*  perpen- 
dicular thereto :  Putting  BC=<f,  CD=x,  SD=j,  Sr 
=  *,  and  rv  =>♦    Therefore  (by  Jim.  Triangles)  y  :  x 

L*     I  ••     m 


•  t 


A^fc    5** 


SH 
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::  y  :  ^  =  D/b,  and  *  :  >:;«—*  (S*)  :*""**•*- 


BtfD 


J»:  Whence  Cm  (CD— Dm)  =:  *—  *?,  and  B»  (B* 


iWiiiw 


+  bn)  =  »  +  fHfLli  .    Which  two  laft  Values,  be- 

x 

cawfe  the  Velocities  of  the  Bodies  are  equal,  rouft  alfo 

be  equal  to  each  other,  that  is,  x  —  -r= J  + : — -  : 

Hence,  by  making  x  conffcnt,  and  taking  the  Fluxion 

•  •  •       ..  •  •• 

of  the  whole  Equation,  we  get  x  —  — r» =  J  — ' 


arifts7=I)xia~^x,  and  -7=   r=    ;t=^=:  Where, 

the  Fluer.t  on  both  Sides  being  taken,  we  have  arj 
=  2  /T  -aV'fl  —  jr,  and  confequently  *  =  2  VV 
—  j ;  Which  Equation  pertains  to  the  common  Pa- 
rabola. , 
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.  Otbtrwife  mort  univtrfally,  thus* 

^  439.  Put  Cm  =  v  and  B»  =  or,  and  ret  theftf  Qhan-» 
tities  (inftead  of  being  equal)  have  any  given  Relation 
to  each  other.  Then,  fince  the  abfolute  Celerity  of  m 
isexprefied  by  *b>  its  angular  Celerity,  in  a  Dlre&dn  per- 
pendicular to  S»,  by  which  the  Line  Sm  tends  to  re* 
Tolve  about  the  Point  of  CoritaA  S  as  a  Center,  will 

be  traly  defined  by  y^Jj!  .1  -■  X  v  {Art.  35*) 
In  the  fame  manner  the  angular  Celerity  of  %  about 
the  Point  S,  witt  be  defined  l?y  — p.    ■  X  w.    Now, 

as  thefe  Celerities  muft  be  to  each  other  as  the  Di- 
stances Sm  and  S»  from  the  Center  S  (or  dire&ly  as 
the  Radii)  we  have  Sm  :  Sn  (::  DS  :  bn)  ::  Sin.  Bmn  X 
4)  :  Sin*  Bnm  x  w ;  whence,  becaufe  Sin.  Bmn  :  Sin* 
Bmn  ::  Bn  (w)  :  Bm  (a — v)  we  alfo  have  DS  :  bn  :: 

w  X  v  :  a— v  x  w ;  Therefore,  by  Compofition,  DS ♦ 
(DS  +  bn)  w  ::  uri  :  uri  +  a —  v  x  w,  and  confe- 

quently  -DS  =  — t  Whence  fa  (w —  ^ 

SD)  =     «~*»»*     .  and  BD  (=S*  =  *^) 

WV  +  tf—  vxw  «     * 

<i— -tij1  x  w 
=  — : — :    From  whence  the  Curve  itfelf 

Wv  +  tf-HXw 

will  be  given. 
K  v  and  w  be  taken  equal  to  each  other  (aa  above) 

tit*  SD  0;  witt  become  1=  — /  and  BD  s  «~<c'1* 


w* 


?«-«»+  — ;  in  which  laft,  if  tot  w  to  Equal 

Lla 


r 
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ly  be  fubftrtntrri,  we  (hall  have  BD  =  a  —  2  V^ 

+  ji  and  confequently  CD  (« — BD)  =  i/ay— jf 
Che  vcrjfiuneas  before. 

P  R  O  B.    XV. 

440*  Suppofing  a  BodyT  u  prouea\  uniformly,  along 
a  Rigbt-Bne  BC9  and  another  Body  S,  in  purfuit  of  the 
fame,  always  dire&ly  towards  it,  with  a  Celerity  wbUb 
is  to  that  of  T%  in  any  given  Ratio,  of it*  n\  it  is  fro* 
fofod  u  fad  the  Equation  of  the  Curve  ASD  defirHed  by 
the  latter. 

Let  the  Tangent  AB,  which  makes  Right-Angle8 
with  BC,  be  put  =  *,  BR=x,  KSzzy,  and  AS=z.- 


Then  the  Subtangent  RT  being  =  ~y  **  hliC  BT 


=  ,  +  2L  :   Moreover,  fince  the  Diftanees.BT  and 

AS  gone  over  in  the  fame  Time,  are  as  the  Celerities  n 
and  1,  we  alfo  have  BT  (  =  n  X  AS)  =  nz  =  *  + 

3 :  Whence,  in  Fluxions  (making  y  content)  -^* 

*  **    m  X 

zztiii  and coofequendy -~ ^  =  7/  =  •}*+**  J 

The 
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The  Fluent  of  which  (by  Art.  126/)  is  —  a  x  Log.  y 
=  Log.  fLZ — ^       *  :  But  when  y=:a>  x  is  =  of 

and  then  the  Equation  becomes  —  n  x  Log.   0=0; 
therefore  the  Fluent,  duly  corrected,  is  n  x  Log.  a  —  n 

X  Log.  y  =  Log.  \      — ,  or  Log.   _  = 


Log, *  +  /f  +  *!.     Whence  it  is  evident  that  £ 


*  +  V>  +  *   mnA    «'i 


,  and    £2-  — .    *    =    VV+jtt; 
'  / 

from  which,  by  fqu^ring  both  Sides,  2*  is  found  = 

t2  —  Z-Zz   whofe  Fluent   is  2*  =   —    — —  + 

fa  ■       1— « 

■      .  w    »     But  when  j  =:  a,  x  is,  =  o,  and  then, 

*  *  2»tf  ,  . 

o  =  — +  — — -  = ;  therefore  the 

I  — n       »  +  I        -     1 — nn 

»Mi— n  j— «_»Xt 

*— *       '         «+I       + 
2JM 

Othirurife  (without  ft cond  Fluxions.) 

441.  Put  ST  =  P  and  RT  =  £,  Then  ftnee  the 
abfolute  Velocity  of  the  Body  S  is  denoted  by  Unity, 
that  with  which  the  Ordinate  SR  is  carry'd  towards  the 

•      Body  T  will  be  denoted  by  ^  X  1  or  ^  (by  Art.  35.  J 

which  fubtraded  from  n  the  Velocity  of  71  leaves  n  -*», 

9 

if  for  the  relative  Celerity  with  which  T  recedes  from 

.       L  1  3  '     '  R; 
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& :  After  the  hmt  Manner,  if  from  -^~x  *  the  Celerity 

of  fin  the  Dia&ion  ST  produced,  there  he  taken  {<*  ) 
the  Celerity  of  £  in  the  fame  Dire&ion,  the  Remainder, 

-£* — i9  will  be  the  Celerity  with . which T  recedes 
from  S :  Therefprc,  the  Fluxions  of  Quantities  being  as 
the  Celerities  of  their  Increafe,  we  have  n —  %  :  -y 

—  I  nQP ;  and  confequently  »J^— P  X  J$=kP— J&c  P. 
But,  fmce  the  Quantities  P  and  J^are  concerned  exafily 
alike,  the  Equation  thus  derived  will;  in  all  probability, 
become  morfe  fimple,  by  fubftituting  for  their  Sum  and 
Difference:  Let  therefore  P+Q-  s,  and/>— Jg,=  v, 

or,  whieh  is  the  fame,  let  P  —  — — ,  and  £=  — - : 

Then,  by  Subftitution,  we  (hall  have - - 

"*—  *        ns+nv — s  +  v       i  +  v  ' 

*  S »  =  — i_— —   x ;   which  con- 

*  a  2  2 

traded,  Vr.  becomes  i+»X  f  /=i— «Xjv,  or  i  +  *  x 

<i  =  i — *x  — ;  whofe  Fluent  (corre&ed)  is  i+* 
s  v  •  x 

X  Log.  s  =  i— iix Log-  v+ln x  Log.  *,  or  Log-  j,+* 
-=  Log.  ***  v1""".  Whence  i,+*  =  tf2#  vM,  and 
confequently  ^Xp,+f«tt ^-  But  w  (=ST+RT 
xSt-lfet  =  RSa)  5=/  therefore  j«+*  x  v,+*   = 

y**+*^:  a*V,  and  v  =  £ —  .    whence  $  (  zz  ~) 

a"   \  \  m    v  '      . 
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-_£ ft  But  RS  0)  :  RT  (JL-J—) 

2y              2a  x7y  2a 

::*:*;    whence  2*  =  — •? £L>    and   2*  =  — 

"y        4.  f_i l.  ,  the  very  fame  as  before. 

CoROLL  ARY. 

442.  If  the  Velocity  of  S  be  greater  than  that  of  T 
(or  n  be  lefs  than  Unity)  the  two  Bodies  will  concur 
when  the  latter  has  moved  over  a  Diftanoe  exprefTed  by 

I ;  becaufe,  when  y  becomes  =  o,  2x  is  barely  := 

« 

But  if  the  Velocity  of  S  be  lefs  than  that  of 


nm 


f  —  n 

ana 


T,  it  is  plain  that  5  can  never  come  up  with  T:  But  its 


n  —  1  rr 


neareft  Approach  will  be  when  y  ==  ^T^^xa:  For, 

»  *+i 

fince  ST  is  univerfally  =  -^-j  -f  £— ,  let  the  Flux- 

2/*""*       ia* 

ion  of  this  Expreffion  be  taken  and  put  equal  to  No- 
thing ;  and  y  will  be  found  as  above  exhibited. 

If  the  Celerities  of  S  and  7,  infead  of  being  uni- 
form, vary  according  to  a  given  Law ;  then,  denoting 
the  former  by  A  and  the  latter  by  5,  the  Equation  6f 

*he  Curve  will  be     _         =  —  -%  :    And  if  the 

Yy  +  *  jy 

By 

Fluent  of — jr  be  explicable  by  a  Logarithm,  as  L.  N-, 
then,  the  Fl«ent  of  J^W  being  L.  -L±JX±£« ,  •*«.  .*. 

*f ]  i  we 


20 
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weflul)  have  N  =  >  +  V  ?  ±-£  ;    which,    ordered, 

Nj       jf 
gives  x  —  —  -r-r: .'  Whence  x  will  be  found. 

PROB,     XVI. 

443.  To  dittrmine  the  Fruflum  CDEF  of  a  Trhan- 
gular-Prifmy  of  a  given  Bafe  CF  and  Altitude  BA  5 
which,  moving  in  a  Medium,  in  the  DireclUn  of  its 
Length  B  A,  fball  be  reft/led  the  leaft  poffbk. 

Draw  CH  parallel  to  BA  meet- 
.  ing  ED,  produced}  in  H  :  More- 
over, let  HP,  P<iahd  PR  be  per- 
pendjcular  to  CD,  CH  and  DH 
refpe&ively. 

Since  the  Number  of  refilling 
Particles  ading  upon  DC  is  as 
DH,    and    the   Force  of   each   as 

(f)P*/    ^c  ^uare  °^  the  Sine  of 

the'   Angle    of     Incidence     DPR, 
the  whole  Refiftance  fuftained  by  DC  will  therefore  be 

DH  x  DR* 

expreffed  by yrp» — ,  or  DR,  which  is  equal  to  it  (by 

the  Similarity  of  theTrianglesDHP  and  DPR)  Whence 
the  Refiftance  upon  ADC  is  truly  expreffed  by  AR  (AD 
+  DR)  and  is  a  Minimum  when  its  Defe&  (PQ.)  be* 
low  the  given  Quantity  AH  (or  BC)  is  a  Maximum  : 
But  PQjs  a  Maximum  when  CQ^  and  HQ^  are  equal ; 
becaufe,  the  Angle  CPH  being  Right,  a  Semi-circle  dc- 
.  fcribed  upon  CH  will  always  pafs  through  the  Point  P  ; 
and  it  is  well  known  that  the  greateft  Ordinate  in  a 
Semi-circle  is  That  which  divides  the  Diameter  into  two 
equal  Parts* 
.  Hence  the  Angle  DCH,  when  the  Refiftance  upop 
ADC  is  a  Minimum,  will  be  j-ift  (he  Half  of  a  Right- 
Angle,  provided  BC  be  given  greater  than  BA ;  other- 
wife, 
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wife,  the  whole  Prifm  CAF  will  be  left  refilled  than 
any  Fruftum  CDEF  of  a  greater  Prifm. 

P  R  O  B.    XVII. 

444.  To  ditermine  the  Angle  RBE  which  a  Plane  EBF 
muft  make  with  the  Wind  blowing  in  a  given  Direelion 
RB,  fo  that  the  Plane  itftlf  may  he  urged  in  another  given 
Dirsftion  BA  with  tbegreateft  Force  poffible. 

It  is  known,  from  the  a 
Refolution  of  Forces,  that  *Q^ 
theForce  whereby  the  Plane 
EF  js  urged  in  the  given 
Direction  BA,  by  a  Par-  J3 
tide  of  Air,  ading  in  the 
Dire&Ioo  RB,  is  direftly  as 
the  Redangle  of  the  Sines 
of  the  Angles  (ABE,  RBE) 
which  the  two  given  Directions  make  with  the  Plane  : 
Therefore,  fince  the  Number  of  Particles  a&ing  on  EF 
is  as  the  Sine  of  RBE,  it  follows  that  the  whole  Force, 
or  Effedt,  of  the  Wind,  in  the  Direction  BA,  will  be 
as  S.  ABE  x  Squ.  S.  RBE  ;  which  being  a  Maximum, 
we  have  (by  Proh.  5.)  3  :  1  ::  Sine  of  the  whole  given 

Angle  RBA :  Sine  of  RBE— ABE.  Whence  the  Angles 
JIBE  and  ABE  are  both  given.  Q  E.  J. 

Corollary. 

445.  If  the  Angle  RBA  be  a  Right  one  (which  is 
the  Cafe  with  regard  to  the  Sails  of  a  Windmill)  then 

the  Sine  of  RBE  — ABE  being  =  \  =  ,333  lie.  we 
(hall  have  RBE  — ABE  =  190  :  28' ;  and  confequently 

RBE(M1±ABE)  =  54,44, 

P  R  O  B.    XVIII. 

446.  If  two  Bodies  A  and  B, joined  by  a  String,  be 
urged  in  oppoftte  Direfliofls*  towards  P  and  Q.,  h  *ty 
given  Forces  F  and  f  uniformly  continued ;  it  is  propofedto 
jina'  the  Tenfion  of  the  String,  or  the  Force  whereby  the 
Bodies  endeavour  to  recede  from  each  other. 

Since 
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Since  F~-f  is  the  abfolute  Force  by  which  the  two 
Bodies  are,  constantly,  urged  towards  P,  the  vJmle 
Motion,  generated  in  Both,  in  any  Time  7~,  will  there- 
fore be  expreffed  by  F^f  X  T:  Wlience,  becaufe  both 
Bodies  (by  reafon  of  the  String)  acquire  the  fame  Ve- 
locity, the  Motion  generated    in  A±   alone,    will  be 

__.  x  J^  x  r,  or  that  Part  of  the /^/^  defined  by 

-T—fr     But    the    Motion  of   A9  had  it  not   been 

retarded  by  the  String  (or  B)    would  have  been  F 
X  T\  therefore  the  Lofs  of  Motion,  by  the  A&ion 

upon  the  String,  is  Fxr—  j~rg  x  7—/   x   T9 
=  ^flFr!  x  T:    Which>  tiyidei  h7  the  Time  T% 


A  +B 


fA+FB 


(wherein  that  Lofs  or  EBc&  is  produced)  gives  «    *    R\ 

for  the  Tenfion  of  the  Thread,  or  the  Force  fufficient  to 
cauie  the  faid  Lofs  or  Motion. 

Tbt  fam  Hberwifc. 

447.  Becaufe  the  Force  F9  was  it  to  ad  alone,  would 
communicate,  by  means  of  the  String,  the  fame  Ve- 
locity to  £  as  to  Ay  the  Part  therefore  of  the  Force  F 
fmploy'd  upon  2?,  by  which  the  String  is  ftretch'd,  will 

B  BF 

be  j,£  x  F9  or  j    ~:   And,  from  the  very  fame 

Aigumept,  if  the  Force  f  was  to  a£t  alone,  the  Tenfion 

fA 
ff  the  Thread  would  be  jTn  •  Therefore,  when  both 
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fA+BF 

the  Forces  afl  together,  the  Tenfion  will  be  "j;*  : 

■ 

For  it  is  very  plain  that,  their  a&ing  both  at  the  fame 
time,  no  way  influences  their  refpeSive  EfFeAs  on  the 
Thread.  Q  E.  I. 

Corollary. 

448. '  If  the  Forces  F  and  /  be  refpe£tf  vely  expounded 
by  the  Mafies,  or  Weights,  of  the  Bodies  A and  B ;  the 

Tenfion    of  the   Thread  will  then  become    *T7Tj. 

Whence  it  appears  that  the  Tenfion  of  a  Thread  Aiding 

oyer  a  Pin  or  Pulley,  by  means  of  two  unequal  Weights 

A  and  B%  fufpended  at  the  Ends  thereof,  is  equal  to 

1AB  ±jfB 

j.n'.  The  Double  whereof,  or    *    ^,  is  the  Weight 

which  the  Pin  or  Pulley iiiftains,  while  the  Bodies  are 
in  Motion ;  becaufe  the  Thread  hangs  double,  or  on 
both  Sides  the  Pulley. 

If  feveral  Bodies  A,  B9  C,  D  &c.  communicating  by 
jneans  of  a  String  or  Wire  AF,  be  urged  towards  a 
Point  P,  in  the  Diredion  of  the  String  or  Wire,  by 
any  given  Forces  p9  f9  r,  s  &c.  refpe&ively,  the  Tenfion 
of  the  Part  AB  will  be  

p  X  B  +  C  +  D&c.  —  A  Xq  +  r  +  s  &c. 
"-  A  +  B  +  C  +  D  &V.  ' 

pf  the  Part  BC 


p+qXC+L>  +  j<;  &£.—  A+B*r  +  s  +  t&<. 
*~  A  +  B  +  C  +  D  &c.  * 


_  p+q+r  X  D+E+F  —  A+B+C  X  s  +  t  +  v 

A  +  S  +  C  +  b  be.  * 

All 
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Tie*  Refolution  of  Problems 

Ail  which  cafily  follows  from  above ;  and  will  an- 
fwer  alfo  in  tjiofe  Cafe  where  fome  of  the  Forces  arc 
fuppofed  to  a&  in  the  contrary  Direction,  if  every  fuch 
Force  be  confidered  as  a  negative  Quantity, 

PROB.    XIX. 

449*  Let  it  he  required  to  raife  a  given  Weight  N,  u 
a  given  Height  BC,  along  an  incttnd  Plane  AC,  by  means 
of another  given  Weight  M,  connected  to  the  former  by  a 
flexible  Rope  NrM,  moving  over  a  Ptdloy  at  C  j  to  find. 
the  Tenfion  of  the  Rope ;  aljo  the  Inclination  and  Length 
of  the  Plant*  fo  that  the  Time  of  the  whole  A/cent  may  be 
the  leaft  pofftble. 

It  is  well  known  that 
the  Force  by  which  1\T 
tends  to  defcend  along 
the  Plane  AC,  or  adrs 
jn  oppofition  to  M  (fup- 
pofing  BC=a,  and  AC 

=  x )    will  he    —   : 

x 


Therefore  M  — 


aH 


x 


xM—aN 


or is  t],e  efficacious  Force,  by  which  the 

■x  y 

Bodies  are  accelerated  :  But  it  is  likewife  demonftrable 
that  the  Time  of  defcribing  any  Line  by  means  of  a  Ve- 
locity uniformly  accelerated,  is  in  the  fubdu plicate  Ratio 
of  the  Length  thereof,  direftly,  and  the  fubduplicate 
•Art.  tc3»Ratjo  of  the  accelerating  Force*  invcrfely  * :  Whence 
it  follows   that    the  Time  of  defcribing  AC  will  be 

x  ■   -       . 

reprefented  by    ■  :     Whofe  Fluxion    (or 

that  of  its  Square)  being  made  equal  to  Nothing,  x  will 
be  found  =  -r#  >  or  M  :  zN  ::  a  :  x.    Hence  the 


M 


Ti^c 
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Time  of  the  Afcent  will  be  the  leaft  poffible,  when  the 
Sine  of  tht  Planers  Inclination  is  to  the  Radius,  as  the 
Power  (M)  is  to  twice  the  Weight  (N)  to  be  raifed. 
The  Tenfion  of  the  Rope  will  be  determined  from 

aN 
the  laft  Problem,  (by  writing  N  for  A*  -*—  for  F*  At 


x 


for  By  and  M  for  f\  and  comes  out  =  M.\r  x  --— • 

P  R  O  B.    XX. 

450*  Let  AC  reprefent  a  Piece  of  Timber*  moveable 
about  a  Center  C,  making  any  Angle  ACG  with  the 
Plane  of  the  Horizon  CG  ;  to  determine  the  Pofition  of  a 
Prop  or  Supporter  OS,  of  a  given  Length*  which  JhaU 
fuftain  it  with  the  greateft  Facility*  in  any  given  Pofi* 
tion ;  and  alfo  what  Inclination .  AC  will  have,  to  the  Ho- 
rizon when  the  leaft  Force  that  can  fuftain  it*  u  greater 
than  the  teaft  Force  in  any  other  Pofition. 

Let  R  be  the  Center  of  Gra- 
vity of  the  Beam  AC,  and  let 
R»,  Rm  and  CD  be  perpendi- 
cular to  AC,  CG  and  OS  re~ 
fpeaively :  Putting  SO=a,  CR 
srr,  Cm  =  x*  and  the  Weight 
of  the  Beam  =  w.  

Then,  h:  **<   ^'Wi  /     C      -5%    T    G 
Mechanics*  we  (hall  have,  firit, 

as  Km  :  Rn*  or  as,  r  :  x  ::  w  :    f — )      the      Force 
tfhich  acting  at  R,  in  the  Direction  R»,  is  fufficicnt  to 

fuftain  the  Beam  ACj  fecondly,  as  CO  :  CR  (r) :;  — 
■  '■*  r  t 

xw 
(the  Quantity  laft  found)  :  jr^y   the   Force  able   to. 

fupporf  it,  at  O,  in  a  perpendicular  Direction;    and, 

.  la%, 
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xtv    snv 


Wily,  as  CD  :  CO  ::  ^q  :  gjy  the  Force,  or  Weight, 

adually  fuftained  by  the  given  Prop  SO.  Which  Force 
will  therefore  be  the  leaft  pof&ble  when  the  Perpend  i- 
eulaf  CL}i*thegreateilpoffible,  let  the  Angle  of  In* 
clination  GCA  be  what  it  will :  But  of  all  Triangles, 
having  the  fame  Bafe  (OS)  and  vertical  Angle  (SCO) 
the  Ifofcetes  one  is  known  tp  have  the  greateft  Perpen- 
dicular: Therefore  the  Triangle  CSO  will  be  Ifofceles, 
and  the  Angles  S  and  O  equal  to  each  other,  when  the 
Weight  fuftain'd  by  the  Prop  OS  is  a  Minimum.  * 

But,  now,  to  gire  a  Solution  to  the  latter  Part  of 
the  Problem,-  or  to  find  (fuppofing  the  Angles  S  and 

x 
O  to  he  equal)  when  7^  x  wis  z Maximum,  let  CO 

produced  meet  m&  in  F ;  and  then,  becaufc  of  the  fimi- 
lar  Triangles  CDS  and  C»F,  we  fliall  have  C0  :  * 

v         wF 
(Cm)  ::  SD(i*J':  jhF,  or  ^-tt  ==  —  j  and  confe- 

quently  jvg  x  w  =  ~  xw:  Bnt,  fince  CF  Mfea» 
the  Angle  «CR,  we  alfo  have,  r+#(CR+Gw)  ;  * 
(Cm;   ::    vV-*»     (lm)  :  F«  =         r+x>    = 

s^j/rSZE:    Whence  die  Force  !2?   x  w>  afling 

^    r  +  jc  \* 

upon   the  Supporter,  is  likewife  truly  exprefied  by 

i0JfwXr~JP>  Whereof  the  Fluxion  being  taken  and 
t*^    r+x  _ 

put  equal  to  Nothing  &t.  we  get  a  =   — i — ': 


Therefore  CR  :  Cm  (::  ,  :l5zii  J::Radiur:Co- 

ftne  of  RCG=si« :  50',  the  Inclination  requited. 

P  R  O  B, 


of  various  Kinds. 


S2? 


H  B 


P  R  O  B.    XXI. 

451.  To  determine  the  Pofaion  of  a  Beam  CD,  ww- 
alfle  about  one  End  C  as  a  Center^  and  fuftcnrud  at  the 
other  End  D  by  a  given  freight  Q^  appended  to  a  Cord 
QAD  faffing  over  a  Pulley  at  a  given  Point  A. 

Let  G  be  the 
Center  of  Gra- 
vity of  the  Beam; 
alfoletDF,  GK 
and  CH  be  per- 

fuidkidar  to  the 
lane  of  the  Ho- 
^Lq     ^^^^"G  rizon,    and    CL 

fP^     fT  and  AH  parallel 

to  the  fame:  Put- 
ting AH=«,  CH=*,  CD=*,  CG==4  DL:=;c,  CL 
rr  /,  and  the  Weight  of  the  Beam  ziw.    Then  AF 

=:*—;,  DF  =h+x9   and   AD  (VaF'+DF1)  = 

Vax—  wy  +  /  +>* -f %bx + xx  ;    which    (becaufe  y%  + 

x%  =  c%)  will  alfo  be  =  VV  +  k%  +  f+ibx—iay  =r 

f<f*  +  2tor—  2*7  (by  putting/*=rf*  +  £*+  **)  wfaofe 

Fluxion>  •/»+!**— W    muWpl/d  by   ^  is  *« 

Momentum  of  the  Weight  j9,  fuppofing  the  Beam  to 
t6  be  in  Motion.    Mortover,  bccaufeDC  :DL::CG: 


GI9  we  have  GI  s:  —  j   whofe  Fluxion*  — ,    multi- 

ply'd  by  «/,  i»  the  Motneatom  of  the  Beam  itfelf  in  a 
vertical  Diredion. 

Wherefore  making  theft  Momenta  opal  to  each  other 
(according  to  the   Principles  of  Mechanics)  we  get 
Jar  —  eoi  dx 

tfTtiZ^  *  ^.=  7  *  ">  ■«*  confe,uently 
H  —  ejx  *£=  Atw  //^  +  ate  —  j^;  Bat,  finc« 
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f  +  **  =  c\  we  have  z#  +  a**  =  o,  or  —  }  := 


jrjr 


— :  And  therefore  (by  Subftkution)  bx  +  —  x  cJS> 

zzdwxVf*  +  2bx—  lay,  or  «y  +  **  X  ^=  <%  x 

v^*+  afar — zay:  From  whence,  and  the  foregoing 
Equation  **+>*=*%  both  *  and  j  may  be  determined. 

The  jams  otberwifi. 

452.  It  n  evident,  from  Mechanics)  that  the  Force 
which,  afiing  in  the  Dirc&ion  DF,  would  fuftain  the 
End  D,  is  to  the  whole  Weight  u>>  as  CG  to  CD ; 

CD 

and  therefore  is  =  557T  x  w  :  It  is  likewife  known 

that  two  Forces  a&ing  in  the  different  Dire&ions  DF 
and  DA,  fo  as  to  have  the  fame  Effeft  in  fuftaining 
DC,  or  caufmg  It  to  move  about  the  Point  C,  muft  be 
to  each  other,  inverfely,  as  the  Sines  of  the  Angles  of 
Incidence  FDC  and  ADC  Therefore  we  have  S.FDC 

CD 

:  S.  ADC  ::  ^:  g^r  X  w ;  from  which  given  Ratio  of 

the  Sines,  tjie  Angles  themfelycs  will  be  found,  by  an 
algebraic  Procefs  independent  of  Fluxions. 

>  • 

Corollary. 

.  459.  If  the  Pofition  of  CD  be  fuppofed  given,  and 
the  Tenfion  of  AD  (or  the  Weight  j£)  be  required  : 
Then,  from  the  foregoing  Proportion,  we  ftall  have  i|== 

S  ■; :,     X  7^:  x  w.    Which  will  alfo  exprefs  the 

Tenfion  of  AD  when  the  End  C  is  feftained  by  a  Cord 
BC  inftead  of  a  Pin  at  C :  Whence  k  follows  that  die, 
Teniions  of  two  Cords  AD  and  BC,  fuftaining  a  Beam 
or  Rod  CD,  ar  its  Extremes  D  and  C,  are  expreffed  by; 

S.  FDC      CG  .  5.  «CD     DG  ^  . 

STadc  xcD  x  *•  miTWD  *cB  x  Wl  *nd 

there- 

*  r 


gf  mmus  Kinds. 

therefore  are  to  each  otter  as  -£§~  to  ^^^    m 


as  &  BCD  x  GO  to  A  ApC  rt  DG  refpedKvely :  be- 
caiife  the  Sine  of  FPC  and  that  of  its  Supplement  JiCD 
are  equal  to  each  other. 

PROB.    XXII. 

X 

45^  To  determine  the  Pojkion  of  a  Beam  DC,  A/1 
fended  at  its  Extremes  bj  two  Cords  AD  and  BC  of  gtuen 
Lengths  %  from  two  given  Points  A  and  B  j*  afe  ^m 
horizontal  Line  Aa.     * 

Let  G  be  the  Center  of  Gravity  of  the  Beam,  and 
let  PF  and  CH  be  perpendicular  to  A  B. 

A  F  Q      H   B 


It  appears,  frpm  tfie  Corol.  to  the  laft  Problem,  that 

the  Tenfion  of  AD  is  to  that  of  BC,  as    :  AL), .     to 

DG 
&  BCD*   w^c?ce  (ty  .**  Jtefolution  of  Forces)  the 

force  of  AD,  ig  a  Dire&ion  parajlcl  to  the  Hojizon 
is  tq  the  foree  of  BC,  m  the  oppofite  Dheflidn,  a 
QG  S.  ADF  DG         S.  BCH 

JTadc  x  "1ST  torScD  x  -JG5T-    Which 

forces,  that  the  Beam  mav  remain  in  EquitHm*  muft 

'Mm  con- 


9 
as 
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coofequently  be  equal  to  each  others   and  therefore 
S  BCD       S.BCH      DG     _  . 

0DC=0DTXC5-    But  now,  to  detern-ne 

the  Angles  thernfelves,  from  this  Equation  and  the  given 
Lengths  of  AB,  BC  &c.  let  AD  and  BC  be  produced 
to  meet  each  other  in  P,  and  let  PQ^  perpendicular  to 
AB,  be  drawn ;  putting  AB  =  ay  AD  =  *,  BC  =  c> 
DC=<f,  DG=/,  CG=j,  AP=#,  and  BP=y. 
Then,  becaufc  AB  :  AP+BP  ::  AP— BP :  AQ^-BQ. 
APa—  BP'  .  ao  *-  .  An  .  AP— BP* 
=       AB      »  **  havC  ACL  ~  *  AB   +       2AB 

AB»+AP»— BP»         .       f  .   .  fc   n    r       c 

=  "a  >  and  coniequently  .the  Co-fine  of 

AB*+ AP*— BP* 
A  (=  Sine  ADF)  to  the  Radius  i=  — 2AB  x  At> — : 

Whence,  from  the  lame  Argument,  it  is  evident  that 
the  Co-fine  of  B  (=  Sine  BCH)  will  be  expreffed  by 

AB»+BP»-AP»      ._  AP»+BP»-AB% 

2A6xbP      *  andThatofAPBby      2APxJ5p 

PD*+ pc*    DC* 
And  alfo  by — gpDxPC J  which  two  laft  Quan- 

-rities  .being  equal  to  each  other,  we  have  PD  x  PC  x 
AP»+BP»— AB»=AP  x  BP  x  PDt+PC*--D(J»  7  that 

is  r5xP<x  «*+/— **=*»  x  x—bV+j— A%  —S. 
Moreover,  ftncePC  :  PD ::  S.  ADC  (or  PDC) :  S.  BCD 

PD      S.  BCD       5.  BCH 
(or  PCD)  we  alfo  have  ^  =  5-535  =  05F  X 

i£?  (by  the  firft  Equation) ;  whence  CG  x  PD  x 

S.  ADF  =  DG  x  PC  x  S.  BCH ;  that  is  CG  x  PD  x 

AB'+  AP»-BP»     nr,wPr     AB*+BP'-AP* 
aABxAP      =DGxPCx      aAfixBp     ,  or 

•     CG 


1 
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53' 


CG  x  PD  x  BP  x  AB'-f  AP»— B>=DG  x  PC  x  AP  x 
*— AP%  which,  in  algebraic  Term,  h&x 

From 


ABM7 


#— *X«*+«»— /•ss/irxjr— «x«*+/  — jt».  -.-« 
whence  and  the  preceding  Equation  the  Values  of  *  and 
j  will  be  known. 

prob.  xxin. 

45$.  Sutpt/mga  Bum  CD,  mttucM  *W  m  £«<* 
C,  «  «  Gmfcr,  /«  bt  faflainti  at  tit  $tbtr  End  D  h 
mums  of  a  ghm  Wtigbt  P,  banging  at  a  R,p<  paffiZ 
tvtr  a  PuUr,  at  a  givon  Point  A,  vortical  to  C  lit  V*rL 

From  the  Center  C, 
with  the  Radius  CD, 
let  a  Semi-circle  HDR 
be  defcribed,  and  let 
DB  and  PF  be  perpen- 
dicular to  the  vertical 
Line  AHCRj  alfo  let 
CD=a,  CA=*,  AH 
=A  AF=«,  PF=y, 
HB=s,and  the  Length 
oftheRopeDAP=«j 
likewife  let  HQ.  (h)  be 
the  given  Value  of  x 
(AF)  when  D  coincides  with  H. 

Becaufe  the  Weight  and  the  Beam  are  always  in 
Siqutkbru,  by  Hypothefis,  their  Momtnta,  and  con- 
fcquemly  their  Velocities,  in  a  vertical  Direction,  muft 
be  every  where  in  a  conftant  Ratio  j  and  therefore 
theDiftanceQFrA-*)  afcended  by  the  Weight  P. 
will  be,  to  the  Diftance  HB  defcended  by  the  End 
of  the  Beam  D  likewife  in  a  conftant  Ratio  :  Let 
this  Ratio  be  that  of  b  to  any  given  Quantity  at 
that  is,  let  b — *  :«::*;  a\  and  we  Audi  have  db  — 

dxzsbz :  Moreover,  we  have  AD*  (CD*+AC* 2AC 

xBC)  =«*+**- a*x«-*=n^q^k=7-+afe 
s  <»  —  idh  +  %d* :  Whence  AP  (*— AD)  =  «_ 

Mm  2 
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Vtt—*4b+*d*i  and  therefore,  f  ( AP* t-  AF*)  =1 

i — * — h -^» 

jr~*fV-*4fr * *fcl  — *\  Jg.  £.  J. 

Aft«r  the  fame  manner  a  Curve  u»y  be  fauitf,  *long 
which  a  Weight  defcendiog,  (hall  be.  evury  *hcj:«  ii> 
Bquilibrto  with  another  Weight  afcendii\g  ihr»'  the  Arch 
of  a  given  Curve. 

■ 

PR  OB.    KXIV. 

4$6-  J*  find  tb$  Bfmtianx  of  a  Curvt  ABH,  tkng 
whxh  i.gjvin  fVtight  P,  fujptnckd  by  a  String  PfcD 
|^/£  «**■  a  Putty  E,  m*^  dtyamrf,  ^  tit/  /&  f*^ 
flfi&ta,  ^frf/y  wy  V01J  4cvr*&n§  torniygiwn  Law. 

Let  EC  be  perpendicular,  and 
CP  parallel,  to  the  Plane  of  the 
Horizon ;  alfo  let  AE^a,  AC=*, 
CB  =  y,  EP  =:  v,  and  klft  the  Ten- 
fion  of  the  String  (or  the  Force 
atfting  at  the  Entf  D)  be  denoted 
by  any  variably  or  content,  Quan- 
tity 4 

•  Therefore,  becaufe  the  Celerity 
of  the  Weight  P,*in  a  vertical  Dir 
jT&ioP|  is  to  its  Celeruy,  in  the 
Dire&ion*  EP  produced,  (cr  the 
Celerity  of  the  other  End  D)  as 

*  to  *vy  it  is  evident  that  the  Weight 
itfelf  muft  be  to  the  tending  Force  Q%  invejfely  in  that 
Ratio,  and  consequently  Px^zjgy. 

Furthermore,  becaufe  EC  =*+*  and  BQ*=sBEm— 

EC\  w?  have  f  ~  vV-*+*T :.  From  wfyiefc.  £qu** 
tions,  when  the  Relation  of  P  and  4J.  i* 'gives,  thf 
purve  jttfelf  will  aifo  Iffl  kpofrn* 

Thus*  for  E*ampl*,  M  the  Ratio  of  f  tp  J^,  b* 
cpnftant,  or  that  of  m  t<>tr,  then  «*  bei§g=»»v,  wt 
have  (by  t^ing  the  FJuqit)  mx  +  w  =  m*  j    whenc* 

—  i  and  therefore  f  (=**  +  — —  + 
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— **— 2ax— x%)  = .  x  2**  +  ; —  x  *4: 

WbicF\  is  t|>e  Equation  6f  a*  rfyperbola. 
Again,  for  a  fccond  Example*  let.  the  tending  Force 

$.  be  to  tffe  Weight  P,  as  DE»  to  AC"  *<*-*,  or  a* 


*— *]    :  ft1*""  (tapping  6asF£D  and  f  sr  any  grveii 


1 


Line  AF.)    Therefore,  fince  ^=  - — S-  x  P,   and 


■Ml        1  lii. 


X 


X  «  (=c^»)  =  Pi,  we  have  *— iwf   x   * 


—  c       x  Xt   ana  10  ■    ■■  ■  ■  ■  »■     — 

»+i 

H       jp      jftJUf 

'  1  .  ,  "  ;    whence   *— 1}  =;  4  —  a\  — . 

n  +  »  Mf— /+'      and    if    (  EP )    =    *   « 

j— ~-y  +  i      »tixf        «  ,  Fromwiidi 

the  Relation  of  *  and  /,  or  the  Value  of  BC,  is  alfo 
kAdWn.  • 

3ut  if  w  =  0,  and  »:='!,  (which  will  be  the  Cafe 
when  the  Force  ading  at  D  is  equal  to  that  by  which  a 
Beam  or  Rod  is  made  to  move  about  a  Center,  as  in 
the  laft  Problem)  v  will  then  become,  barely,  =  b  — 

i—a\—2ex\*>  and  therefore/  f  =  v* — «"+*)V 

s^^'V^V*-**!    —  a  +  x}%  :   ..  Therefore 
ABH  is,  in  thi*  Cafe,  a  Line  of  the  fourth  Older. 

Mm  3  PR  OB. 
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PROB.    XXV. 

457.  Sappe/mg  a  May  of  Light  ABCD  to  be  refratftd 
at  tbt  Surface  of  a  given  Sphere  MQND,  and  after- 
wards reflected  any  given  Number  (n)  of  Times,  within 
tie  Sphere}  to  determine  the  Di fiance  of  the  Incident  Ray 
AB  from  the  Axis  MN,  fo  thai  the  Arch  MBCDE,  /»- 
tercepttd  by  the  given  Point  M  and  the  emerging  Ray  *t 
E,  may  be  a  Minimum. 

Let  the  Radius 
OB  =  1,  the  Sine 
of  Incidence  BR  = 
jr,  and  the  Sine  of 
Refraaion  OP=/, 
and  let  the  given 
Ratio  of  the  two 
laftbethatof^tof. 

Since  all  the  An- 
gles of  Incidence. 
andReflcxionBCO 
OCD,  CDO  t*c. 
are  equal,  the  Arcs 
BC,  CDandDEmUft  alfo  be  equal;  and  confequently 

MBCDE  =  MB+*+i  x  BC=  MB+!w+2xBQ  : 

•  Ait si.   Whofe  Fluxion  is  to  be  equal  to  Nothing*.     Now 

the  Fluxion  of  the  Arch  MB,   whofe  Sine  is  a-  and 


f  Ait.  14s.  Radius  U/iity,  will  be  = 


Vi— x% 


and  that  of 


—J 


the  Arch  BQ.,  whofe  Co-fine  (OP)  is  j,  =  ^    J_  %. 
Hence  we  have 


Vi-j 


vnz 


=  o:K  But 


fince  * :  y  tip  :  7,  y  is  =  *-  and  y  =:  ^-5  and  fo  we 

P  P 


have 


an  -f  a  x  qx  _ 


Vi—x%       Vpx  —  fx% 


0  i  whence  (putting 


m  =: 
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m  =  2#+a)  *  is  found  =  -L yfm  \~£-  :    From 

q  w— I 

which  it  is  obfervable,  that,  when  mq  is  left  than  pTot 

zn+2  lcfs  than  — ,  the  Arch  MBCD  continually  in- 

creafes  with  BM  }  and  therefore  b  the  leaft  aoffible, 
when  B  coincides  with  M.  $•  E.  I. 

P  R  OB.    XXVI. 

458.  If  two  Rays  of  Light  PR  and  Pr,  from  a  given 
Point  P,  making  an  tndefnitehf  fmall  Angk  with  each 
other,  be  reflected  at  a  given  Curve  Surface  ARB ;  'tis 
propofed  to  determine  the  Concourfe9  or  Focus,  Q^tf  ibo 
refitted  Rajs  RQjnd  rQ. 

Let  RO,  perpendi- 
cular to  the  Curve,  be 
the  Radius  of  a  Circle 
having  the  fame  Cur- 
vature with  ARB  at 
R;  make  PH  and  QM 
perpendicular  to  RO, 
joinQj,0 ;  and  put  RO 
=r,  PR=j,  RH  =v, 
mid  RQ=  s. 

Then,  becaufe  the  Angle  of  Refle&ion  ORQb  equal 
to  the  Angle  of  Incidence  ORP,  the  Triangles  ROM 
and  RPH  will  be  fimilar,  and  therefore  yivv.z  :  RJ 

=  - :   Whence  OQ;  (RO*  +  RQ*— 2RO  x  RM) 

_    %  _     £      %rv% 
z=.  r*  +  ** . 

But,  fince  this  Quantity  OQ4  continues  the  fame 
(by  Hypothecs)  whether  we  regard  one  Ray  or  the 
other  (that  is,  whether  y  ftands  for  PR  or  Pr)  its 
Fluxion  muft  therefore  be  equal   to  Nothings   that 

M  m  4  is, 
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• 

*—L\    **     "  •  But(«jri*t.3j.)i=— ^}  therefore  *= 

:     Moreover  (tj  Art.  73.)  rs|. 


-J5L 


r 


—  -+*-'*        therefore 


Exampk  i.  Let  ARB  be  an  Arch  of  the  Logarithmic 
Spiral :  wbofc  Eqnatioe  is  av  zz  fy  f:  And  then,  * 

being  =  ^   wc  fhiall   have   *  \a  '  IL    ')   s  *  " 

Therefore  in  this  Cafe  the  Incident  and  Reflected  Rays 
are  equal  to  each  other- 

Ex.  a.  Let  ARB  he  fuppofed  to  degenerate  into  a 
Right-line :  In  which  Cafe  v  being  conft&nt,  its  Fluxion 

v  is  =:  os  and  therefore  %  (=  --—*)  a  — -t :    Which 

*  *      —  -fly/  * 

being  negative,  indicates  that  the  Rays  do  not  converge 
after  Reflection,  but,  on  the  contrary,  diverge  frtin  a 
Point  on  the  contrary  Side  of  A$B»  at  the  D  Stance  j. 
Which  is  very  cafy  to  demonstrate  by  common  Ooot 
inetry, 

PioB,   xxra 

'  459.  la  two  Rfiji  of  Light  PRW  ?r*  from  a  fivt* 
Point  P,  be  re  framed  at  a  given  Curve  Surface  ARB^  tp 
determine  tie  Focus  Q^oftbe  refrafied  Rays  RQjand  rQ. 

Let  the  Lines  RO,  RH  &e.  be  drawn,  and  denoted 
*s  in  thek  preceding  Ptoblem:  Moreover,  Ifct  ifre  Sine  of 
Incidence  VRH  (tithe  Radius  i)  be  reprefented  by  x, 
andlet  it  be  to  the  Sine  of  Rtfra&on  ORQ.,  in  the 
given  Ratio  of  i  u>  n. 

Then 
9 
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Then  (by  Trigonometry)! :  9s  (Sine  QRM) ::  z  (RQJ  * 
:  QSI  A  k&i  dti*  t&rtfafe  RM  ^   ^  —  ^ 


s:  z  Vj — »V.      From  whence,  following  the  Steps 
of  tjie  preceding  Problem,   we  alfo  get  OQ!=r*+«* 

— arsv'i— 11 V  j  and  it*  Fluxion  azx — zrzV  i — »*j* 


ars«*w 


==  =  05  or  si/ 1—  »V  —  r£  x    1 — »V 


v 


-f  »V»j  =  p.  But  (fy  ^fnf,  35  J  z  =  —  »> ;  there- 
fore—  qyVi '«?— jiV  +  ry  x  1  — »V  +  «rw  =  o  : 
Moreover  (by,  Trig.)  i  (Radius)  :s  (Sine  of  PRH)  :: 

j  (PR) :  •/  —  v*  (?H)  whence  we  have  sy  ss 
Vyx  —  v\  s%  =  1  —  -t,  and  »  s: ;r 

ify  —yv*v 

=  — -.i j  which.  Values*  *f  j*  aad  jj,  being  fub- 

j  -  * 

ffttufed  in  the  foregoing  Equation,  it  becomes  —  %} 
-_-  seer-  *ff+TZ 3Sxy  +  JiV+  0*  X 


i  —  -j«  X  /  +  VvN-'»r*  xfl^jw  =  o ;  or  [fatting 


S3* 


Tie  RtJtiutioH  of  Problems 


*xo%)  —  wpeov  =  o.      But  (ly  Art.  73.)  r  r:   •?, 
therefore  —  sjwv  +  «/*j£  -f-  *«/*>  —  jgasvv:=o,  and 


consequently  a  =z 


w 


^.£./. 


From  thu  Solution,  that  of  the  preceding  Problem 
is  eafily  derived :  Alio  from  hence  the  Caufttc  (or  die 
Curve  which  is  the  Locus  of  all  the  Points  Q.  thus 
found)  will  Ukcwifc  be  given. 

PROB.    XXVIII. 


460.  Ttjbid  Oi  Tim  rf  the  Vikratim  tfa  Pendulum 

in  the  Artb  tf  a  Orel*. 

Let  AB  denote  the  Pen* 
dulum  in  a  vertical  Pofition ; 
and  from  any  Point  D  in  the 
given  Arch  CBH,  wherein 
the  Vibrations  are  performed, 
draw  Df  parallel  to  CH ;  and 
let  AB=tf,  BE=*f  Bfzzx, 
and  BD=rx:  By  the  Nature 
of  die  Circle  we  have  k  = 


tA1t.s07.as  ^=="  t>  will   be  defined  by  -, 


#:   Whence  the 

Fluxion  of  the  Time,  being 

ax 


XV7MX XX 


ax 


V*x  —  xx  x  j/a* 

X 


X  \—l 


_j3*X  i 


i/tx—^ 


"x,  +  -i-+-J^+T-fc£U 


XX 


2  .  2*  +  2  .4.4**      2,f6,tol 


Vy  ^  &.     Whereof  the  fluent, 


2.4.6.8*  16a4 


when 
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■ 

when  *=;,  (or  ex — **J   =0)  is,  [bjArt.  142*  and  286.) 
cqualto;vT«Xi+~T^  +  a  gJ4'*     ^ 


2.2. 4.4.6.6*20)'  2.2.4.4.  6.6.8.8.  2* 
tic.  Which  therefore  is  proportional  to  the  Time  of 
half  one  Vibration;  where  p  ftands  for  the  Semi-Peri- 
phery of  the  Circle  whole  Radius  is  Unity. 

Corollary    I. 

461.  Since  the  Time  of  the  perpendicular  Defcent 
of  a  Body  through  any  riven  Right-line  tr,  computed 
according  to  the  fame  Method,  is  as  the  Fluent  of 

-7=.  or  2  /T,  it  follows  that  the  Time  of  falling 

along  the  Diameter  BF  (24),  or  the  CordCB*,  will*  Art «>* 
be  truly  defined  by  2^20 :  Which  therefore  is  to  the 

Time  of  the  Defcent  thro'  the  Arch  CDB,  as  £  to  1 
+  ^    ^    *m  +  — \*  **'•  From  whence, 

^2.2.2*         2  .  2  .  4  .  4  .  2tf| 

as  the  Time  of  falling  thro9  the  Diameter  BF,  is  abfo- 
lutely  given,  by  Art.  202.  the  true  Time  of  Vibration 
will  alfo  be  known. 

Corollary  II. 

462.  If  the  Arch  in  which  the  Pendulum  vibrates  be 
very  final),  the  above  Proportion  will  become,  nearly, 
as  4  to  p  :  From  which  it  appears,  that  the  Time  of 
Defcent  thro9  any  very  fmall  Arch  CB  is  to  that  along 
the  Chord  CB,  as  the  reriphery  of  any  Circle  is  to  fpur 
times  its  Diameter. 

Corollary  III. 

463.  Hence,  we  have  a  Method  for  determining  hew 
far  a  Body  freely  defcends.  in  a  given  Time  $  by  knowing 

the 
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the  Time  of  Vibration,  of  a  given  Pendulum  :  For,  if 
BN  be  affumed  for  the  Space  thro*  which  a  Body  would 
defcend  during  the  Time  of  one  whole  Vibration,  in 
the  very  fmaG  Arch  CBH »    {hen,  the  Diftances  dc- 
•Ait.  aoi.  feended  being  as  the  Squares  of  the  *  Times,  we  have, 

Jrom  the  laft  Corollary,  as  4* :  ^)* ::  BF  {ia)  :  Blf, 
.or  1  :  ip%  : a  •  ^N  ;  that  is,  as  the  Square  of  the  Dia- 
meter or  a  Circle  is  to  half  the  Square  of  its  Periphery, 
fb  rs  the  Length  of  the  Pendulum,  to  the  Diftance  a 
Body  will  freely  dfcfeerrd,  from  Reft,  in  the  Time  df 
one  Ofcillation.  Thus,  for  inftance  (becaufe  it  is  found 
from  Experiment  that  a  Pendahrfn  39,2  Inches  long 
violates  Seeowto)  it  will  beta  1  :  4,934  (s:^^*)  ::  39,2 
:  193  Inches,  the  Diftance  which  a  heavy  Body  will 
•fell  in  the  firft  Second  of  Time, 

CoROLLAftY     IV. 

464.  Moreover,  from  the  foregoing  Series,  the  'time 
which  a  Pendulum,  vibrating  in  an  exceeding  ffflafl 
Arch,  wit!  Me  When  made  to  vibrate  in  a  greater  Arch 
of  the  fame  Circle  may  alfo  be  deduced : 

For  let  T  be  put  to  denote  the  Number  of  Seconds 
in  24  Hours  (or  any  other  given  Time)  then  the  Num- 
ber of  Vibrations,  performed  m  that  Time  will  be  as 

T 
— : — ^-~ lci i  which,  there- 

1 '+  z — tt;  + 3-iw- 

2  .  2  .  2a        2.2.4*  2M\%  &V. 
fore,  in  an  exceed iog  fmall  Arch  (where  c  may  be  taken 
as  Nothing)  will  be  exprefled  by  T:  And  fo  the  Time 
(f)  or   Number   of  Vibrations   loft  Will   be   ST  — 

1  *m   T  X 


1   + 


i'3^ 


2  <  a  .  ?#       2.2  •4«4*20j*&** 


c     .      5<x 


—  +  ■  *    ±  &c.  (by  dividing  by  the  Denominator.) 

Now,    if  the  Number   of  Degrees  defcriberf  on  each 
Side  of  the  Perpendicular   be  reprefeooed   tyr  D,  the 

Arch 
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« 

Arch  itfelf,  en  each  Side,  will  be  =  3-14159  &c.  x  « 

D 
x  jsr »   which,  if  the  Value  of  D  be  not  more  than 

about  15  or  20  Degrees,  will  be  nearly  equal  to  it* 

Chord,  reprefented  by  /jw7(=:v''BF  x  BE.)    From 

c        D% 
which  Equation  we  get  —  =:  t-jtl  •   This  Value,  fub- 

fttuted  above,  gives  /=r  x  j^  +  a-Jl_J  *,. 

==  7*  X j-  nearly :  Which,  when  T  is  interpreted 

by  86400  Seconds  (or  one  whole  Day)  becomes  nix 
D\  nearly :  And  fomany  are  the  Seconds  which  will  be 
]pft  ^r  Dim  in  the.  Arch  2).  From  whence  we  gather* 
that  if  the  Pendulum  meafures  true  ^ime  in  any  finall 
Arch,  whofe  Demes  on  each  Side  the  PerpeaidicuUn 
are  denoted  by  ^7 the  Number  of  Seconds  loft  ter  Dim 
in  another  Arch  wbpfe  Degrees  are  B%  will  be  nearly. 

reprefented  by  ■*  X  IP—J*:   Thus,  if  a  Pe^dulm* 

meafures  true  Time,  in  an  Arch  of  3  Degrees,  it  will 
\fjfc  *o£  Sccondsra  Pay  in  an  Asd*  of  4.  Degrees,  and 
34"  in  an  Arch  of  5  Degrees. 

PROB.    XXIX. 

465.  7b  determine  the  Meridional  Parts  an/wring  *r 

pny  propofed  Latitude^  aaor&ng  to  Wright';  Projtttimy 
applied  to  the  true  Jpbcroidal  Pigwre  of  the  Earth* 

Let  D  A  R  be  the  -n 

Axis,  AB  the  $c-  -° 

mi-equatoreal  Dia- 
meter, and  D  BR  a 
Meridian, '  of  the 
Earth;  alfo  let  bn 
be  an  Ordinate  to 
the  Ellipfis  DBR  j  _ 
puttingAD(==AR)     £ 


54* 
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?''  J&r**  ^?~~*  im:=*>  **=*»  «**  the  Meri- 
dional Diftance  (in  Parts  of  the  Semi- Axis  AD)  =« 

Then,  by  the  Nature  of  the  Ellipfis,  we  have  j==  d 
Yt—x%i  therefore  j  =  ^     u 1^  $   and  confequentty 

*  —  \f   *  +  73J; :    Which,  by  putting  **  =  d% 

-i,  will  be  reduced  to  £=£^[+22.    W**^ 

v  i — ** 

by  the  Nature  of  tfie  Predion,  it  will  be  as  bn 
. — — ; — ;   which  is  the  Fluxion  of  the  Quantity 


ured  :  But  we  are  now  to  get  the  fame  thing  ex- 
prefled  in  Terms  of  the  Latitude  of  the  Place  n :  In 
order  thereto,  putting  the  Sine  of  that  Latitude  ==  j,  we 

*a?e,  by  Trigonometry,  as  i  f*^1*?**)  .  —  . 

(dxx    \ 
^r~=J  : :    Radius    (x)  :  x ;   and  confequently 

Vi  +  *V  =  dx  i  from  which  Equation  x  is  found  =: 

s  J*  j 

^p=^Ff :  Whence  x  =  -  ■         -t;  alfo  *—**:=: 

TC?? ip_*V  (becaufe  **  =  i  +  **)  and, 

Ia%,V7+*V  (  =  7)  =  vj-h*r  Which 
feveral  Values  being  fubftitutcd  in  that  of  £,  found  above, 
it  will  become   (  =  - — r   v  —  ^ 

**  X  I^-_«)  ^'-i'/xj-r'    Wbicb  "foIved 
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into  two  Parts,  for  the  more  readily  finding  .the  Fluent* 

ds  db%s 

gives  u  =  — -—  —     ■_        ;  Whereof  the  Fluent 

being  taken,  we  have 

2  .  302585  &c.  x  |i  X  Log.  — -? 

—  2  .  302585  &c.  ki b  x  Log. 7-7- 

But,  as  3**4159  &fe  x  2i  (the  Meafure  of  the  whole 
Periphery  of  the  Earth  at  the  Equator,  in  Parts  of  the 
Semi-Axis  AD)  is  to  21600  (the  Meafure  of  the  fame 
Periphery  in  Geographical  Miles)  fo  is  the  forcfaid  Va- 
lue of  ir  to 


f39J8  x  Log.  L±£  "J 
_  225?*  v  lM  i±tL  \ 
J-xLog-j^j 


the  oorrefponding  Value 


of  «,  in  Geographical  Miles,  or  the  Meridional  Parts 
required* 

Corollary. 

466*  If  the  Earth  be  eonfidered  as  differing  but  little 
from  a  Sphere,  d  will  be  nearly  =1,  and  confequemly 

(VV—  1)  the  Value  of  }y  very  fmall :  Therefore,  in 

this  Cafe,  the  latter  Part  of  our  Fluent  (—  321-  x 

d  +  bs\ 
Log.    . .■   )  will  become  nearly  =  3440J**  (becaufe 

Log,  -t— r  =-7  jx '    *■■' *•  But if theEarth 

*    d—bs       d  y      2  .  3025  tit. 

be  taken  as  a  perfed  Sphere,  this  laft  Expreffion  will 
vanifli,  and  fo  the  Value  of  u  will  become  barely =3958 


*  There  is  a  Miftah  in  p.  43.  and  44.  of  my  Dijertations 
(by  forgetting  /#  dMde  by  tie  Mednlns  2.3025  fcc.)  which 
mayfrm  hence  be  reSiffd. 


r 


1 
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x  ^*  pij*     WWcb  Logarithm,  it  ft  eafy  to  prove, 

cj|ve&s  twioe  th* .aitffcial  Tamei*  o/  half  the  given 
Latitude  increafed  by  45  Begrees'XRadlus  being  Unity.) 
Wherefore,  if  the  Meridional  Paris  anftrtrmf  tbahf 
given  Latitude,  thus  found  (from  a  Table  of  logarithmic 
Tangent*)  when  the  Earth  is  cohfldcred  a*  a  jkrfeSt 
Sphere,  be  denoted  by  Af,  it  follows  that  the  Meridional 
Parte  anfweiing  to  the  fame  Latitude,  when  the  Earth 
is  taken  as  a  9pbfcr*id»  will  be  ncafly  cquaj  tojfcT — 

344PiV:  ^WcJH  bec*ufe  AD  (t>:  AB  (v'i+W):* 
Ait.  397. 230  :  231  *>  will  (by  fuBftuuting  the  Value  of  h  hen<* 
arifing)  be  recjucetf  to  -fl/— 30*.    Whence  the  follow- 
ing Rule. 

M 

As  Radius*  to  the  Sine  of  the  given  Latitude,  fo  is  30 

to  a  Fourth- Propcrtional ;  wbic$  jbfitrailed  from  the  Me? 
fidional  Parts  when  the  Eart\  is  taken  as  a  Sphere  {fount 
Of  ahobe)  gives  the  A&rtdhnql  Parts  anfwering  to  the  fan*. 
Latitude,  when  it  is  confident  as  an  oUate  Spheroid* 

Thus,  for  Example,  let  the  given  Latitude  be  500 : 
Then,  firft,  for  the  Meridional  Parts  in  the  Sphire ; 
we  muft,  according  to  the  foregoing  Prefcript,  take  the 
Logarithmic  Tangent  of  25°+ 45%  or  700:  Which, 
by  the  Table,  is  found  te  0,43893  &r*.  This  multi- 
plyy  by  the  cpnfUqt  MthipHca^r  W*  (s^  x  3958) 
jjrpduces  347$  f<>r  *•  MsrHtaonal  Pajt*  in  the  Sphere  : 
Then  bjr  the  Rule  above,  it  will  be  as  Radius  to  the; 
Sine  of*  50*,  fo  is  30  to  2*;  which  fuofraflfed  from 
3475»  l^ves  1452  for  the  MfridionaJ  faffs  aofytring 
to  50*  Latitude,  w  the  Spheroid. 

?  U  Q  B.    XXX. 

467.  To  determine  the  Paths  whieh  Shadows  of  Oh- 
jiffs  defer  ihe9  upaii  the  Plant  of  the  Horizon,  during  tkf 
Sun's  apparent  diurnal  Revolution. 

Let  CSQDT  be  t*t  j?Ja*p  Pf  tl*  HorfcOT.  an<i  A V 

the  perpendicular  Height  of  the  Objed:  Then,  fince 
the  Rajs*  interceptedhy  thg  higWfc  f  okit  V%  wo^d, 
in  the  rag'*  tyuvn&l  R$yqlm*pn,  fqrm  a  comical  Sur- 

' ft« 


$f  various  Kinds. 

face  VDFEH  about  that  Point  as  a  Vertex ;  whofe  Axis 
PV  produced  pafles  throf  the  Pole  of  the  World ;  it  is 
evident  that  the  Path  of  the  Shadow,  being  the  Inter- 
k&bn  of  the  Plane  of  the  Horizon  with  that  Surface, 
■tuft  he  a  Conk" 


YxvQ 


E-vs;.v. 


'  p :>..\  -p 


Let  its  two  principil  Diameters  therefore  (when  an 
BHipfis,  that  is,  when  the  Sun  never  defends  below  the 
Hornon)  be  CD  and  ST  j  alfo  let  DPE  and  CG  be 
perpendicular  to  VP  the  Axis  of  the  Cone,  and  CO 
perpendicular  to  DV :  Putting  the  Sine  of  (QVC)  twice 
the  Sun's  Declination  VEP=/i  the  SineoffDCV)  his 
greater-Meridional  Altitude  =  gt  and  that  of  the  leflbr 
(CDV)  s  b:  Then  (if  plsn*  Trig.)  g  :  i  (AV) ::  t 

(Radius)  $  CV  s  i,  and*  (Sine  of  CDV:  i  (CV) 
:;/(Sine  of  DVQ  :  DC  =  «£  :  Moreover,  i  (Ra. 
dius) :  j  (CV)  :«  p  (the  Sine  of  the  Comp.  Decl. 
GVC)  :  GC  =  £■ :  And  in  the  very  fame  Manner  it 
will  be  found  that  DP  =  £ :    But  GCxDP  =  OS* 

(•id.  Jrt.  41,)  whence  we  have  ST  (1OS)  =    AL. : 

Vgb 

From  which,  and  the  Tranfverfe  Axi,  (DG  *  ^  )  ■  the 

%  E.  /. 

LfiMMA. 


Cuvekfelf 


34$ 


Nn 
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Lkmma. 

* 

46S.  In  any  fphorical  Triangle,  if  Radius  be  fuppofief 
Unity,  the  Product  of  the  Sims  of  any  two  of  the  Subs 
drawn  into  the  Co- fine  of  the  AngU  they  include,  added  U 
the  Produtl  of  their  Co-fines,  is  equal  to  the  Co-fin*  of  the 
remaining  Side. 

This  is  demonftratpd  by  the  Writers  upon  Spherics. 

PROB,    XXXI. 

469.  The  Elevation  of  the  Pole  and  the  Declination  of 
the  Sun  being  given,  to  find  at  what  Time  of  the  Day  toe 
Azimuth  of  the  Sun  increafes  thefiowefi. 

It  is  evident  that  the 
Time  fought  will  be  when 
the  Fluxion  of  the  Hour 
Angle  P,.  bears  the  greateft 
Ratio  poffible  to  That  of 
the  Azimuth  Z. 

Now  the  Fluxion  of  the 

Angle   P  is  to  that  of  Z, 

univerfally,  as  Rad.  X  S.  ZO 

-  ;J.POx  Gk/  O  {by  Art. 

^  256.  Cafe  2.)     Consequently 

&  PO  x  Cof.  O        Co-f.O  .         njr  .  ... 

JW.xS.ZO»°r  TZO   l%  a  Mmmum,    in  Ait 

Cafe,  becaufe  PO  may  be  confidered  as  conitant. 

Let  now  the  Sine  of  PO  be  put  ==/>,  its  Co-fine =</, 
the  Co-fine  of  PZ  zz  b,  that  of  ZO  =  *,  and  that  of 

0=y;  then,  the  Sine  of  ZO  being  =  Vi — x\  we 

have  (by  the  Lemma)  p  V^i—xx  X  y+dxzzb ;   whence 

b—dx  Co-f.  O    /  y      \ 

y  -  ^  and  tbcrcforc  sTzo  \r  7SM 

b  —  dx 

Which  put  into  Fluxions,  and  re* 


duced, 
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b      V h%       d* 

duced,  gives  x  =  j         ?  for  the  Sine  of  the 

Sun's  Altitude  at  the  Time  required:  Whence  the  Time 
itfelf  is  given. 

P  R  O  B.    XXXII. 

470.  To  determine  the  Ratio  of  the  Heat  received  from 
the  Sun  in  different  Latitudes^  during  the  Time  of  one 
whole  Day  j  or  any  Part  thereof 

Lctprz  the  Sine  of  the  Sun's  Polar-Diftance  P©  (fee 
the  laft  fig.) 
</=  its  Co-fine,  or  the  Sine  of  the  Declination. 
i=r  the  Sine  of  the  Pole's  Elevation. 
r=  its  Co-fine,  or  the  Sine  of  PZ. 
*=  the  Angle  (P)  expreffing  the  Time  from  Noon* 

*=  its  Sine,  and  mZ7  =  its  Co-fine. 
Then   (by  the    foregoing   Lemma)    we   (hall   have 
pcVi  —  x%  +  hd  =  Co-fine  Z®  =  Sine  of  the  Sun's 
Altitude. 

Now,  it  is  known  that  the  Number  of  Rays  falling  in 
any  given  Particle  of  Time,  upon  a  given  horizontal 
Plane,  is  as  that  Time  and  the  Sine  of  the  Sun's  Alti- 
tude conjun&ly :  Therefore  the  Number  of  Rays  falling 

x 

in  the  Time  *,  or    y (trid.  Art.    14a.)     will 

vi — xx  T    ' 

be  defined  by  ptx+bdx:  Whofe  Fluent  pcx+hdz  is, 
therefore,  as  the  Heat  required.   s 
Where  it  may  be  obferved, 

1.  That  when  the  Latitude  and  Declination  are  of 
different  Kinds,  or  P®  is  greater  than  90  Degrees, 
the  Value  of  d  is  to  be  considered  as  a  negative  Quan- 
tity. 

2.  That,  if  the  Expreffion  for  the  Heat  found  above 
be  divided  by  the  Square  of  the  Sun's  Diftance  from  the 
Earth,  the  Quotient  will  exhibit  the  Ratio  of  the  Heat, 
allowing  for  the  Eccentricity  of  the  Earth's  Orbit. 

N  n  2  Co- 
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COKQ^LART     I. 

471.  If  die  Place  propofcd  be  at  the  Equator,  the 
Heat?  received  in  half  one  $uraa|  Revolution,  yrifl  frp 
barely  as^;  becaufe£=:o,  r=i,  and*=i. 

C9A0LLARY    H. 
472,  But  if  the  Place  be  at  the  Pole,  tjien  the  Heat 

Vill  he  as  4  *  3, 14 tea  &c.  fijice,  111  *W*  (pafc^  ^q, 
*=i,  and  x  (  =  Semi-Circle)  ==3,14159  &s. 

LlMlfA. 

473.  ffc  NnmkirfPifrfkhf  rf  Ijgbh  w*4  h  1?* 

Sun,  ukon  the  Lar%k%  ty  «  given  Tw**  u  "pn^rti^al 
to  the  Angle  defcribtd  of  up  fa  Qentfr  to  thqf  Tfo$. 

Fpr,  let  8  rcprefeip  die  Center 
of  (he  Sii/ AEB  the  Qrbk  of  the 

Earth  (qpHlitt  of  any  other  Planet) 
an£  lef  I  an4  r  be  turo^ointstbf  rf, 
in  as  near  as  poflible  to  each  o^ff ; 
6inpe  the  Triable  ES«  njay  be 
taken  as  reftilipei),  ftf  £fea,  jf. 
the  Angle  ESr  be  fuppgfcl  give*), 
W  fyery  where  Ae  fra,  Wdl  ^ 
as  SExSr,  or  SE*:  And  there- 
fere  the  Time  $f  geferiftng  &r 
(being  always  as  that  Area)  is  alio  explicable  by  SEa: 
Qut  the  Iptenfity  of  the  Light,  or  Heat,  at  the  ** ' A 


SE  is  as  g~i :  Therefore  the  Intengtjr  copipQ^j^cd 
with  the  Time  (or  the  whole  Number  of  Pajticleji  re- 
ceived  in  that  Time)  wH|  consequently  be  as  gg;  x  SE* 

issi)  :  Which  being  every  where ^he  fame,  the  Propo- 
rtion is  manifeih 

PROB,    XXXIH. 

474.  To  determine  the  Ratio  of  the  Heat  received  from 
the  Sun  at  the  Equator  qnj  Vlker  $f  '*'  P*I*h  .  during 
the  Time  of  one  whole  Ytar%  or  any  Part  thereof. 

If 


1 
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If  the  Sine  of  the 
Sun's  Declination  be 
denoted  by  d  and  its 
Co-fine  by  p>  the 
Heat  received  at  the 
Equator,  and  thcPok, 
during  half  one  di- 
urnal Revolution  of 
the  Sun,  will  be  as  p 
and  ix  3,14159  &;•  A. 
fcfp&Sttvcly  Qy  the 
Corollaries  to  the  preceding  Problem). 

Let  the  Sun's  Longitude,  cohfidered  as  vatitfble,  he 
now  denoted  by  z,  and  its  Sine  by  1  j  and  let  /  be  ptit 
for  tfie  Sine  of  the  Obliquity  of  the  Ecliptic  :  Then    . 
(per  Spherics)  we  (hall  have  d  =zfs9  and  confidently  p 

(  =  VT^J%)  =  V'l  — /V  :  Wherefbrt,  feeing  rtfe 
R*fio  of  tfctt  ti*  the  Jtwo  Platees,  fot  one  Half-Day,  it 

Ait  of  *i— /V  to  75x3,14  &fo  let  each  of  thefc 
Terms  Be  multiplied  by    v — --i-.1  (  =  *)  *  expreffing«j^t#Z4au 

&e  Quantity  of  Be*t  falling  upon  the  Earth  in  tfie 
Time  of  defcribinfc  k    (fee  the  foregoing  Lemma)  then 

the  Produas  '▼*—/»'*  ^  -— y  x        " —  ^ 

be  the  Fluxions  of  the  required  Heat,  anfwerihg  to  x. 

But  now  to  exhibit  the  Fluents  hereof,  let  ACB  be 
an  Ellipfis  whofe  greatei  Srmi-Artrs  AO  is  ==  Unity, 
and  its  Excentricity  FO  =/;  and,  fuppofing  ADBto 
he  *  CrfCle  defcribed  about  theEFIipfis,  let  the  Arch  DH 
e*pfefrthfc  Sun's  Longitude  from  the  Equinodiai  Point ; 
whofe  Sine  (OR)  being  =  j,  its  Confine1  RH  wffl  bt=z 

Vi  —  «• 

But,    by   the   Property   of   the   Ellipfis,   OD  (t) 


» •  .  • 


OC  :  ( •  1  —  /»)  ::  RH  (V  i  —  « )  :  RG   = 

y'  i  —  ff  x   /  1  —  « .•    Whofe  Fluxion  beings 

Nn3 
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Vi—ss  I  — « 

=  y±~C^  =  the  Fluxion  of  CG.    Whence  it 
vi  — » 


appears  that  the  Fluent  of     ^'     ^  f!  it  truly  defined 

t^i —  ss 
by  CG,  or  CG  x  AO\ 

But  the  Fluent  of  the  other  given  Fluxion,  3.14/  X 


ss 


Vi  —  ss 


,  will  be  =  3,14/ x  1  —  /1  —  w  =  ADB  x 


',i» 


FO  x  OD  —  RH.  Therefore  the  two  Fluents,  when 
H  and  G  coincide  with  A,  will  be  to  each  other  as 
C A  X  AO  to  ADB  X  FO :  Whereof  the  Antecedent, 
multiplied  by  4*  will  be  as  the  Heat  received  at  the 
Equator  during  one  whole  Year  $  and  the  Consequent, 
multiplied  by  2,  as  the  Heat  at  the  Pole  in  the  fame 
Time  (becaufe  the  Sun  fhines  at  the  Pole  only  two 
Quarters  of  the  Year.)  Hence  the  required  Ratio,  of 
the  Heat  received  at  the  Equator  and  Pole,  in  one 
whole  Year,  will  be  That  of  CA  X  AO  to  DA  xFO; 

or,  in  Species,  as  1  —  -^ —  — ^ —  '  ?  *  ^ 

'        v        '  2.2      2.2.4.4      2.2.4.4.6.6 

•  Ait.  434.  *  &c.  to/;    which,  in  Numbers,  is  as  959  to  396,  or 
as  17  to  7,  nearly. 

PROB.    XXXIV. 

4.75.  To  find  whtn  that  Part  of  the  Equation  of 
Time,  arifing  from  tht  Obliquity  of  tbt  Ecliptic  to  the 
Equinoftial)  is  a  Maximum* 

In  the'  right-angled  fpherical  Triangle  ABC  let  the 
Angle  A  Be  that  made  by  the  Ecliptic  AC,  and  the 
Equinoctial  AB;    then  the  Problem  will  be,  to  find 

when 
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when  die  Difference  be- 
tween the  Bafe  AB  and 
the  Hypothenufe  AC  is 
the  greateft  poffible  (the 
Angle  A  remaining  inva- 
riable.) Now  (by  Art. 
254.)  we  have  Co-f.  BC     **      """"";  £ 

:  Sin.  C : :  Fluxion  of  AC 
Fluxion  of  AB :  Alfo  (per  Spherics)  Sin.  C  :  Co-/.  A  : : 

Rad.  :  Cof  BC  =  C'"^*  *  *** :  Whence,  by  mul- 
tiplying the  two  firft  Terms  of  the  former  Proportion 
by  theie  equal  Quantities,  refpe&ively,  we  get  this  new 

Proportion,  viz.  Co-f.  BC\  :  Co-/.  A  x  Radius  ::  fo  is 
the  Fluxion  of  AC  "to  That  of  AB;  But,  when  AC— 
AB  is  a  Maximum*  thefe  Fluxions  become  equal ;  and 

consequently  Co-f.  BC]*  =  Co-f.  A  x  Rad.  From 
which  Equation  BC,  and  from  thence  AC,  will  be 
known.  $jE.I. 

The  famiy  without  Fluxions. 

476.  It  will  be  (pir  Spherics)  Rad.  :  Co-f.  A  ::  Tang. 
AC  :  Tang.  AB  \  and  therefore  by  Compofition  and 
Divifion,  Rad.  +  Co-f  A  :  Rad.  —  Co-f.  A  ::  Tang. 
AC    +  Tang.  AB  :  Tang.  AC  —  Tang.  AB  ::  Sin. 

AC+AB  :  Sin.  AC — AB,  by  the  Theorem  mentioned 
in  Problem  8  th  :  From  which,  by  following  the  Steps 
there  laid  down,  it  appears  that,  Radius  +  Co-f.  A  : 

Radius  —  Co-f  A  ::  Radius  :  Sine  of  AC  — AB,  when 
a  Maximum :  Whence  (AC  +  AB  being  then  =  90*) 
both  AC  and  BC  will  be  given. 

Corollary. 

477.  Since,  Radius  +  Co-f  A  :  Radius  —  Co-}.  A 
: :  Co-tang,  i  A  :  Tang.  |  A*  ::  Kadtusf  :  Tang.  •  AJ*» 


•  Fid.  /.  70.  and  7 1.  of  my  Trigonometry. 

N  n  4  There- 
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therefore  Radius?  :  Tang.  iAJ*  : :  Rfidius  :  Sim  #f 

AC—  AB,  Or,  £«£«*  :  Tang,  i  A  ::  fk»j.  *  A  :  the 
&*/  of  the  gieateft  Equation :  Which,  fuppofing  the 
Anjle  A  to  6  23°  29',  comet  out  a*  ;  18' :  34^  :  ao- 
fwering,  in  Time,  to  9  Minims  :  §4  Seconds* 

P  R  O  B.    XXXV. 

4.7S.  Ti  dttirmim  what  tb$  abfilutt  Equation  of  Thm9 
arijmg  from  the  Intyua&ty  of  ibt  Suits  apparent  Mo- 
tion, and  tie  Obliquity  of  tbo  Ecliptic,  conjunctly,  is  a 
jMaxrovm* 

Let  ABPD  be  the 
EHfpfis  In  which  the 
Earth  revolves  about 
the  Sua  in  the  Focus 
S ;  let  F  be  the  other 
Focus,  and  T  the 
Place  of  the  Earth  in 
its  Orbit  at  the  Time 
required.  Moreover, 
about  S,  as  a  Center, 
let  a  Circle  GEKI  be 
deferibed,  whofe  Dia- 
meter GK  is  a  Mean 
Proportional  between 
the  two  Axes  AP  and 
BD  of  the  EUipfis*  fo 
that  the  Area  thereof 
may  be  equal  to  That 
of  the  Ellipfis  :  And,  fuppofing  Sm  to  be  indefinitely 
near  to  ST,  let  ESn  be  a  Sedor  of  the  faid  Circle,  equal 
to  the  Area  TSm. 

Then,  the  Time  in  which  the  Earth  moves  through  - 
the  Arch  Tjk  being  to  the  Time  of  one  intire  Revo- 
lution, as  the  Area  TSm,  or  ESe,  ie  to  the  whole  El- 
lipfis,  or  the  equal  Circle  GEKF;  and  thefe  Areas 
ESjv,  and  GEKI  being  in  the  Ratio  of  the  Arch  En 
to  the  whole  Periphery  GEKI  j  it  is  evident  that  Eir, 

6  «r 
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or  the  Angle  ES»,  will  express  the  Increafe  of  the  Moan 
fsongitudij  in  the  forckkf  Time  of  defcribing^ArehT*; 
And  that  this  Angle  or  Increrfe,  hy  reafon  of  the  Equa- 
lity of  the  Areas  ESn  and  TSm*  wffl  he.  to  the  Arjjgle 
TS«r,  expreifing  the  correfpondin£  Increafe  of  the  Tfui 
Longitudty  as  ST*  to  SE\    Therefore,  if  the  former 

SE* 
be  denoted  by  M>  the  latter  wilt  be  repitfented  by  ■§» 

x  M.  But  now  to  get  a  proper  Expreflion  for  the 
Value  of  this  Increafe  of  the  True  Longitude,  in  Al- 
gebraic Terms ;  let  FT  be  drawn,  and  alfo  TH,  per- 
pendicular to  AP :  Putting  AC  (=CP)  =*,  CB=i, 
CS  i=CF)  =<>  STz=*,  and  d*  Confine  of  (T»P) 
the  Earth's  Diftance  from  its  PorHfoJian  (to  the  Radius 
I )  =  * ;  Then  FT  being  (= AP  —  STJ  =  2*  —  s 
(by  the  Property  of  the EWpfo)  arid  SU=xz  (bj  Twig.) 

we  have  FT+STxFT— ST  (2*X2«— 2*  =  FS 

X  aCH  (icX2Xc+xz)  by  a  known  JVojgerty  of  Tri- 
angles :    From  which  Equation  z  (ST)  11  found    = 

^~  s  — r—  1  And  thi*  Value*  with  that  cf  ES* 
a  +  ex      a  +  or 

(=3M^)bc^ftbftrtuMmiheixiaarfdoFihcTrtteI^a^ 
gfaide,  found  above»  wo  thence  get  *  *  a*       ■  X  M 

for  the  Meafiire  of  that  Increaie;  where  M  deriote* 
the  Increment  of  the  Mian,  Motion  correfponding. 

Thi»  befog  obtained,  let  a  Mf  T  (to  the  a** 
hexed  Figvre)  represent  the  Southern  Semi»Ctfc)e  of 
the  Ecliptic,  P  the  Place  of  the  Perihelion,  VS  the 
Tropic  of  Capricorn,  @  the  apparent  Place  of  the  Sua 
in  the  Ecliptic,  and  QQ  hi»  Declination,  at  the  Tfca4. 
required:  Then  it  appears,  (from  Art*  475*)  that  the 
Increafe  of  the  True  Longitude  £1  ©,  in  an  indefinitely 
fitaall  Particle  of  Time,  wxH  be  to  That  of  the  Right* 
Jljcenfiun  ttQj,  in  the  fame  Time,  as  the  Square  of  the 
G>-nne  of  Q®  is  to  a  Re&angfe  under  the  Radius  and 
the  Co-fine  of  the  Angle  A :  Therefore,  the  former, 

being 
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being  expreflcd  by  x         X  M9  the  latter  is  truly 

Which,  in  the  required  Circutnftance,  when  the  pro- 
pofed  Equation  (or  the  Difference  between  the  Sun's 


0     /y^p 


Moan  Motien  and  Right  Jfcenfion)  it  a  Maximum*  jnuft 
confequently  be  equal  to  (-W)  the  correfponding  In^ 

creafe  of  J£*ji  Motion  5   and  therefore  A> 


""  Uoi  x  Co-f.  & 

But,  to  obtain  the  Value  of  the  latter  Part  of  this 
Equation,  alfo,  in  Algebraic  Terms,  let  the  Sine  and 
Co-fine  of  (HT  P)  the  Diftance  of  the  Perihelion  from 
*,  be  denoted  by  m  and  n  refpeflively ;  then,  the 
Co-fine  of  P  ©  being  (as  above)  expretted  by  *,  and 

its  Sine  by  V\—  xx9   we   ihall   thence  get   nx  + 

*c/i  — **=Co-fine  of  ®Yf  =  Sine  of  A@  (h  the 
Elm.  of  Trig.)  But  (putting  the  Sine  of  the  Angle 
tsx  =  p  and  its  Co-fine  =  q)  we  have  (per  Spherics) 

Radius  (i):Sine  ft®  (nx+mV  1  — xx  ::  p  :  fr»  + 

f«/i— **=Sine  of  Qjg  j   from  whence  Co-f-Q^* 

=  1 — pnx+pmVi  —  xx\%  :  Which  Value,  with 
That  of  the  Co-fine  of   the   Angle  A,   bein*    fub- 

*  tf  X  tf  +  ON       _, 

ftituted  above,  we,   at  length,   get    jt- > 
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I  —pnx  -f  pm  v  1  —  Afy    .    from  which  Equation  the 


1 
Value  of  x  may  be  determined. 

The  foregoing  Equation,  it  may  be  obferved,  gives 
the  Time  of  the  Maximum  which  precedes  the  Winter 
Solftice ;  but  if  the  Maximum  following  that  Solftice  be 
fought;  it  is  but  changing  the  Sign  of  m*  and  then  you 

will  have  '  x  «  +  "I*  =  i-fnx-fmVl^xx\\ 

b*  q 

anfwering  in  this  Cafe.  And  from  the  negative  Roots 
of  this,  and  the  preceding,  Equation,  the  Times  of  the 
other  Maxima  after,  and  before,  the  Summer  Solftice  will 
alfo  be  obtained.  j^.  £.  7. 

Corollary. 

479.  It  is  evident  that  the  Equation  of  the  Earth's 
Orbit  (or  that  Part  of  the  Equation  of  Time  arifing 
from  the  Inequality  of  the  Sun's  apparent  Motion)  will 
be  a  Maximum*  when  the  Center  of  the  Earth  is  in  the 
Interferon  I  of  the  Ellipfis  and  the  Circle  ;  where  the 
Mean  Motion  and  True  Longitude  increafe  with  the  fame 
Celerity. 

P  R  O  B.    XXXVI. 

480.  To  determine  the  Law  of  the  Denjity  of  a  Me- 
dium and  the  Curve  defer  ibid  therein*  by  Means  of  an 
uniform  Gravity*  fo  that  the  ProjeQile  may*  every  where* 
nurut  with  thejame  fehcity. 

It  appears,  from  Art.  367.  that  \f  J?i&*gcncrdl 

x 

Expreffion  for  the  Celerity  in  the  Dire&ion  of  the  Or- 
dinate  PBR ;   whence  -r   X  y/  £9   or  its  Equal, 


* 


,zz  *  muft  be  the  true  Meafure  of  the  abfolute  Ce- 

V  x 

lerity, 


\ 


tt* 
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lerity,  in  the  Direakn  BN :  Which  beiaga  cooftaat 
Quantity  (bj  H/pothefis)  its  Square  Inuft  alio  be  corf- 


JB«H 


ferirj  and*  (b,  we  have  —  =^  and  cbrffequeflSt  ** 

4  #  (ss»)  at*. 

But,  m  order  to  the  Sotatfon  of  die  Equation  thus 
gfoa, asake m:t  ::*:}, or  *=r«j ;  theft  jF=  &  awl, 
fcy  SubftitutJon,  *y  +?  =  ,i>.-  Hence,  >  being  = 

•  ■ 

.     t  and  *  ss  ■■      >    ,  we  eet  f=n  X  ifrd&,  whofc 

•  Ait  14*  Tangent  is  u  •  (and  Secant  Vi+i«)  ;  and  *  ==  i  a x 

fAic  it*.  Hyp.  Left.  1  +  urn  m  a  X  Hyp.  I**.  Vi  +  ««  t» 

...  x 

Therefore,  a*  the  ttyp.  Log.  of  v"i+««  »  =  "J% 

the  Common   Logarithm   of  *V  +  **   will  be  = 

»— *«*— ii      » ■     ■  ■  ■■ 

S^^a^tffOCjr^  ^  confequcntly  jr=tf  x  ;/r<*,  whofe 

fcadutt  fa  Unity,  and  Log.  Secant  °-4  j4»944  » «■  X  * 

Moreover,  with  refpe&  to  the  Denfity  of  the  Medium) 
if  theaMbtae  F«e»  of  Groin,  in  the  Duc&kb  Q&, 
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he  dbpoted  by  Unity,  its  Efficacy  in  the  Direction  BN, 
whereby  the  Body  is  accelerated,  will  be  eacpreffed  by 

*  *       u 

r»  or  its  Equal     r  ■  :    Which,  as  the  Velocity 

is  fuppofed  tQ  remain  every  where  the  fame,  muft  alfo 
exprefs  the  Force  of  the  Refinance,  in  the  oppofite  Di- 
rection, or  the  true  Meafure  of  the  required  Denfity, 
This,  therefore,  if  Af  be  put  for  the  abfcJute  Number 
whofe  Hyperbolical  Logarithm  is  Unity,  may  be  had  in 


Terms  of  *,  and  will  bo  z  —  TH\  *    I  :      Becaufe 
Hyp.  Log.  JI\a  (=7)  being  =  Hyp.  Log.  /i  +  uu9 


Yefcpve  V^|+R*=3?]!f  i  whence^acAP  —  ij  , and 


1 


PROS. 
4fii.  let  *  Line,  «-  an  iwjkxikh  Rid  OP  fa»/&fr*f 

without    rtgard    to    Thhbieti)    be    fuppofed   to    revofve 

about  one  if  He  &rtr«m  O,  as «  Gtar,  mM  4  46- 

*'**?  regulated  according  to  any  given  Law »  wAf^f  tf 
JtiVg,  *r  2?*//,  carried  about  with  if,  *W  tending  to  the 
Ctnter  O  «//>*  <wrjr  jwwi  /?*?#,  i V  fufered  to  move  or 
JJtfe  freely  along  tlfejajd  Lino  or  Rod:  It  is  propofid ta 
determine  the  Velocity  of  the  Ring,  and  its  Preffiere  upon 
tfn  fydx  if*  W  p**i>*Jed  Pofition9  together  with  the  Nature) 
of  tpe  Curve  ADL  defcribed  by  meem  of  that  compound 
Motion. 

I,©  OJJP  be  a*y  Pofitkm  of  $he  revolving  Liflc, 
and  D  the  correfponding  PoUtion  of  $e  Body  :  More- 
over,  fuppofing.  ACK  to  be  the  Ctfcifrnfcnnce  of  a 

Circle 
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Circle  defcribed  from  the  Center  O,  through  the  gives 
Point  A»  let  the  Meafurc  of  the  angular  Celerity  of 
that  Line,  in  the  /aid  Circumference  ACK,  be  repre- 


fented  by  u ;  alfo  let  v  denote  the  Celerity  of  the  Ring' 
at  D  in  the  Direction  DP ;  and  w  the  true  Meafure  of  the 
centripetal  Force:  Call  OA,  a\  OD,  x\  and  AC, 
% ;  and  let  the  given  Values  of  u  and  v,  at  A,  be  de- 
noted by  b  and  c  reipe&ively.     Then  it  will  be,  as  a  : 

x  : :  «  :  ( —  J  the  paracentric  Velocity  of  the  Body,  at 
Dj  whofe  Square,  divided  by  the  Diftance  OD,  gives 

MX 

Ait. in. ^..^  fa  fae  truc  Meafure  of  the  Centrifugal  Force* 


<r 


arifing  from  the  Revolution  of  the  Rod  :  From  which 
the  centripetal  Force  w  being  deduded,  the  Remainder, 

xu% 

-5-  —  w,  is  the  true  Force  whereby  the  Velocity  in  the 

Line  OP  is  accelerated.    Therefore  (by  Art*  2 18  J  we 


xu4 


UxXx 


havew  =  — wx*=:  — ; ivx. 

Moreover,  becaufe  the  Fluxion  of  the  Time  is  ex- 

preficd  either  by  —  or  by  —,  thefe  two  Values  muft, 

therefore* 
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therefore,   be  equal  to  each  other,  and  confequently 

ux 
v  =  — :    From  which,  and  the  preceding  Equation 

X 

(when  u  and  a;  are  exhibited  in  Terms  of  *  or  *)  die  re- 

Juired  Relation  of  v,  x  and  z  will  alfo  become  known— 
>ut  now,  in  order  to  determine  the  Adion  of  the  Rod 
upon  the  Ring ;  let  Od?  be  indefinitely  near  to  ODP, 
interfering  ADL  and  ACK  in  d  and  c\  and  put  Od  = 

x  +  x.    Then*  becaufe  a  Body,  afted  on  by  no  other 

Force  befides  That  tending  to  the  Center,  about  which 

it  revolves,  defcribes  Areas  proportional  to  the  Times*,  •  Art.  1*4. 

and  the  angular  Celerity  of  a  Ray  revolving  with  the 

Body,  is,  in  that  Cafe,  as  the  Square  of  the  Diftance 

of  the  Body  from  the  Center,  inverfely  (vid.  Art.  478.) 

jt  follows,  that,  if  the  Rod  was  to  ceafe  to  wBt  upon  the 

Ring,  at  the  Pofition  ODP,  the  angular  Celerity  at  *, 

•  •**  ' 

would  then  be  _  .-.»  x  u>  inftead  of  *  +  u.    There-* 

x  +  xl 
fore  the  Excel*  of  u  +  u  above  ==r%  x  u9  which  is 


/  /  > 

I        2UX  gViX% 

=  if  +  —  —  *t*  Wf.  i*  the  Increafe  of  the  faid  aa- 

8 ilar  Celerity,  at  the  Diftance  OC»  arifing  from  the 
aion  of  the  Rod.  Therefore  it  will  be,  as  OC  (a) :  OD 

(x)  ::  the  faid  Increafe  to  (ft  +  %A  _  Vik.  tfr.  J  • 
the  Alteration  of  the  Ring's  paracentric  Velocity,  arifing 

from  the  fame  Caufe.    Which,  divided  by  (  -  J  the 

xvu        %uv 
Jime  wherein  It  it  produced,  gives  "t  +  ~   — ? 

ax 


|fe  tbe  Rtjbkti 


(ft.  for  the  Meafure  of  the  Fonfe,  by  which  It 

m 

it  ptpdircpi*  From  weenie?,  by  fe^ftitutifig  -  j*  tbt 

Rpojp  of  * ,  and  ntgfc&ing  all  tb«  Terms  afipr  tip  twq 
•  Ait.  t34*firft  (in  order  to  have  the  limiting  Ratio  •)  we  get 

22L  +  22!.   TWforeitwaib*,*^  +22?» 

f  Art.*u.—  ft  <W  at  -rrr  +  -j|-  tQ  Unity,  fo  is  the  A&ioi*  of 

the  Rod  upon  the  Ring,  to  the  (given)  Centrifugal 
Force  at  ^  (or  the  Force  tfiat  wo/uld  retain  a  Body  in  th* 
Circle  AC£,  with  the  Velocity  *.)  4>.  E.  I. 

Corollary    I. 
4*1.  iffe  angular  Motion  be  imifoim,  the  E^^ 
found  above,  wfll  become  w  =  — r-  —  «;i,  and  t>  = 

ii  « 

—.    From  the  latter  of  which,  by  taking  the  Fluxiofl, 

JE 

we  have  «  s  rr  ;   whence  (by  Subflfrution)  -rr-  =a 


1*  «.i* 


I w*%  and  copfefmqnilf  j  —  -pr  =s  —  -jr  * 

from  the  Solution  of  which,  the  Relation  of  *  and  % 
will  be  gi*en.  And  then,  the  Value  of  v  (~r)  being 
alfo  known,  the  Adion  upon  the  Rod,  which  in  this  Cafe 

is  bajrejj  =  — r  I  =  — t-J   will  be  given  likewife, 
..  "  being 


( 


of  Various  kinds. 


(bb\ 
— J    the  centrifugal  Force  in  the  Circle 
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ACK,  as -r  to  Unity. 

Corollary    It. 

483.  But  if  the  Angular  Celerity  be  proportional  to 

any  Power  (*")  of  the  Diftance,  and  the  Centripetal 
Force  w  be,  alfo,  fuppofed  to  vary  according  to  fome 

Power  (*")  of  the  fame  Diftance:  Then,  putting  p  to' 
denote  the  Centripetal,  and  q  the  Centrifugal,  Force,  at 
thfe  given  Point  A;  the  Value  of  w  will,  here,  be  ex- 

founded  by—  xp,  and  That  of  u  by  —  x b; And  there- 

fore,  the  paracentric  Velocity  of  the  Ring  at  D  being  = 

x  .      x    I       bx         \    .-      ,u ,  00    b  x     * 

•*—    x£  x  -t-  I  =r  -t—  I    it  will  be  as  — : — 

::  j  :  — -j—  x  j,  the  Centrifugal  Force  at  D  ••  Hence  •  Art.ui. 

OX  X         vX  X 

vv  =  £—— — — ^7— J'  whereof  the  (corrcfled)  Fluent 
0  a 

is  i  w—  I  cc  2=  -- 


i£ 


** 


am+aX*M,+'      n  +  ixa*       «■+» 


jl  -£—  :   From  whence  t;  is  found  — 
«  +  i 


v^~ 


xm-f-a 


2^# 


■+« 


^+xT»+xT-+T#a1,"+l        ii-fi.V 


**   # 


11  ^  ^si+i+i+i+i.^7  *+*•* 


Oo 


2p**+i 

Mora 


« 
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Moreover,  bj  fubftitutipg  for  *,  and  its  Fluxion,  we 

xvu      2MV     — -—      ^A  _        .     AA. 

get  — r-  + =«  +  ix  -j^,  expreinng  the  Action 

of  the  Rod  upon  the  Ripg :  Whicsj,  therefore,  when 
m  is  expounded  by  —  2,  will  intirely  vanifh  ;  And, 
in  that  Cafe,  k  wiH  become  = 

m%bx 


VESSflB 


*m~*m*m 


«  + **  +  -r-  *  ^-^--aeCi- 

expreff  ng  the  Nature  of  the  Trajectory  described  by 
means  of  a  Centripetal  Force,  varying  according  to  any 
Power  (**)  of  the  Diftance.  But;  this  Equation  wilt 
be  rendered  fomewhat  more  commodiou5,  by  fubftituting 
the  Values  of  b  and  ' :  For,  if  OQ_  (perpendicular  to 
the  Tangent  at  A)  be  denoted  by  4,  it  will  be,  h : 

*J*x—bx(AQJ  ::  b  (the  Celerity  in  the  DiredioaAO 
9  Ait.  35.  t0  c  =    vf—P  _  ^  Celerity  in  the  Dirtaion  AH  •. 

,  a** 

t  Art.iu,  Therefore,  b  being  sr  y/  aq  f»  we  have  **  =  rr  —  tf? ; 

and  *  =  jmii  BBsa— -    ■■  .         ■  ■   : 

^     11  +  1.7  ii+t.ja"+l 

Which  Equation  is  the  fame,  in  effeft,  with  that  given 
in  An.  24a.  by  a  different  Method. 

Corollary    III. 

484.  If  the  Angular  Celerity  be  fuppofed  uniform,  and 
the  Ring  to  have  no  other  Motion  along  the  Rod  than 
what  it  acquires  from  its  Centrifugal  Force;  then  #,  mand 
p  being  all  of  them  equal  to  Nothing,  z  will  rjprc  be* 

come,  barely  =      j  ,  .    sr  _      :    And 

v/^p  +  C. 

there* 
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therefore  s=<*  x  Hyp.  Log.  .  *  v*x~  M.  Hence 
if  the  Number  whofe  Hyp.  Log.  i$  *—  be  denoted  by 
M  we flull have  x  +  ^xx-a*  _,  N:   Ytom  wWch 


*  is  found  =  a  x  —  +  -4>;  whence  x  is,  alfo,  bad  =; 

N        i 

fore,  it  will  be  [by  Carol.  I.)  as  Unity  is  to   —  —  —^ 

'  fo  is  the  Angular  Velocity  (*)  in  the  Arck  ACK  to  the 

Velocity  with  which  the  Body  recedes  from  the  Center 

Of  Motion  :  And  foj  likewife,  is  the  Centrifugal  Force 

in  that  Arch  to  half  the  Preffure  upon  the  Rod— By 

_    z  ■ 

taking  z  =  the  tf Sole  Periphery,  or  —  =  *  X  3  .  145 

tic.  N  will  come  out  =  535.5,  and  x  =  267.7  X  a  -' 
From  whence  it  appears  that  the  Di flange  of  the  Ring 
from  the  Center  at  the  End  of  one'  intire  Revolution 
Will  be*  altfioft  268  times  as  great  as  at  ftrfh 

Corollary   IV. 

4.85.  If  a  Body  W  fuppofed  to  defcend  front  the  Point  O, 
(fa  the  next  Fig.)  bytKeForceof'its  oWri  Gravity,  along 
an  inclin'd  Plane  OCP;  whilft  the  Plane  itfelf  moves  uni- 
formly about  thatPoint,  frpm  an  horizontal  Pofition  OEff; 
then  the  Place,  and' the  Preffure"  of  the  Boffy  trpon  the 
Plane,  in  any*  given  Pofition  QCP,  njay',  alfo,  bcdeYivetf 
from  the  fiauationsin  Corollary  1.  For  let  C6  (perpen- 
dicular toOH)  be  put=y;  and  let  the  Ratio  of  the  Ceri* 
ttifugal  Force-in  the  Circle  ECIC,  to  tKp* Force  of  Gra- 
vity {given  by  Art.  217.)   be  as'  r  toUnity  :  Then;- as 

the  Meafure  of  the  former  Force  is  cxprcflcd  by  — , 

Oo  %  That 
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bb 


That  of  the  latter  muft  be  reprefented  by  —  t    ami. 

J   ra  * 

confequently,   its  Efficacy  in  the   Direction   PO,    by 

—  (  =—  X  Tvp]  :    Which  Value  being  fubftituted 
raa  \      ra      Ut'  ° 

for  —  w,  in  the  aforefcid  Corollary ,  we  have  x  — • 


•  •        •  % 
xx  __  yx 


aa 


raa 


But  now,  in  order  to  the  Solution  of  this 


Equation,  put  the  Radius  OC  (a)  s  i  (that  the  Ope- 
ration may  be  as  fimple  as  poffible)  alfo,  inftead  of  yy 


•Axt.4»5.ktit8E<Iual'~ 


z> 


A„ ^  „  —  + - •  &c.  be  fubfti- 

4*5-  *»       ~       2  .  3  T  2  .  3  .  4  .  s 

tutcd*,  and  let  *  be  affumed  =  Az*  +  Bz*  +  Cz7  + 
Dz9  &c. 

Then,  by  proceeding  as  is  taught  in  Art.  267.  the 

1 .         z*  z* 

Value  of  x  will  come  out  = — into 


,n 


r         a-3     2. 3,4. 5.6. 7 
+  fcfr.     Whenct 


^  2  .  3.4.5.  6.7  .8  .9.  10  .  11 

the  Velocity  ( -r-)  in  the  Plane,  is,  alfo,  found  = 


=-  into  t  +  A  &V.  Which,  therefore,  i* 

r        «i— 2.3.4.5.6  *  ' 


* 


to 
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to  [b)  the  angular  Velocity  of  the  Plane,  in  the  Arch 


%%  z' 


ECK,  as  -  +  ■    „  ,  „  A  +  tiV.  to  r.    Moreover, 
»       2       2. 3. 4.5. o 

the  Centrifugal  Force  in  the  faid  Arch  being  denoted  by 
r  (the  Force  of  Gravity  being  Unity)  it  will  likewife  be 

(by  the  above-mentioned  Carol.)  as  1  :  -7- ::  r :  f  -r-  =  J 


z6  z'° 


»*  + z  +  TT Z —  +  tfr.  =  the 

3.4.5.6   ^  3.4.5.0.7.8.9.10 

Force  fuffic;ent  to  keep  the  Body  upon  the  Plane.     But 

the  Force  of  Gravity  in  a  Direction  perpendicular  to 

the  Plane  (the  Weight  of  the  Body  being  represented 

OB  z*  z4 

by  Unity)  is  m  =  i  -  -  +  — +  •  «,.    From.  ^^ 

which  deducing  the  Quantity  laft  found,  there  refts  I— 
qz*  z4  -?zfi 

.    +  r^ —  •—  »'  „    ,    ;  a  ^  for  the  true  Pref- 
2         2.3.4       2,3.4. 5.0 

fure  of  the  Body  upon  the  Plane.  By  putting  of  Which 
equal  to  Nothing,  z*  will  be  found  zr  0.67715  ;  an- 
fwering  to  an  Angle  (EOC)  of  470  :  9':  Which  Angle 
is  therefore  the  Inclination,  when  the  Force  of  Gravity 
is  no  longer  fufficient  to  keep  the  Body  upon  the  Plane. 

Though  the  Value  of  *,  given  above,  is  found  by 
an  Infinite  Series,  yet  the  Sum  of  that  Series  is  eaiily 
exhibited  by  the  Meafures  of  Angles  and  Ratios.  For, 
putting  N  to  denote  the  Number  whofe  hyperbolical 
Logarithm  is  z, 

<*  r         z*     z*       a* 

5  \  1  +  z  +  -  +  — -+  ~ —  fcrv.  =  N 

trl  *       2.3^2.3.4 

?S  I  ,   **        *'  «♦  x 

Half  the  Difference  of  which  two  Equations  is  *  + 

a,-+_5L_ + 5! ^  -*LJL. 

O  o  3  From 
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%*      »  «»        %'_  _ 

From  which  takmg  *  -  —  +  J^J— n,3.£j.6.  J 
ffe.  —j\  and  dividing  the  remainder  by  ar,  there  re-j 

fults    (7^^3+«,i,4-S-6-Ty0    "  * 
£_X  — *  for  the  true  Value  of  jr.     Which,  if 

required,  may  be  espreftd  independent  of  r  j  by  put- 
ting ifor  the  Diftance  through  which  a  Body,  freely,  de~ 
foods  in  th*  firft  Second  ol  Time,  and  taking  h  to  de- 
note the  Velocity  of  the  Plane,  (per  Second)  in  the 
Arch  EC£  :  For  then,  the  Ratio  of  the  Centrifugal 
Force,  in  the  faid  Arch,  to  the  Force  of  Gravity  (or 

♦  Ait.  tn.  That  of  r  to  i)  being  as  -j4   I  =  ^^ )    to    24  % 
ye  A41  lpv*  r  =  ^j,  and  confequeady  5  =5 ^-  * 

By  Computations,  not  very  unlike  Thole  above,  thf 
Motion  of  the  Moon's  Apogu%  suid  the  principal  Equa«? 
tiops  of  the  Lunar  Orbit  may  be  exhibited ;  by  means 
of  proper  Approximations,  derived  froin  the  genera} 
Equations'  in  ArU  481.  But  thjs  is.  a  Confederation 
that  yvould  require  a  Yoking  of  itfelfj  to  treat  it,  from 
firft  Principles,  with  all  the  Attention  and  Pcripicuity* 
fuitable  tq  the  Importance  of  the  §ubje#.  I  (hall  con- 
clude thia  Work  with  the  following  fhort  Table  of 
Hyperbolical  Logarithms^  drawn,  up  and  communicatee! 
by  my  ingenious  Friend  Mr.  %i»  Turner  :  Whereof 
the  Ufej  in  finding  Fluents,  viltfufficjently  appear  froitt 
the  foregoing  Pages.'  In  the  faid  Table  we  have  given  the 
Hyperbolical  Lpgarit^w?  of  every  whole  Number  and 
hundredth  Part  of  an  Unit,  from  1  to  10*  (which  Form 
is  beft  adapted,  to  the  Purpofes  above-nientjqped)  by. 
^iclp  whereof,  and  the  following  Obfervatiohs  the  fty- 
10  ■  pert  ,;    ' 
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pcrbolicat  Logarithm  of  any  Number,  not  exceeding 
feven  Places  of  Figures,  may  be  found  with  very  little  ' 
Trouble. 

iQ.  If  the  Nrnnber  given  be  between  I  and  10  (fi  as 
to  fall  within  the  Limits  of  the  Table.) 

Then  take  from  it  the  next  inferior  Number  in  the 
Table,  and  divide  the  Remainder  by  the  faid  inferior 
Number  increafed  by  half  the  Remainders  and  let  the 
Quotient  be  added  to  the  Logarithm  of  the  faid  inferior 
Number,  the  Sum  will  be  the  Logarithm  fought. 

Thuftj  ret  the  Hyperbolical  Logarithm  of  3*4567$ 
be  required  1  tfyen  the  Operation 
will  ftand  thus:   3.45339). 0056y8(. 0016442:  Which 
added  to  1.23837429  the  Log.  of  3.45,  gives  1. 2400184 
for  the  Logarithm  foughtf 

2°.  When  the  Number  propofed  exceeds  10. 

Find  the  Logarithm  thereof,  fuppoflng  all  the  Fi- 
gures after  the  Firft  to  be  Decimals ;  then  to  the  Lo- 
garithm, fo  found,  let  2.3025851,  4.6051702,  or 
6.9077553  tstc.  be  added,  according  as  the  whole  Num- 
ber confffts  of  a,  3,  or  4  &c.  Places :  rf  he  Sum  will 
be  the  Logarithm  fought. 

Thus,  the  Hyperbolical  Logarithm  of  345.678  wilf 
be  found  to  be  5.8451886  :  For  That  of  3.45678  being 
1.2400184;  the  fame,  a^dded  to  4.6051702,  gives  the 
very  Quantity  above  exhibited.  The  Reafon  of  which, 
as  well  as  of  the  Operation  in  the  preceding  Cafe,  is  evi- 
dent from  the  Nature  and  Conftru&ion  of  Logarithms* 
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